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STABILIZATION OF CAUCHY PROBLEM
FOR INTEGRO-DIFFERENTIAL EQUATIONS

CTABLJIIBAIIA 3AJAYI KOIII
JJIA THTEI'PO-IUOEPEHIIAJIbHUX PIBHAHD

In the present paper, we obtain the criterion of stabilization of Cauchy problem for an integro-differential
equation in the class of functions of polynomial growth y=>0.

OpepkaHo KpuTepiit crabinizauii 3agavi Kowi ass interpo-audepeniiajbHOro piBHsSHHSA y KJlaci
yHKLi# 3 mOJTiHOMiaIbHUM 3pocTaHHsAM 7Y = 0.

1. Introduction. In the present paper, we consider the integro-differential equation

du(x,t) 0 3\
o P(a—x)u(x,t) + Q(axl([u(x,t)dr, (x,1) € Tloo = R" X [0, +00),
(1.1)
under the initial condition
u(x,0) = uy(x), xeR" (1.2)

where P(c) and Q(o) are arbitrary polynomials with complex constant coefficients
(c € R"); here u: Il,, > C is the unknown function; u,: R" — C is a given

function; 9 = ( Jd 9 i) We study problem (1.1), (1.2) under the condi-

oy ax,” T ax,

tion Q(0)#0 (V o€ R". Here I; u(x,t)dt is acontrol (the system input).

Introduce the following Banach space of functions of some polynomial growth
Y= 0:

Hyy = {fecr"m”):fm,Y =

ol
KR J;(")<1+x>—7<+oo},
ox

max sup
[o|<m pn

. . olel
where o = (04, 0Ly, ..., O,) is a multiindex || =0y + 0y + ...+ 0, and — =

ox®
ot o%n
= axf“""’ax,‘f" .

Definition 1.1. We say that problem (1.1), (1.2) is stable in the class of functions
of polynomial growth vy = 0 if for every nonnegative integer m there exists a
nonnegative integer I, so that for every initial function uy(x) of space H, ., each

solution u(x,t) of problem (1.1), (1.2) belongs to the space H,, , for each t €
e [0, T], and

=0, o+, j=0,1. (1.3)
m,y

 u(,t)
ot/

If we consider problem (1.1), (1.2) in the space S (where S is the Schwartz space
and S’ is the dual space of tempered distribution [1]) and apply the Fourier transform,
we obtain
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t
% = P(ic)u(o. 1) + Q(iG)JU(G, Tdr (in S, (1.4)
0

v(0,0) = vy(6) (in ), (1.5)

where v(o,t) and v,(o) are the Fourier transforms of u(x,?) and wug(x)
respectively:

v(1) = Fu(, 0 vg = F{ug}

(F, is the operator of Fourier transform with respect to x).
If we introduce the vector function

Y
7t = ’7 b
vie. 1) (U dz)

it is easily seen from (1.4) and (1.5) that v(o, t) is a solution of the following Cauchy
problem:

% = A(o)v, v(0,0) = vo(o) (in 5, (1.6)
where
1 T
A(o) = (Q(ic) P(ic)) and vo(o) = vy(o){d, P@io))" .

In Section 2, we prove some auxiliary lemmas. The criterion of stabilization of
problem (1.1), (1.2) in the class of functions of polynomial growth is established in
Section 3.

2. Preliminaries. Let A, (c) and A,(c) be the eigenvalues of matrix A(c) and
let

A(0) = max {Re),(6),Re),(0)};
here Rez is the real part of the complex z. Because Q(ic)= 0 for every 6 € R”,

we conclude that A, (6)A,(c)#0 (Voe R").
Lemma 2.1. Let the function A(C) satisfy the condition

A(c) < 0 (VoeR". Q2.1

Then there exist constants <0 and g€ Q such that

A(o) < By(1+]6]*)" (Yoe R 2.2)
Proof. Let &(r) be areal function defined as

o(r) = sup  {A(0)}.

ceR":|c|=r

It is obvious that &(r) is defined on [0, +0). It follows from (2.1) that d(r) < 0 for
all r>0. By applying the results of [2] (Appendix A) to 3(r), we find that 8(r) is
piecewise continuous on [0, +e) and for some constants M <0 and ¢ € Q,

