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RATE OF CONVERGENCE
FOR THE SZASZ - BEZIER OPERATORS

HIBUIKICTD 3BI2KHOCTI OIIEPATOPIB CACA - BE3’€

We estimate the rate of convergence for functions of bounded variation for the Bézier variant of the
Szész operators S, , (f, x). We study the rate of convergence of S, ,(f,x) forthecase 0 <a<1.
3HalifieHo OLIHKY IIBHAKOCTI 30i2kHOCTI (pyHKIIiii oOMeKeHoi Bapialii /11 Bepcii bes’e onepaTopis
Caca S, ,(f, x). Busueno mBuzkocTi 36ixunocti S,  (f,x) mia O <o <1,

1. Introduction. For the case where a0>1 or 0 < <1 and a function f is defined
on [0,00), the Szdsz — Bézier operator Sn’u is defined by

- k
Spa(fsx) = > 0% (x) f(—), (1),
k=0 n
where Q% (x) = J$(x) = J%1(x) and J,  (x) = Z;f’:ksn, j(x) with the Szdsz
k
basis function s, ;(x) = ™™ %, k=0,1,2,....1It is well known that for o =1,

the operators (1) reduce to the well-known Szdsz — Mirakyan operators

Sn(fvx) = an,k(x)f (&]
k=0 n

The rate of convergence for the Szdsz — Mirakyan operators on functions of
bounded variation was first studied by Cheng [1]. Recently, Zeng [2] and Zeng and
Zhao [3] estimated the rates of convergence for the Szdsz — Bézier operators whenever
o 2 1. The rates of convergence for the other case of a € (0, 1) for functions of
bounded variation were obtained in [4] and [5], respectively, for the Kantorovich —
Bézier operators and Bernstein — Bézier operators. Motivated by this, we extend the
results of [1, 3, 6] and study the rate of convergence for the Szdsz — Bézier operators
Sp.a(f>x), 0<o <1 for functions of bounded variation.

Our main theorem is stated as follows:

Theorem. Let f be a function of bounded variation on every finite subinterval of

[0,00). Let f(t) = O(t") for some r € N as t — . Then for x € (0, »), 0 <
<o < 1, there exists a positive constant M(f, o, x, r) such that, for n sufficiently
large, we have

<

1 1
Spalfi0) = 5 fa4) - (1 - F)f(x 5

Z(x) e
< m\f(ﬁ) fxo)+

1
A 2enx

5 < X M(f, o, x,r)
+ = > Q ,— | + ————,
nka:l x(fx ﬁ)

€,(0)| f(x) = f(x-)| +

where Z(x) =min{ 0,8+/(1+3x) + 0,5, 1,6)62 + 1,3},
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L i x=K ren,
Qx(f? ;L) = sup \f(t)—f(x)\, 8n(x) = n

te[x—A, x+A] .

0  otherwise

and
f@) - f(x-), 0<t<x,
fi(® =40, t=x,
fO = f(x+), x<t<eoo

It is clear that:

(1) Q,.(f,h) is monotone nondecreasing with respect to #;

(i) lim Q.(f, h) =0 if f is continuous at the point x;
h— oo

(iii) if f is a function of bounded variation on [a, b] and Vab( f) denotes the total
variation of f on [a, b], then Q.(f,h) < VZII(f).
We recall the Lebesgue — Stieltjes integral representation

SpalFsX) = [ FOd, (K, (x, 1),
0
where

> 0%, 0<t<oo,
Ko, t) = Yk<m
0, t=0.
We also define
1-K, ,(x,1), 0<t<eoo,
Hygen = {7 !
’ 0, t=0.

2. Lemmas. In the sequel, we shall need the following lemmas:
Lemma 1 [6]. Forall x€ (0,0) and x € N we have

1
N X)) < ———.
e < 3
Lemma 2 [2]. Forx e (0, ) we have
2
T 50—+ Smin{o,s (I+30) +0.5 16 +1,3}
e 2 1+nx I+

and, for 0 <t<x, we have

2 Qr(lf’;{)(x) < X

7 -
k<nt n(t - x)
Lemma 3. For O<oa <1 and 0<x<t<oo, we have

E(o)

Pl =

where E(Q.) is a positive constant depending only on o..
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|k/n— x|

>1 for k=>nt. Thus,
|t = x|

Proof. Since 0 <x<t<eo, we have

H,o(x) = 1=K, o(x,1) =

2m/0t ¢
2 Q(a)(x) z (a)( )= [Z k(/li )2m/oc n,k(X)] )
k<nt k>nt k>=nt

o
k 2m/ o
sn’k(x) .

e
o 3

=X
k=0

Put [ =2m/a and suppose that [/] denotes the integral part of [. Following [4]

2[1] _ 20
200+2=10" -2

(Lemma 6), choose the numbers p =

2,
p q ]
+ %(1 + 1) = 1. The application of Holder’s inequality yields
k

) 1/p -
sn’k(x)] [Z—x

For each real, put wy, (f) =t — x. Note that

2([1+1) q
sn’k(x) =

2m/ o >k
X Spr(x) < Z ;—x

k=0 k=0"

S |k _
1/q

= (Sn,l(llfi,x)) (S (w2([l +) ))

By using the well-known result S, (g, x) = O(n™") as n e (r=1,2,3,...),
obtain

o0 2m/ o ¢
[z k_. Sn,k(x)] < O(u@/P-osDIg) = (),
k=0'""
since
Lo _aHl) _ el _ =2 1
p q 2[1] ! 2
-2

