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ARBITRARY BINARY RELATIONS, CONTRACTION MAPPINGS,
AND b-METRIC SPACES*

JAOBIJIBHI BIHAPHI CITIBBIJHOIEHHSA, CTUCKAIOYI BITOBPAYKEHHSA
TA b-METPUYHI ITPOCTOPHU

We prove some results on the existence and uniqueness of fixed points defined on a b-metric space endowed with an
arbitrary binary relation. As applications, we obtain some statements on coincidence points involving a pair of mappings.
Our results generalize, extend, modify and unify several well-known results especially those obtained by Alam and Imdad
[J. Fixed Point Theory and Appl., 17, 693 — 702 (2015); Fixed Point Theory, 18, 415-432 (2017); Filomat, 31, 4421 -4439
(2017)] and Berzig [J. Fixed Point Theory and Appl., 12, 221-238 (2012)]. Also, we provide an example to illustrate the
suitability of results obtained.

JloBeneHo Nieski pe3yabTaTH IpO iCHYBaHHS Ta €AWHICTH HEPYXOMHX TOYOK Ha b-METPHYHMX NPOCTOpax, L0 HaJileHi
JOBUTBHUM OiHApPHUM BiJHOIIEHHSM. B SIKOCTi 3acTOCyBaHb OTPUMAHO JESKi TBEPMKCHHS MPO TOYKH 30iry IUid map Bi-
nobpaxenb. Lli pe3ynbraTté y3arajibHIOIOTh, PO3IIMPIOIOTh, MOAU(IKYIOTh Ta YHI(IKYIOTh AesKi Bifomi pesynbratn Alam
i Imdad [J. Fixed Point Theory and Appl., 17, 693 -702 (2015)]; Fixed Point Theory, 18, 415-432 (2017); Filomat, 31,
4421-4439 (2017)] ta Berzig [J. Fixed Point Theory and Appl., 12, 221-238 (2012)]. Takox HaBeIeHO HMPHUKIAN I
LTIOCTpali] 3aCTOCOBHOCTI OTPUMAHMX PE3yNbTaTiB.

1. Relation theoretic notions and preliminary results. We begin with some preliminary definitions
and notations which will be required in the sequel.

Definition 1.1 [7, 11]. Let X be a (nonempty) set and k > 1 be a given real number. A function
d: X x X — [0,+00) is a b-metric if and only if, for all x,y,z € X, the following conditions are
satisfied:

(b1) d(x,y) =0 if and only if = = y,

(b2) d(z,y)=d(y,x),

(b3) d (.CU, Z) <k (d (.T, y) +d (ya Z)) :

The pair (X, d) is called a b-metric space.

It should be noted that, the class of b-metric spaces is effectively large than that of metric spaces,
since a b-metric is a metric when & = 1. Following example show that in general a b-metric need
not necessarily be a metric (see also [1, 14, 17]).

Example1.1. Let (X, d) be a metric space, and p (z,y) = (d (z,y))?, p > 1 is a real number.
Then p is a b-metric with k = 2P~1, but p is not metric on X.

Otherwise, for more concepts such as b-convergence, b-completeness, b-Cauchy sequence and
b-closed set in b-metric spaces, we refer the reader to [1, 13, 14, 17] and the references mentioned
therein. Also, for the concepts such as partial order, comparable, well ordered, nondecreasing,
increasing, dominated, dominating and other, we refer the reader to [1, 9, 12, 14, 17, 18, 21].

In the sequel, let N denote the set of all nonnegative integers, R the set of all real numbers.
Throughout this paper, R stands for a nonempty binary relation but for the sake of simplicity, we
often write binary relation instead of nonempty binary relation.
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566 S. CHANDOK

Definition 1.2. Let R be a binary relation defined on a nonempty set X and x,y € X. We say
that x and y are R-comparative if either (z,y) € R or (y,x) € R. We denote it by [x,y] € R.