8(r) = Mri(l+o() (r— +);

therefore there exists B <0 such that 6(r) < B (1+r2)q for all r >0, which
implies the estimate (2.2) and Lemma 2.1 is proved.
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Lemma 2.2. Let the function A(G) satisfy condition (2.1). Then

N I G B - Sl R SR
o = 1M =Rl Plye™ —hpe™)  dye e [ ’
) 1 A (1+20) o ;B a0t

A 2h +ATA+20) ’ =

(2.3)

is a multiplicator in S (here \j=L\j(c), P=P(ic) and Q= Q(io)).
Proof. By using the estimate of a matrix exponential in [3] (Chap. 1, Sect. 6) (see
also [4]) and estimate (2.2), we obtain

IR@, 0| < c+]c|)e®Ho)  (voerr Viz0),
where C >0, and d =max (deg P, deg Q). Therefore

o
97 R(o,1) < Ca(l+‘6‘)(W“"l)d*‘u‘efﬁ(]‘*'\ﬁ\)q (Voe R, Vi=0) (24)

oc®

for any miltiindex o and some Cy > 0. Hence, R (0, f) is a multiplicator in S.

Corollary 2.1. If conditions (2.1) is satisfied, then the solution of Cauchy
problem (1.6) in S’ reads

v(o.t) = R@,OLD vy0) (n &) (t=0). 2.5)

In fact, if conditions (2.1) is valid, then function R (o, ¢) given by (2.3) will be a
multiplicator in S, and (2.5) follows from estimate (2.4).

3. Criterion of the stabilization of problem (1.1), (1.2).

Theorem 3.1. In order that the Cauchy problem (1.1), (1.2) should be stable in
the space of functions of polynomial growth v = 0, it is necessary and sufficient that
condition (2.1) should be valid.

Proof. Necessity. Let problem (1.1), (1.2) be stable in the space of functions of
polynomial growth y= 0. Assume on contrary that condition (2.1) is violated. Then
for some 6y € R" we have A(c,) > 0. Without loss of generality, suppose that

Re A (0p) = A(cy) 20 and Re A, (0;) = Rel,(0,). Further we find the solution of
the Cauchy problem for equation (1.1) with the initial condition

MO =1:(00) ixor if 3 (54) % Ma(oy),

u(x,0) = ' 7\1(00)
elx' GO, if ?L](Go) = 7\«2(00);
here
n
X.0p = in%is
i=1
if x=(x,...,x,), 69=(G;, ... » Op,). Obviously, the solution of this problem reads

etxl(00)+ix.co _ 7‘2(60)817»2(00)+ix00’ if A,(0g) % Ay(Gy),
u(x,t) = 7»1(00_)
(1+A,(0g)t)e™1(C0)*ix0 if A,(00) =2,(S0).

If 7\«1 (00) = 7\,2(60) then
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|u(x,0)| = [1+ Xl(Go)t\em(Go)

and we have

lim |u(x, )| > 0,
t— +oo
which contradicts the hypothesis that problem (1.1), (1.2) is stable in the space of
functions of polynomial growth y= 0.
If A;(0p)#A,(0,) then

lu(x,1)] = ™0 1= 22(00) i0ny00)hioo) | 5
Ai(op)
> etA(Go) l_xz(c())et(Rekz(co)—Rell(co)) >0,
Ai(00)

and we have

lim |u(x,1)| > 0,
t— +oo

which contradicts the hypothesis that problem (1.1), (1.2) is stable in the space of
functions of polynomial growth y= 0.

Sufficiency. Consider for equation (1.1) the Cauchy problem with the initial
condition

u(x,0) = u(x), xeR" 3.1

Because of the fulfillment of condition (2.1), the solution of Cauchy problem (1.6)
associated to the Cauchy problem (1.1), (3.1) is given by (2.5) and the first component
of vector v(o,t) is the solution (in §’) of the Cauchy problem for equation (1.4)

with the initial condition v(c,0) = 1°(0) = Ffu’}:
N S
A1(0) = Ay(0)
if 4,(0) #A,(0),

[(Pi0) = 22(6))e™ @ + (%1(0) - P(i©) ™ V] (o),

v(o,t) =

[1+2,(0)1+2)]e™ (o),
if A,(0) %A, (0).