This completes the proof of Lemma 3.
3. Proof of Theorem. We have

fO) = 2% 0 + 1=27F (@-) + g,(1) + 27((f e H) = f (x)sign® () +

+(fr) = 27% f(x4) = (1= 27 f(x))8,(0),

where
o .
2% -1 if t>x, 1 if x=t
sign (@t —x) := 40 if r=x, and 8,0 = .
-1 i r<x 0 if x=#rt.
Therefore,

Sualf. )= 2 f4) - (1 - 2%,)f(x

< ‘Sn,a(fx,x)‘ + ‘%Sn,a(sign(“)(t—x), x) +
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#[100- 0= (1= L )]s, a0

We first estimate

Suo(sign®@ = x),x) = 2% Y OR(x) — 1+ €,(x) Q% (x) =

k>nx

= 2% Y (I @) = I ) = 1+ £, 0% () =

k>nx

= 20‘{ S sn’k(x)] — 1+ £,(0)0%.(x)
k>nx
and

Spoa(Bys X) = €,(x) Q<°‘> (x).

Hence, we have

S o(sign(t —x),x) +

‘f(x H-f&-)
20(

#[100- K= (1= L) o) [$,0@.0 0] =

2¢

k>nx

By mean value theorem, we have

(Z Sn,j(x)] - 2% = O‘(Cn,j(x))

j>nx

Z Sy, ](x)

j>nx

= (LS )[ [ankoc)] —1]+[f(X)—f(x—)] 0.

V. GUPTA

2

3)

where Cn j(x) lies between % and z S, j(x). In view of Lemma 2, it is observed

j>nx

that, for n sufficiently large, the intermediate point ¢, ; is arbitrary close to % ie.,

1

i = e

with an arbitrary small |€|. Then we have

OL(Cn,j(x))a_l < 0{,(2 + 8)1—(1

The latter expression is positive and strictly increasing for o € (0, 1), since

%(x(2+£)1_°‘ =2+ Y l-alog2+e)] > 0

for sufficiently small |e|. Thus, it takes maximum value at o = 1. This implies

(G, 0)" <

Hence,

2% 7 14+ nx

j>nx

We also have

[Z sn’j(x)] - < 2D 70 = min{0,84(1+3%) +0,5, 1657 +1,3}.

4)
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O(x) = J4(x) = I8y = afG) 5 (),

where J, 11 4(x) < Cn’k,(x) < J,x(x). Thus, by Lemma 1, we have

(o) 1
0, 1(x) < oo (5)

Combining the estimates of (3) — (5), we have

‘f(X+)—f(x—)
20(

Sn.o(sign(t — x), x) +

+ [ - s -1 ——)f(x )[Sa0

< Z(x)
S T vm

We next estimate S, (g, x) as follows:

| f(x+) = f(x=)|+

\/78 WO f(x) = fx-)].

Sualfon) = [10d(K,q0x.0) =
0

=[J fof o] fromtinten) = 55 m ey s o

LI

where Il = [O,X_J%]’ 12 = [ T x+fi| = |:x+%, 2x:|, and 14 =

= [2x, o). We first estimate E,. Noting that f,.(x) =0, we have

x+x/\n

Bl < | le® = g (0)|d (K, o (x,1) < (f%) <
; n
x—x/n

X n

) ,—= . 7

< idelng) »
We next estimate E;. Writing y = x — % and using Lebesgue — Stieltjes integration

n

by parts, we have

‘EI‘ =

y y
[£0d (K, o6, 0)| < [Q(fir x = 1)K, o(x, 1) =
0 0

= Q(fir x = VK, o(x, y>+J 16 DA (R, (f, x = 1),

where K (X, 1) is the normalized form of K, ,(x, ). Since K,, o) < K, o(x,1)
on (0, o), by Lemma 2 it follows that

¥

E| < Qufux- T+ d(=Q,(f x = 1)).

‘ l‘ x(fx y)n(x_y)2 n'([(x—t)2 t( x(fx ))

Integrating by parts the last term, we have
¥ y+ oy
Q (frx=10 2dt
-Q . (f,x—1) = XX — + |1 Q. (f,x—t .

'([(x (e x=0) x-0* |, { o (x—1)°
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Hence, by replacing the variable ¢ in the last integral by x — we get

X

,\/;’
2 < X

|| < nxkz_‘lgx(fx’«/?)' (®)

Using the similar method for the estimation of E;, we get

2 v X
E| <= )>Q ,— |- 9
‘ 3‘ nx kzz,l x(fx ,TC) ( )
Finally, by assumption, we have the estimate
r—x

.
| fe(@] £ Mi" < M(T) for 12> 2x.

Now

Es| = | [ LOK, D] < [ £0]dK, o060 <
2x 2x

< Mx™" j(t—x)rd,Kn,a(x, < —Mx" j(t—x)’ d(1- K, o(x, 1) =
0 2x

= =My [ (1= %) d(H, o(x0) € —Mx™" [t =0 d)(1- K, o(x, ) =
2x 0

R
= Mx7Jim | (= ) By (1) \fx + [ Hyo(d -0 | =
—> oof
2x

R
R
= Mx_’Rli_I)nm —(t—x)"H, 4 (x,1) \ZX + J.Hn’a(x,t)r(t—x)r_ldt] =
2x

R R
= Mx " lim |~ (-0 D T ety | -
R—oo nw(t=x)" |, neos
RO £ O NE—— (10)
nmxm nm(m_r)xm r

Combining the estimates of (2) — (10), we obtain the required result.
This completes the proof of the theorem.
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