Definition 1.3. A binary relation 'R on a nonempty set X is called:

(1) reflexive if (z,x) € R for every z € X,

(2) symmetric if whenever (z,y) € R, then (y,x) € R,

(3) antisymmetric if whenever (x,y) € R and (y,z) € R, then x =y,

(4) transitive if whenever (x,y) € R and (y,z) € R, then (z,z) € R,

(5) complete or connected or dichotomous if [x,y] € R for all x,y € X,

(6) weakly complete or weakly connected or trichotomous if [zr,y] € R or x = y for all
z,y € X.

Definition 1.4. Let X be a nonempty set and ‘R a binary relation on X.

(1) The inverse or transpose or dual relation of R, denoted by R™', is defined by R™! :=
= {(z,y) € X?: (y,7) € R}

(2) The symmetric closure of R, denoted by R®, is defined to be the set R UR™! (i.e., R® :=
= RUR™Y). Indeed, R? is the smallest symmetric relation on X containing R.

Definition 1.5. Let X be a nonempty set and R a binary relation on X. A sequence {x,} C X
is called R-preserving if (x,, xn 1) belongs to R for all n € Ny.

Definition 1.6 [2]. Assume that P, Q) are self-mappings on a nonempty set X. A binary relation
R on X is called (P, Q)-closed if for all z,y € X, (Qx,Qy) € R, then (Px, Py) belongs to R.

If we take () =identity mapping, we have R is P-closed.

If R is P-closed, then R® is also P-closed.

Definition 1.7. Let (X,d,k > 1) be a b-metric space and R a binary relation on X. We say
that (X, d) is R-complete if every R-preserving b-Cauchy sequence in X converges.

Definition 1.8. Ler (X,d,k > 1) be a b-metric space and R a binary relation on X. A subset
E of X is called R-closed if every R-preserving b-convergent sequence in E converges to a point
of E.

In the following lines, we extend a weaker version of the notion of d-self-closeness of a partial
order = (defined by Turinici [19]) to an arbitrary binary relation.

Definition 1.9. Let (X,d,k > 1) be a b-metric space and Q: X — X. A binary relation
R defined on X is called (Q,bg)-self-closed if whenever {x,} is an R-preserving sequence and
x, —® x, then there exists a subsequence {x,,} of {x,} with [Qz,.,Qx] € R for all i € N.

If @ is identity mapping, we have the following definitions.

Definition 1.10. Let (X,d,k > 1) be a b-metric space. A binary relation R defined on X is
called bg-self-closed if whenever {x,,} is an R-preserving sequence and x,, —® x, then there exists
a subsequence {xy,} of {zn} with (xy,,x) € R forall i € N.

Definition 1.11 [20]. Let X be a nonempty set and ‘R a binary relation on X. A subset E of X
is called R-directed if for each z,y € E, there exists z € X such that (x,z) € R and (y,z) € R.

Definition 1.12 [2]. Let X be a nonempty set and R a binary relation on X. For x,y €
€ X, a path of length k (where k is a natural number) in R from x to y is a finite sequence
{20, 21, 22, ..., 2k} C X satisfying the following conditions:
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(1) z0 =z and z, =y,

(i1) (zi,zi41) € R foreach i (0 <i <k —1).

Definition 1.13. Let (X,d,k > 1) be a b-metric space, R a binary relation on X and P and
Q two self-mappings on X. We say that P and Q) are R-compatible if for any sequence {x,} C X
such that {Px,} and {Qx,} are R-preserving and lim,_,o, Q(zy,) = lim, o P(x,), we have
lim,, oo d(QPxy, PQxy,) = 0.

Following auxiliary results will be used in sequel.

Lemma 1.1 [15]. Let X be a nonempty set and T a self-mapping on X. Then there exists a
subset E C X such that T(E) =T(X) and T : E — X is one-to-one.

Lemma 1.2 ([17], Lemma 3.1). Let {y,} be a sequence in a b-metric space (X,d) with k > 1
such that

d(l/myn-i-l) < )‘d(yn—hyn) (h

for some \ € [0, ;) and each n = 1,2,.... Then {y,} is a b-Cauchy sequence in b-metric space
(X,d).

Proposition 1.1 [2]. For a binary relation R on a nonempty set X, (x,y) € R® if and only if
[z,y] € R.

