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PRO ODNU EKSTREMAL|NU ZADAÇU

DLQ DODATNYX RQDIV

In the series of works, O. I. Stepanets’ and his successors study approximation properties of the spaces

S p
ϕ   introduced by Stepanets’.  Problems of finding exact values of  n-term approximations of  q-

ellipsoids in the spaces considered are reduced to some extremal problems for series with terms that are
determined as a product of elements of two nonnegative sequences one of which is fixed and another
varies on certain set.

Since solutions of these extremal problems may be of an independent interest, in the present paper,
the authors propose a new method of finding these solutions ,which leads to the required result by
essentially shorter and more transparent way. 

U cykli robit O. I. Stepancq ta joho poslidovnykiv vyvçagt\sq aproksymacijni vlastyvosti vve-

denyx nym prostoriv  S p
ϕ .  Pry c\omu zadaçi, pov’qzani iz znaxodΩennqm toçnyx znaçen\  n-çlen-

nyx nablyΩen\  q-elipso]div u cyx prostorax, zvodqt\sq do pevnyx ekstremal\nyx zadaç dlq rq-

div iz çlenamy, wo [ dobutkom elementiv dvox nevid’[mnyx poslidovnostej, odna z qkyx [ fikso-

vanog, a inßa varig[t\sq na pevnij mnoΩyni.

ZvaΩagçy na te, wo rozv’qzky cyx ekstremal\nyx zadaç moΩut\ skladaty i samostijnyj

interes, u danij roboti zaproponovano novyj metod znaxodΩennq ]x rozv’qzkiv, qkyj pryvodyt\

do mety sutt[vo korotßym i prozorißym ßlqxom.

Vstup.  Nexaj  M — mnoΩyna vsix poslidovnostej  m = { } =
∞mk k 1  nevid’[mnyx

çysel,  mk ≥ 0   ∀k ∈ N,  takyx, wo  | m | =df
 mkk =

∞∑ 1
 ≤ 1.

Nexaj, dali,  r — deqke dodatne çyslo i  Ar — mnoΩyna vsix nezrostagçyx

poslidovnostej  α = { } =
∞αk k 1  dodatnyx çysel,  αk > 0   ∀k ∈  N,  dlq qkyx

lim
k

k
→∞

α  = 0.  Pry c\omu u vypadku, koly  r ∈  ( 0, 1 ),  vymaha[t\sq, wob

αk
r

k
1 1

1
/ ( − )

=
∞∑  < ∞.

Poznaçymo çerez  γn = { k1 , k2 , … , kn }  dovil\nyj nabir iz  n  riznyx natural\-

nyx çysel i poklademo dlq bud\-qkyx  m ∈ M ,  α ∈ Ar  i  n ∈ N

�n ( m )  =  �n ( α, r, m )  =df
  α α

γ γ
k k

r

k
k k

r

k

m m
n n=

∞

∈
∑ ∑−

1

sup , (1)

�n  =  �n ( α, r )  =df
  

 
sup

m∈M
 �n ( m )  =  

  
sup

m∈M
 �n ( α, r, m ). (2)

Z oznaçennq mnoΩyn  M  i  A r  vyplyva[, wo rqd u pravij çastyni spivvidno-

ßennq (1) zbiha[t\sq, i tomu velyçyny  �n ( α, r, m )  i  �n ( α, r )  magt\ zmist.

U cykli robit O. I. Stepancq ta joho poslidovnykiv (dyv., napryklad, [1 – 19])

vyvçagt\sq aproksymacijni vlastyvosti vvedenyx nym prostoriv  S p
ϕ .  Pry c\omu

zadaçi, pov’qzani iz znaxodΩennqm toçnyx znaçen\ najkrawyx  n-çlennyx nably-

Ωen\  q-elipso]div u cyx prostorax, bazugt\sq na nastupnyx tverdΩennqx.

Teorema 1.  Nexaj  α ∈  Ar  
,  r ≥ 1,  i  �n r( )α,  — velyçyna, qka vyznaça[t\sq

rivnistg (2).  Todi dlq bud\-qkoho natural\noho  n   isnu[ çyslo  s* > n  take,
wo

�n ( α, r )  =  ( − )






−

=

−

∑s n k
r

k

s
r

* /
*

α 1

1

. (3)
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Çyslo  s*
  vyznaça[t\sq rivnistg

sup / * /
*

s n
k
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Pry c\omu toçnu verxng meΩu u pravij çastyni spivvidnoßennq (2) realizu[ po-
slidovnist\  m* = { } =

∞mk k
*

1,  v qkij

m k s

k s
k

k
r

i
r

i

s
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Teorema 2.  Nexaj  α ∈  Ar  
,  r ∈  ( 0, 1 ),  i    �n r( )α,  — velyçyna, qka vyzna-

ça[t\sq rivnistg (2).  Todi pry koΩnomu  n ∈ N  spravdΩu[t\sq rivnist\

�n  =  �n ( α, r )  =  ( − )

