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In this paper the necessary and sufficient condition for the inclusion of class ABV in the class H;J is
found.
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1. Introduction. The notion of function of bounded variation was introduced by

Jordan [1]. Generalized this notion Wiener [2] has considered the class V), of

functions. Young [3] introduced the notion of functions of @ -variation. In [4]
Waterman has introduced the following concept of generalized bounded variation.
Definition 1. Let A = {A,: n 2 1} be an increasing sequence of positive num-

bers such that z:zl(l/ln) = oo. A function f is said to be of A -bounded varia-
tion (fe ABV), iffor every choice of nonoverlapping intervals {I,: n =2 1} we
have

v I iln)\ < o,
n=1 n

where I, = [ay, by] < [0, 1] and f(I,) = f(bn) - f(ay).

If fe ABV, then A-variation of f is defined to be the supremum of such sums,
denoted by Vi (f).

Properties of functions of the class ABV as well as the convergence and summabi-
lity properties of their Fourier series were investigated in [4 — 10].

For everywhere bounded 1-periodic functions, Chanturia [11] introduced the con-
cept of the modulus of variation.

If ®(8) is a modulus of continuity, then H;‘,’, p = 1, denotes the class of

functions fe L”([0,1]) for wich ®(3,f), = O(w(d)) as & — 0+, where

1 I/p
(@, f), = sup [J.f(x+h) - f(x)pde .
0<h<d\
The relation between different classes of generalized bounded variation was taken into
account in the works of Avdispahic[12], Kovacik [13], Belov [14], Chanturia [15],
Akhobadze [16], Medvedeva [17], Kita, Yoneda [18], Goginava [19, 20].

2. Main result. The main result of this paper is presented in the following propo-

sition:

Theorem 1. ABV c H,) for some p € [1,) if and only if
nlijnl o(1/n)n"? 1220 5 {1
zi:I]/ i

1/p
mn < +oo. (1)

© U. GOGINAVA, 2005
ISSN 1027-3190. Ykp. mam. xypn., 2005, m. 57, N° 11 1557



1558 U. GOGINAVA

3. Proof. The sufficiency of Theorem 1 follows immediately from the following
theorem:
Theorem A [21]. Let fe ABV and p € [1,). Then

1/p

oLs) < it max —m
n p n1<m<n (zm ]/7\”)17
i=1
Necessity. We suppose that condition (1) is not satisfied. As an example, we

construct function from ABV which is not in H;".
Since condition (1) is not satisfied, there exists a sequence of integers {v,: k = 1}
such that
. 1 m!'P
lim ——————~ max — —— =
== o(/v)ve” = Yy T/,

Let { v, : k > 1} be a sequence of integers for which 2¥™! <y, < 2% Then from
the fact that ®(d) is nondecreasing we write

21/p ml/p
(Z—Y'k )2Y§< /p maXy% m >
0 1<m<2 .
<2t YL
2 0)(1/ ) 1/p lsnr;lf;xyk m 1 7\‘ 5
Yi)Vk Zi:l I\
consequently,
— 1 m''P
< 4o,

lim Ty max e
k—eo @3 (2 Yk)zYk P <m<2Vk z 1/;%_

i=1
Then there exists a sequence of integers {n}, : k>1} < {y}: k=1} such that

. 1 1 (m(n,;))”l’
lim - > ; < 4 oo, 2
k— 00 (,0(2_"k) z:i(lnk)l/xi Mk ( )

where

m’? ()"

st S/ - zm(”’,‘)l/k-.
i i=1 i

i=

The following three cases are possible:
a) there exists a sequence of integers {s;: k>1} < {n}: k>1} such that

m(s) < 22”"-',
b) there exists a sequence of integers {q : k>1} < {n}:k>1} such that
224k-1 < m(q;) < 2(112—612-1’
©) 2T < mng) < 2% for all k = k.