Proposition 1.2. Let X be a nonempty set, R a binary relation on X and P,(Q are self-
mappings on X. If R is (P, Q)-closed, then R*® is also (P, Q)-closed.

Proposition 1.3. If (X,d,k > 1) be a b-metric space and T,S: X — X be self mappings,
then the following contractive conditions are equivalent:

d(Tx,Ty) < Xd(Sz,Sy) forall z,ye X with (Sz,Sy)e R,

d(Tx,Ty) < Xd(Sxz,Sy) forall z,ye X with [Sz,Sy|leR

1
for some )\ € [O, k:) .
For S =identity mapping, we have the following result.

Proposition 1.4. If (X,d,k > 1) be a b-metric space and T : X — X be self mapping, then

the following contractive conditions are equivalent:
d(Tz,Ty) < Xd(z,y) forall z,ye X with (z,y)€ R,

d(Tz,Ty) < A\d(z,y) forall z,ye X with [z,y] €R.

for some X\ € [O, ]1) :

In this paper, we use the following notations:

(i) F(T) = the set of all fixed points of T,

(i) X(T;R):={x € X: (z,Tx) € R},

(iii) y(z,y, R) = the class of all paths in R from x to y.
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In this paper, we prove some results on the existence and uniqueness of fixed points defined
on a b-metric space endowed with an arbitrary binary relation. As applications, some results on
coincidence points involving a pair of mappings are also obtained. Our results generalize, extend,
modify and unify several well-known results especially those obtained in [2, 3, 5, 20].

2. Main results. First we introduce the concept of C'r-relation theoretic contractive mappings
in the setting of b-metric space.

Definition 2.1. Let (X, d,k > 1) be a b-metric space and R a binary relation on X. A mapping

1
T: X — X is called a Cr-contraction if there exists \ € [0, k:> such that

d(Tz, Ty) < Ad(z,y) 2)

for every x,y € X with (z,y) € R.
Now we are ready to state our first main result.
Theorem 2.1. Let (X,d, k > 1) be a b-complete b-metric space, R a binary relation on X and
T: X — X a Crp-relation theoretic contraction satisfying the following conditions:
(1) X(T;R) is nonempty,
(i) R is T-closed,
(iii) either T is b-continuous or R is bg-self-closed.
Then T has a fixed point, that is, there exists x* € X such that Tx* = z*.
Further, if
(iv) v(x,y, R?) is nonempty, for each x,y € X, then T has a unique fixed point.
Proof. Let xy € X (T, R). Define the sequence {z,,} in X by

Tpt1 =Tz, forall n >0.

Now, we shall show that the sequence {z,} is R-preserving. Then, by definition, we have
(z9, 1) € R. By T-closedness of R, we obtain (T'zg,Tx1) = (x1,22) € R. Repetition of this
argument gives

(T, Tnt1) € R forall neN.

Thus, the sequence {x,,} is R-preserving. Since 7" is a Cp-contractive mapping and sequence {x,, }
is R-preserving, we obtain, for all n € N,

d(xp, Tni1) = d(Txp—1,Try) < Md(Tp—1,Tn).

Therefore, by using Lemma 1.2, it follows that {x,,} is a b-Cauchy sequence.
Since (X, d,k > 1) is b-complete, there exists * € X such that

T, — x5 asn — oo.

From the b-continuity of 7', it follows that x,+; = Tx, — Tz* as n — oo. Due to the
uniqueness of the limit, we derive that T'x* = x*, that is, 2™ is a fixed point of 7'

Alternately, we assume that R is by-self-closed. Since {x,} is R-preserving and z,, — xz, by
bg-self-closedness of R there exists a subsequence {x,;} of {z,} such that [z, ,z] € R for all
jeN.

Since 7" is a C'r-contraction and using Proposition 1.4, we obtain
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d(x”, Ta") < kld(x”, tni1) + d(@n g1, Ta")] =
= kld(z", zpt1) + d(Txn, Tx")] <
< kld(x*, xpt1) + Ad(zp, )] — 0,

when n — oco. Hence T'z* = ™ and z* is a fixed point of 7.

Suppose that y* is another fixed point of 7.