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α α , (6)

u qkij  s*
,  s* > n, — najbil\ße natural\ne çyslo, qke zadovol\nq[ umovu

s – n  ≤  α αs
r

k
r

k

s
1 1

1

/ /−

=
∑     dlq vsix  s ∈ ( n, s*

 ]. (7)

Take çyslo  s*
  zavΩdy isnu[.  Toçnu verxng meΩu u pravij çastyni spivvidnoßen-

nq (2) realizu[ poslidovnist\  m* = { } =
∞mk k

*
1  z  M ,  v qkij

  

m s n k s
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(8)

Ci teoremy dovedeno vidpovidno v [2, 4].  ZvaΩagçy na te, wo ci tverdΩennq

moΩut\ maty i samostijnyj interes, u danij roboti navodqt\sq novi dovedennq

zhadanyx teorem, qki [ znaçno korotßymy ta prozorißymy.

1.  Dovedennq teoremy 1.  Spoçatku vstanovymo nastupne tverdΩennq.

TverdΩennq 1.  Nexaj  α ∈  Ar  
,  r > 0,  i  M  ′ — mnoΩyna vsix poslidovnos-

tej  m   z mnoΩyny  M ,  dlq qkyx çysla  αk k
rm   ne zrostagt\.  Todi spravdΩu-

[t\sq rivnist\

�  =  
 
sup

m∈ ′M
 � ( m ). (9)

Dovedennq.  PokaΩemo, wo dlq bud\-qko] poslidovnosti  m ∈  M  znajdet\sq

poslidovnist\  m′ ∈ M ′  taka, wo   �n m( ′)  ≥   �n m( )  i  | m′ | ≤ | m |.  Z ci[g metog

poklademo  ′ =






m
m

k
k k

r

k

r
α

α

1/

,  k ∈  N,  de  αk k
rm  — perestanovka poslidovnosti

αk k
rm   za nezrostannqm (za oznaçennqm mnoΩyn  Ar  i  M  taka perestanovka zav-

Ωdy isnu[).  Todi oçevydno, wo  �n ( m′ ) = �n ( m ).  Krim toho, na pidstavi teoremy

368 iz monohrafi] [20]

| m′ |  =  
α

α
k k

r

k

r

k
k

k

m
m







≤
=

∞

=

∞

∑ ∑
1

1 1

/

  =  | m |,

tobto poslidovnist\  m′  naleΩyt\ mnoΩyni  M ′.
TverdΩennq 1 dovedeno.
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Zhidno z oznaçennqm mnoΩyny  M ′  dlq bud\-qko] poslidovnosti  m ∈  M ′

sup
γ γ α

n
n

k k
r

k
m∈∑  = αk k

r
k

n
m=∑ 1

,  a tomu    �n m( ) = αk k
r

k n
m= +

∞∑ 1
.  Zvidsy vyply-

va[, wo pry vidßukanni velyçyn   �n   dostatn\o obmeΩytysq poslidovnostqmy

m ∈ M ′,  dlq qkyx çysla  αk k
rm   [ rivnymy pry vsix  k ∈ [ 1, n + 1 ].  Oskil\ky pry

c\omu
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to
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k
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1

1
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(10)

a1  =  αk
r

k

n r
−

=

+ −

∑



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1

1

1
/ ,      a2  =  αn + 2 ,      b  =  ( n + 1 ) – n

i na vidrizku  [ 0, c ]  rozhlqnemo funkcig  f ( x ) = a1 b xr + a2 ( c – x ) 
r
  za umovy, wo

a1 xr ≥ a2 ( c – x ) 
r
,  qku moΩna zapysaty u vyhlqdi  c ≥ x ≥ a c a ar r r

2
1

1
1

2
1 1/ / /( + )−  =df

=df
 x0 

.  Vnaslidok toho, wo  f ′′ ( x ) > 0  dlq bud\-qkyx  x ∈ [ 0, c ],  [dyna krytyçna

toçka ci[] funkci], qka ma[ vyhlqd  x* = ca a b ar r r
2
1 1

1
1 1

2
1 1 1/ / /( − ) ( − ) ( − ) −( )( ) + ,  [ toç-

kog minimumu.

Zvidsy vyplyva[, wo dana funkciq dosqha[ svoho najbil\ßoho na vidrizku

[ x0 
, c ]  znaçennq na odnomu z kinciv c\oho vidrizka.  Tomu

f ( x )  ≤  max { f ( x0 ), f ( c ) }       ∀x ∈ [ x0 
, c ]. (11)

Oskil\ky vnaslidok oznaçennq mnoΩyny  M ′   x1 ∈  [ x0 
, c ],  to, vraxovugçy poz-

naçennq v (10), otrymu[mo
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r
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m
= +

∞

∑
3

  ≤  max { f ( x0 ), f ( c ) } + αk k
r

k n

m
= +

∞

∑
3

  =

=  m mk
k

n r

n n k k
r

k n=

+

+ +
= +

∞

∑ ∑





{ } +
1

2

1 2
3

max ,ξ ξ α ,      ξs  =  ( − )






−

=

−

∑s n k
r

k

s r

α 1

1

/
.