First, we consider the case a). We choose a sequence of integers {s;: k>1}
c {s;:k=1} such that
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1
— > 2°5%-1'P
i=1 7"1‘

Then from (2) we get

lim m(i)zw = 0.
2%

k—> o0

Let {r:k>1} < {s,:k>=1} such that

m(zirk)zrk’l’ < 47k, 3)

Consider the function f defined by
2¢,27x-1), it xe[277,3.2777h,
f() = 1-2¢;Q"x-2), if xe[3-2777,2:277) for j=12,...,
0, otherwise,

fx+l) = f(x), [=+1,%+2, ...,

where

From the construction of the function f and by (3), we get fe ABV. Next, we shall

prove that fe H). Since f(x+2_rj_2)—f(x) = ¢;/2, for xe [277, 5.2"1"2]
we get

_I[f(x+2_rf_2) — f| dx 2
0

527072

> ‘f(x+2_

27

ri—2

P _ 1 pyr2
)—f(x)‘ dv = ef2

Consequently, by (3) we get

w(f’z_rj)p > lL Cj 2j_1

O VL By P
o(277) 2477 (272" 4

Now we consider the case b). Let {g;:k>1} < {q;:k>1} such that

1/p
m(zl_qk)zm(qi)l/x (m;ik)) > 4k, 4)
i=1 i

— o0 as j —> oo,

Consider the function g, defined by

Q% x=2j+1), xe[(2j-1)/2%,2j/2%),
—mQ%x—-2j-1, xel[2j/2%, 2j+1)/2%)
gk(x) = ]
for j = m(gy_y),...m(q)—1,

0, otherwise,
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where

1

hy= ——
2¢ Z?gk)l/ A

Let

gx) = Y &), gx+l)=gx), [=£1,+2, ...
k=2

First, we prove that g € ABV. For every choice of nonoverlapping intervals {/,,:
> 1}, we get

- |8U)) -
latol <257

Hence, we have g € ABV.
Next, we shall prove that g ¢ H;‘,). Since g (x+ Z_qk_l) = g (x)+nh /2, for xe
e [@j-D27%, (4j-1)2"%") and m(qy) 2 2m(q,_;) we obtain

1 P
f g( zqk+1)— glx)| dx 2
0

mig)—-1 (4j-127 %!
>

1 p
gk()ﬁ—W) - g ()| dx =

J=m(qe-1) (2j-1)27%

s

h?
= 2P 2qk+1 (m(qk) m(qk—l)) > 7’(%

I ar L

bl

consequently, by (4)

0 )y 1k (m(q ))”1’ _

o2 %) T 2P 27w\ 2%
1 1 1 m(g)\'? , 2
= 2 —> oo as k — oo,
21+2/p 2k 2~k m(qy) ' ( 24k 21+2/p
®(27H) "/,

Finally, we consider the case ¢). Let {n,:k>1} < {n}:k>ky} such that

}’lk > an—l + 1, (5)

1 (1) (m(nk))“p S 2molprk ©)
—n, mn n
@27 YN 2

Consider the function ¢, defined by

dp Q" x=2j+1), xel[(2j-1/2"%, 2j/2"™),
—d, QM x—2j—1), xel[2j/2%, 2j+1)/2")

for j = 2M-17"k2 oM MerTl

O(x) =
0, otherwise,
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where

dk =
2’(2”“””1/&

Let

e() = X x), o(x+) = @x), [=%1,+2, ...
k=3

For every choice of nonoverlapping intervals {I,: n = 1}, we get

S \(p(lj)\ e NP =1
j2=f Aj gz' =Y 1:22 2:' Aj 222

Hence, we have ¢ € ABV.
Next, we shall prove that ¢ ¢ H;‘,). From (5) we write

h 1
J (P(X‘FW) - @)

0
omk=nmk-1_y (4j— 1)2 =l

P
dx 2>

[\

1 4
Qe ¥+ et ) — )

JE2RAT 2 o 1)2 i

. znk—nk—l_]ﬁ S d]f m(”k)
2p+2 2"k 2"/{71 2"k

Consequently, by (6)

0™y o dy (m(nk))l/p 1

0@y - om\on ) gy T

> 2P 5 00 a3 k —> oo,

m(n;) -l p
= n / +k 2 1/7\’ (m(:k)) 1—n
211D 2 0)(2 k)

Therefore we get ¢ ¢ H;’ and the proof of Theorem 1 is complete.
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