By assumption (iv), there exists a path (say {zo, 21, 22, ..., 2} ) of some finite length £ € R*
from z to y so that zo = z, zx = vy, [2i,2i+1] € R foreach i, 0 <i <k —1.

As R is T-closed, R® is T-closed. Therefore, we have [T"z;, T"z;+1] € R for each i, 0 < i <
< k —1, and for each n € N.

Using the above arguments and inequality (2), we have

k—1
d(z*,y") = d(T"x*, T"y*) < d(T"%,T"zi11) <
1=0

k—1 k—1
<A d(Tn_IZi,Tn_lziJrl) <...< A" Zd(Zj,Zi+1) —0 as n— oo.
1=0 1=0

Therefore, * = y*. Hence, T has a unique fixed point.
Theorem 2.1 is proved.
Example2.1. Let X = NU{oo} and d: X x X — R be defined by

0, if m=n,
1 . . .
— — —|, ifone of m,n is even and the other is even or oo,
dm,n)=<¢|m n
5, if one of m, n is odd and the other is odd (and # n) or oo,
2, otherwise.

)
Then (X, d) is a b-metric space with k = 2 (see [16]).

Define a binary relation R = {(x,y) € R>:z —y > 0} on X. Consider a mapping 7T':
X — X as

Tw — {536, x €N,

00, T = 00.

Clearly, R is T-closed and 7' is continuous. Now, for z,y € X with (z,y) € R, we have the
following cases.

1 1
Case I: x,y are even numbers. Then Tx = bz, Ty = by, d(z,y) = |— — —|, d(Tz,Ty) =
x
1|1 {1 1 1
= 5 ; - =1, hence, d(Tﬂ?,Ty) = 5 ‘;1} — y' S %d(fﬂ,y>

Case II: z,y are odd numbers (and x # y). Then Tz = 5z, Ty = by, d(z,y) =5, d(Tz, Ty) =

11 1(1 1 1
‘ '< d(z,y).

Y

1
, hence, d(Tz,Ty) = - <z

r 5|z
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Case 1II: x,y are natural numbers of different parity. Then Tz = 5z, Ty = by, d(x,y) = 2,
1{1 1 1{1 1 1
d(Tz,Ty) = R ‘ 0 hence, d(Tx,Ty) = 5o~ y‘ < %d(aﬁ,y).

Case IV: z is even, y = oco. Then Tz = 5z, Ty = by, d(z,y) =

1 1
—, d(Tz,Ty) = —, h
e > d(Tz,Ty) = —, hence,
d(Tz,Ty) = — < —d .
(T2,Ty) = o < d(z,y) 1
Case V: z is odd and y = oo. Then Tz = 5z, Ty = by, d(x,y) = 5, d(Tx,Ty):5—, hence,
x

Hence, all the conditions of Theorem 2.1 are satisfied and 7" has a fixed point in X, that is co.

Theorem 2.2. Let (X,d,k > 1) be a b-complete b-metric space, R a binary relation on X.
Suppose that P,Q) : X — X are self mappings on X. Further, following conditions hold:

(i) (X,P,R),(X,Q,R) are nonempty and P(X) C Q(X),

(i) R is a (P,Q)-closed,

1
(iii) there exists \ € [0, k:) , such that d (Px,Py) < A (Qx,Qy) for all x,y € X with
(Qz,Qy) € R,

(iv) either P is (Q,R)-continuous or P and Q are continuous.

Then P, Q have a point of coincidence.

Proof. In view of assumption (i), let xp be an arbitrary element of X(P,Q,R), then
(Qxo, Pxy) € R. If Q(xg) = P(xp), then x( is a coincidence point of P and @ and, hence,
we are through.

Otherwise, if Q(zo) # P(xo), then, from P(X) C Q(X), we can choose x1 € X such that
Q(z1) = P(x). Again from P(X) C Q(X), we can choose x2 € X such that Q(z2) = P(z1).
Continuing this process, we construct a sequence {x,} C X (of joint iterates) such that

Q(xp41) = P(x,) forall neN. (3)
Now, we claim that {Qz,} is R-preserving sequence, i.c.,
(Qzp, Qrpy1) € R forall neN. 4)

We prove this fact by mathematical induction. By using equation (3) (with n = 0) and the fact
that xg € X (P,Q,R), we have (Qxo, Qx1) € R, which shows that (4) holds for n = 0.

