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RATE OF CONVERGENCE 
FOR THE SZÁSZ – BÉZIER OPERATORS

ÍVYDKIST| ZBIÛNOSTI OPERATORIV SASA – BEZ’{ 

We estimate the rate of convergence for functions of bounded variation for the Bézier variant of the
Szász operators  S f xn, ( , )α .  We  study the rate of convergence of  S f xn, ( , )α   for the case  0 < α < 1.

Znajdeno ocinku ßvydkosti zbiΩnosti funkcij obmeΩeno] variaci] dlq versi] Bez’[ operatoriv

Sasa  S f xn, ( , )α .  Vyvçeno ßvydkosti zbiΩnosti  S f xn, ( , )α   dlq  0 < α < 1.

1.  Introduction.  For the case where  α ≥ 1  or  0 < α < 1  and a function  f  is defined
on  [ , )0 ∞ ,  the Szász – Bézier operator  Sn,α   is defined by
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where  Q xn k,
( )( )α  = J xn k, ( )α  – J xn k, ( )+1

α   and  J xn k, ( ) = s xn jj k , ( )=
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,  k = 0, 1, 2, … . It is well known that for  α = 1,

the operators (1) reduce to the well-known Szász – Mirakyan operators 
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The rate of convergence for the Szász – Mirakyan operators on functions of
bounded variation was first studied by Cheng [1].  Recently, Zeng [2] and Zeng and
Zhao [3] estimated the rates of convergence for the Szász – Bézier operators whenever
α ≥ 1.  The rates of convergence for the other case of  α ∈  (0, 1)  for functions of
bounded variation were obtained in [4] and [5], respectively, for the Kantorovich –
Bézier operators and Bernstein – Bézier operators. Motivated by this, we extend the
results of [1, 3, 6] and study the rate of convergence for the Szász – Bézier operators
S f xn, ( , )α ,  0 < α < 1  for functions of bounded variation. 

Our main theorem is stated as follows:
Theorem.  Let  f  be a function of bounded variation on every finite subinterval of

[ , )0 ∞ .  Let  f t( ) = O tr( )  for some  r  ∈  N  as  t →  ∞ .  Then for  x  ∈  (0, ∞  ),  0 <
< α < 1,  there exists a positive constant  M ( f, α, x, r  )  such that, for  n  sufficiently
large, we have
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where  Z x( )  = min { 0 8 1 3, ( )+ x  + 0,5,  1 6 2, x  + 1,3},
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It is clear that:  
(i)  Ωx f h( , )  is monotone nondecreasing with respect to  h;
(ii)  lim ( , )

h
x f h

→ ∞
Ω  = 0  if  f  is continuous at the point  x;

(iii)  if  f  is a function of bounded variation on  [ , ]a b   and  V fa
b( )  denotes the total

variation of  f  on  [ , ]a b ,  then  Ωx f h( , ) ≤ V fx h
x h
−
+ ( ).

We recall the Lebesgue – Stieltjes integral representation
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2.  Lemmas.  In the sequel, we shall need the following lemmas:
Lemma 1 [6].  For all  x ∈ (0, ∞  )  and  x ∈ N  we have

s x
e nxn k, ( ) < 1

2
.

Lemma 2 [2].  For x ∈ (0, ∞  )  we have
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and, for  0 ≤ t < x,  we have

Q x x
n t xn k

k nt
,
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− 2 .

Lemma 3.  For  0 < α < 1  and  0 < x < t < ∞,  we have 

H xn, ( )α   ≤  E
n t xm m

( )
( )

α
−

,

where  E ( )α   is a positive constant depending only on  α.
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Proof.  Since  0 < x < t < ∞,  we have  
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Put  l = 2m / α  and suppose that  [ l ]  denotes the integral part of  l.  Following [4]

(Lemma 6), choose the numbers  p = 
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By using the well-known result  S xn x
r

, ( , )1 ψ  = O n r( )−   as  n → ∞  ( r = 1, 2, 3, … ),  we
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This completes the proof of Lemma 3. 
3. Proof of Theorem.  We have 
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(4)
We also have 
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Combining the estimates of (3) – (5), we have
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Hence, by replacing the variable  t  in the last integral by  x – x
u

,  we get
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Using the similar method for the estimation of  E3,  we get
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Combining the estimates of (2) – (10), we obtain the required result.
This completes the proof of the theorem.
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