Therefore the function
u(x,t) = Fy'{o(c.n} (ceR")

is the unique solution of Cauchy problem (1.1), (3.1) in §" (see [3, 5-6]). Let m €
€ Ny=N U {0} and show that for some large /€ N the function u(x, ) belongs
(with respect to x) to the class H,, y (for every t=0) and satisfies condition (1.3) as
soon as u’ e H; . Let e(x) be a compactly supported infinitely differentiable
function on R” satisfying the condition
Y e(x—j) =1

jez"

and whose support lies in {x eR":|x|< 1} (see [7-11)).

Let u(x) = e(x)u’(x+j) and 1(c) = F,{u}}. Then the function
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1
Li(6) =1, (0)
if A;(0)#A\,(0),

[(P(i0) = 2y (@)™ + (41 (0) = Pli0)) ™+ |v] (o),

Uj(G, t) =
[1+ 4, (0)(1 +20]e™ @Y (o),
Lif A,(0) %2, (0),

is the solution of the Cauchy problem (1.4), (1.5) in which the initial function v, (o) is

replaced by U(;(G). Therefore uj(x, 1)= Fys l{v G 1)} is the solution of problem (1.1),
(3.1) with u%(x) replaced by u?(x); here j € Z" Because u;-)(x) = e(x)uO(x+j),
it is evident that for some M >0 that does not depend on j € Z", we have
0 0 S 1\Y
il < M, 17D

From estimate (2.4) and estimate

2 9! .
c ac—a(cvv?(c)) < Coa e, 41D,
ce R" o=(ay,...,0,) anarbitrary multiindex, |v|+|A|<1, it follows that
ol i 4 )
27 (0@0)] < M, o) HBAD

where |v|+|A|<! and o is arbitrary. If we choose A from the condition
2] = (o|+Dd—|o|+n+1,
then we obtain

lo
xagx—auj(x, 1)

S My, v)p(t)H u’ HI,Y(I +[j| )Y,

where o is arbitrary,
|v| < I-(Ja|+1)d+|a|-n—1,
and
o (1) = {(Ht)“q for ¢ <0,
exp(Pr) for ¢=>0.

Because (1+]j|)Y < (1+|x+j|)"(1+]|x|)?, if we choose an o from the condition
|o|=n—E(-y)+1 (here E(-Y) stands for the integer part of —y), we obtain

ol e
S0 € MpO[ul] (el a+ED (3.2)
where v<m, | > m+(n—E(-y)+2)d+ E(-Y); consequently
w(x, 1) = Duix=j,n (3.3)
jeZ

is solution of the Cauchy problem (1.1), (3.1), belongs to Hm,y forall + >0 and
satisfies the condition
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lut. O, < Mmp(r)HuOHLY (V120). (3.4)

Because p(t) >0 as ¢t — +oo, we conclude from (3.2)—(3.4) that u(,¢) € Hnw
(t=0).
By analogy, we prove that

a ’
‘ait’(.,z)H < Mypo|u’, (7120, (3.5)

It is sufficient to notice that the Cauchy problem (1.6) is equivalent to the Cauchy
problem

d*v(o,1) dv(o, 1)
dr’ dt
v(0,0) = vy(0), vi(0,0) = P@c)vy(0).
It follows from (3.4) and (3.5) that u(x, t) satisfies the condition (1.3). Hence Cauchy
problem (1.1), (1.2) is stable in the class of functions of some polynomial growth y> 0

and Theorem 3.1 is proved.
Example 3.1. Consider the heat conduction equation

P(io) + Qg(io)(o, 1),

Ju 9%u f

L ——4ju(x,r)dr xe R, t>0.
2 9 9

ot ot 0

For this equation, P(ic)=-6%, Q(ic)=-4, and

—62++ 0% =16 for 6 € (o, —2]U[2, +o0),

A(o) = {_ 5

o for o e(-2,2).

Therefore A(6)<0 forevery 6 € R, and by Theorem 3.1, the Cauchy problem for
this equation is stable in the classes of polynomial growth.
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