Suppose that (4) holds for n = r > 0, ie., (Qz,,Qz,11) € R. As R is (P, Q)-closed, we
have (Pz,, Pz,+1) € R, which, by using (1), yields that (Qx,11, Qz,r4+2) € R, i.e., (4) holds for
n = r + 1. Hence, by induction, (4) holds for all n € N.

In view of (3) and (4), the sequence { Px,} is also an R-preserving, i.e.,

(Pxp, Prpi1) € R forall neN
By using (3), (4) and assumption (iii), we obtain
d(Qzp, Qrnt1) = d(Pxy—1, Pxy) < AMd(Qxp—1,Qzy,) forall n e N.
Therefore, by using Lemma 1.2, it follows that {Qx,} is a b-Cauchy sequence.
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Owing to (3), {Qx,} C P(X) so that {Qx,} is R-preserving b-Cauchy sequence in X. As X
is b-complete, there exists u € Q(X) such that

lim Q(wn) = Qu), 5)
By using (3) and (5), we obtain
lim P(z,) = Q(u). (6)

Now, we show that u is a coincidence point of P and Q).

Firstly, suppose that P is (@, R)-continuous, then, by using (4) and (5), we get
lim P(z,)= P(u). (7)
n—oo

By using (6) and (7), we get Q(u) = P(u). Hence, we are done.

Secondly, suppose that P and () are continuous. Owing to Lemma 1.1, there exists a subset
E C X such that Q(E) = Q(X) and Q: E — X is one-to-one. Now, define 7: Q(E) — Q(X)
by T(Qa) = P(a) for all Q(a) € Q(E) where a € E.

As Q: E — X is one-to-one and P(X) C Q(X), T is well defined. Again since P and Q
are continuous, it follows that 7" is continuous. By using the fact Q(X) = Q(E), P(X) C Q(X),
we have P(X) C Q(E), which follows that, without loss of generality, we are able to construct
{z,} C FE satisfying (3) and to choose u € E. By using (5), (6) and continuity of 7, we get
P(u) = T(Qu) = T(limy 00 Q) = limy, 00 T(Qxy) = limy, o0 P(zy,) = Q(u). Thus, u € X
is a point of coincidence of P and () and, hence, we have the result.

Theorem 2.2 is proved.

Theorem 2.3. In the hypotheses of Theorem 2.2, if instead of (iv), we take

(v) P and Q are R-compatible, () is R-continuous, and either P is R-continuous or R is
(Q, by)-self-closed.

Then P, Q have a point of coincidence.

Proof- On the lines of Theorem 2.2, we have {Qz,} is a b-Cauchy sequence. Owing to (3),
{Qx,} C P(X) so that {Qz,} is R-preserving b-Cauchy sequence in X. As X is b-complete,
there exists u € Q(X) such that

lim Q(zn) = Q(u). (8)

n—o0

By using (3) and (8), we obtain

lim P(x,) = Q(u).

n—o0

As () is R-continuous, we have

lim Q(Qzn) = Q( lim Q(zn)) = Q(Q(u)).

n—o0

Also, we get

lim Q(Px,) = Q( lim P(z,)) = Q(Qu)).

n—oo n—oo
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As {Pzy} and {Qz,} are R-preserving and lim,,_,oo P(xy,) = Q(u) = lim, oo Q(xy,) and P and
() are R-compatible, we obtain lim, ., d(QP(x,), PQ(x,)) = 0.

Now, we show that Q(u) is a coincidence point of P and Q.

Firstly, we suppose that P is R-continuous. By using (4), we have lim, o P(Qz,) =
= P(lim;, 00 Q(zy)) = P(Q(u)). Assume that Q(u) = z. By triangle inequality, we have

d(Qz, Pz) < k[d(Qz, Q(Pxy)) + d(Q(Pay), P2)] <
< kd(Qz, Q(Pzy)) + K2[d(Q(Pxy), P(Qy)) + d(P(Qxy), P2)].

Taking the limit as n — 0o, we obtain d(Qz, Pz) < 0, which implies Qz = Pz, thatis, z = Q(u)
is a coincidence point of P and Q.

Alternatively, suppose that R is (Q, by)-self closed. As {Qz,,} is R-preserving and Qz,, — Qu,
therefore, by using (@, by)-self closedness of R, there exists a subsequence {Qx,, } of {Qx,} such
that [QQxy,, QQu] belongs to R for all © € NU 0. Since Qx,,, — Qu and using Proposition 1.3,
we obtain

d(PQxy,, PQu) < Md(QQx,,, QQu) forall i< NuU{0}.
Take Qu = z. On using triangular inequality, we get
d(Qz, Pz) < k[d(Qz,Q(Pzy,)) + d(Q(Pzy,), P2)] <
< kd(Qz, Q(Pwn,)) + K*[d(Q(Pan,), P(Quy,)) + d(P(Qn,), P2)] <
< kd(Qz,Q(Pzy,)) + K*[d(Q(Pxy,), P(Qry,)) + A(Q(Qxy,), Q).

Taking the limit as ¢ — oo, we obtain d(Qz, Pz) < 0, which implies Qz = Pz, that is, z = Q(u)
is a coincidence point of P and Q.

Theorem 2.3 is proved.

3. Consequences.

Definition 3.1 [8]. Let P and Q be two self-mappings on X. We say that P is QQ-comparative
if forany x,y € X, (Qz,Qy) € R®, then (Pz, Py) € R®.

Remark3.1. 1t is clear that P is (Q-comparative if and only if R?® is (P, Q)-closed.

Definition 3.2 [20]. We say that (X,d, R®) is regular if the following condition holds: if {x,}
is nondecreasing sequence in X and the point x € X are such that x,, — x, (xn,x) € R® for
all n.

Remark3.2. Clearly, (X,d, R®) is regular if and only if R® is bg-self-closed.

We extend the result of Berzig [20] in the framework of b-metric space.

Corollary3.1. Let (X,d,<) be an b-complete b-metric space with k > 1 and R a binary
relation on X. Assume that P and @ are two self-mappings on X. Suppose that the following
conditions hold:

(a) P(X)CQ(X), Q(X) is closed,

(b) P is Q-comparative,

(c) there exists xo € X such that (Q(xg), P(xo)) € R?,

1
(d) there exists \ € [O, k)’ such that d(Px,Py) < A (Qx,Qy) for all x,y € X with
(Qz),Q(y)) € R%,
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(e) (X,d,R®) is regular.

Then P, Q have a point of coincidence.

Definition 3.3 [10]. Let (X, <) be an ordered set and P and Q) two self-mappings on X. We
say that P is Q-increasing if for any x,y € X, Q(z) < Q(y), then P(z) < P(y).

Definition 3.4 [6]. Given a mapping Q) : X X, we say that an ordered b-metric space (X, d, k >
> 1) has Q-ICU (increasing-convergence-upper bound) property if Q-image of every increasing
sequence {x,} in X such that r, —® x, is bounded above by Q-image of its limit (as an upper
bound), i.e., Q(x,) < Q(x), for all n € N.

Notice that under the restriction () = I, the identity mapping on X, Definition 3.4 transforms to
the notion of ICU property.

Remark3.3. 1t is clear that if ordered b-metric space (X,d,k > 1) has ICU property (resp.,
Q-ICU property), then < is by-self-closed (resp., (Q, bg)-self-closed).

Corollary3.2. Let (X,d, <) be an b-complete ordered b-metric space with k > 1. Assume that
P and Q are two self-mappings on X. Suppose that the following conditions hold.:

(@ P(X)CQ(X),

(b) P is Q-increasing,

(c) there exists xo € X such that Q(x¢) < P(xo),

1
), such that d(Pz,Py) < M (Qz,Qy) for all z,y € X with

(d) there exists X € |0, p

Q(x) < Q(y),

(e) P and Q are compatible, Q) is continuous, and either P is continuous or (X,d, <) has
Q-ICU property.

Then P, Q have a point of coincidence.

References

1. A. Aghajani, M. Abbas, J. R. Roshan, Common fixed point of generalized weak contractive mappings in partially
ordered b-metric spaces, Math. Slovaca, 4, 941 -960 (2014).
2. A. Alam, M. Imdad, Relation-theoretic contraction principle, J. Fixed Point Theory and Appl., 17, Ne 4, 693 —702
(2015).
3. A. Alam, M. Imdad, Comparable linear contractions in ordered metric spaces, Fixed Point Theory, 18, 415-432
(2017).
4. A. Alam, M. Imdad, Monotone generalized contractions in ordered metric spaces, Bull. Korean Math. Soc., 53, Ne 1,
61-81 (2016).
5. A. Alam, M. Imdad, Relation-theoretic metrical coincidence theorems, Filomat, 31, 4421 -4439 (2017).
A. Alam, A. R. Khan, M. Imdad, Some coincidence theorems for generalized nonlinear contractions in ordered
metric spaces with applications, Fixed Point Theory and Appl., 2014 (2014).
I. A. Bakhtin, The contraction principle in quasimetric spaces, Funct. Anal., 30, 2637 (1989).
8. M. Berzig, Coincidence and common fixed point results on metric spaces endowed with an arbitrary binary relation
and applications, J. Fixed Point Theory and Appl., 12, Ne 1-2, 221-238 (2012).
9. L. Ciri¢, Some recent results in metrical fixed point theory, Univ. Belgrade, Beograd (2003).
10. L. Ciri¢, N. Cakic, M. Rajovic, J. S. Ume, Monotone generalized nonlinear contractions in partially ordered metric
spaces, Fixed Point Theory and Appl., 2008, Article 131294 (2008).
11. S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform., Univ. Ostrav., 1, 5-11 (1993).
12.  S. Chandok, S. Radenovi¢, R-type function and coincidence points, Appl. Math. E-Notes, 19, 250-256 (2019).
13. S. Chandok, S. Radenovi¢, V. Ozturk, Some fixed point results in the framework of b-metric spaces, Mat. Vesnik, 71,
Ne 1-2, 23-30 (2019).
14. Hui-Sheng Ding, M. Imdad, S. Radenovi¢, J. Vujakovi¢, On some fixed point results in b-metric, rectangular and
b-rectangular metric spaces, Arab J. Math. Sci., (2015).

ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 4



574

15.

16.

17.

18.
19.

20.

21.

22.
23.

S. CHANDOK

R. H. Haghi, Sh. Rezapour, N. Shahzad, Some fixed point generalizations are not real generalizations, Nonlinear
Anal., 74, 1799-1803 (2011).
N. Hussain, V. Parvaneh, J. R. Roshan, Z. Kadelburg, Fixed points of cyclic (v; ¢; L; A; B)-contractive mappings in
ordered b-metric spaces with applications, Fixed Point Theory and Appl., 2013 (2013).
M. Jovanovi¢, Z. Kadelburg, S. Radenovi¢, Common fixed point results in metric-type spaces, Fixed Point Theory
and Appl., 2010, Article ID 978121 (2010).
W. Kirk, N. Shahzad, Fixed point theory in distance spaces, Springer Intern. Publ., Switzerland (2014).
R. D. Maddux, Relation algebras, Studies in Logic and the Foundations of Mathematics, vol. 150, Elsevier B. V.,
Amsterdam (2006).
B. Samet, M. Turinici, Fixed point theorems on a metric space endowed with an arbitrary binary relation and
applications, Commun. Math. Anal., 13, Ne 2, 82-97 (2012).
Vesna Todorcevi¢, Harmonic quasiconformal mappings and hyperbolic type metrics, Springer Nature Switzerland
(2019).
M. Turinici, Ran— Reurings fixed point results in ordered metric spaces, Lib. Math., 31, 49-55 (2011).
M. Turinici, Nieto—Lopez theorems in ordered metric spaces, Math. Stud., 81, Ne 1 -4, 219-229 (2012).
Received 08.12.16,
after revision — 31.01.20

ISSN 1027-3190. Vkp. mam. oscypn., 2020, m. 72, Ne 4