Dali, poklademo

x1  =  mk
k
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=
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,      a1  =  αk
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1

1

/ ,      a2  =  αn + 3 ,     b  =  l – n,

de  l — natural\ne çyslo, dlq qkoho  ξl = max ,{ }+ +ξ ξn n1 2 .  Z toho, wo  m  ∈  M ′,
vyplyva[

a x m mr
k

k
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k
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,
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tobto toçka  x1  znovu naleΩyt\ vidrizku  [ x0 
, c ].  Zvidsy na pidstavi (11) otry-

mu[mo

  �( )m   ≤  m mk
k

n r

n n k k
r

k n=

+

+ +
= +

∞

∑ ∑
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


{ } +
1
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3
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r
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m
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∞

∑
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≤  max { f ( x0 ), f ( c ) } + αk k
r
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m
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∞

∑
4

  =
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k
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n n n k k
r
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+

+ + +
= +

∞

∑ ∑





{ } +
1

3

1 2 3
4

max , ,ξ ξ ξ α .

Provodqçy analohiçni mirkuvannq dali, vstanovlg[mo, wo dlq dovil\no] posli-

dovnosti  m ∈ M ′

� ( m )  ≤  | m | 
r sup

s n
s

>
ξ   ≤  sup /

s n
k

r

k

s r

s n
>

−

=

−

( − )




∑α 1

1

. (12)

Zhidno z oznaçennqm mnoΩyny  Ar  
,  αk → 0  pry  k → ∞ ,  i v danomu vypadku

r ≥ 1,  tomu

lim /

s
k

r

k

s r

s n
→∞

−

=

−

( − )




∑α 1

1

  =  0.

Zvidsy vyplyva[, wo znajdet\sq prynajmni odne natural\ne çyslo  s*
,  qke zado-

vol\nq[ spivvidnoßennq (4).  Takym çynom, z uraxuvannqm (12) ma[mo

�n  ≤  ( − )






−

=

−

∑s n k
r

k

s
r

* /
*

α 1

1

, (13)

i dlq zaverßennq dovedennq teoremy zalyßylosq pokazaty, wo v c\omu spivvid-

noßenni stroho] nerivnosti buty ne moΩe.  Z ci[g metog zauvaΩymo, wo posli-

dovnist\  m* = { } =
∞mk k

*
1  vyhlqdu (5) naleΩyt\ mnoΩyni  M ′  i

�n ( m*
 )  =  ( − )







−

=

−

∑s n k
r

k

s
r

* /
*

α 1

1

.

Ob’[dnugçy ostann[ spivvidnoßennq zi spivvidnoßennqm (13), zaverßu[mo dove-

dennq teoremy 1.

2. Dovedennq teoremy 2.  Na pidstavi tverdΩennq 1 dlq vidßukannq velyçy-

ny  �n  i v c\omu vypadku dostatn\o obmeΩytysq mnoΩynog  M ′  vsix poslidov-

nostej  m  z mnoΩyny  M ,  dlq qkyx çysla  αk k
rm   ne zrostagt\.

Dlq bud\-qko] poslidovnosti  m ∈ M ′

�n ( m )  =  αk k
r

k n

m
= +

∞

∑
1

  =  ν αk k k
r

k

m
=

∞

∑
1

,      νk  =df
  

0 1

1

, , ,

, .

k n

k n

∈ [ ]
>





(14)

Teper zaznaçymo, wo nerivnist\ (7) rivnosyl\na nerivnostqm
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( − − )
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i oskil\ky  αk → ∞  pry  k → ∞,  to
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Tomu zavΩdy znajdet\sq najbil\ße çyslo  s* = s*
 ( α, n )  take, wo pry vsix  s ∈

∈ ( n, s*
 ]  budut\ vykonuvatysq nerivnosti (15), a otΩe, i (7).

TverdΩennq 2.  Nexaj  M  ′′ — mnoΩyna  vsix poslidovnostej  m  z mnoΩy-
ny  M  ′,  dlq qkyx çysla  αk k

rm   [ rivnymy pry vsix  k  ∈  [ 1, s*
 ].  Todi spravd-

Ωu[t\sq rivnist\

�n  =  
 

sup
m∈ ′′M

 �n ( m ). (16)

Dovedennq.  Qk i pry dovedenni tverdΩennq 1, pokaΩemo, wo dlq koΩno]

poslidovnosti  m ∈  M ′  znajdet\sq poslidovnist\  m′′ ∈  M ′  taka, wo  | m′′ | ≤
≤ | m |  i

�n ( m′′ )  ≥  �n ( m ). (17)

Z ci[g metog rozhlqnemo poslidovnist\  m ′′  taku, wo pry  k > s*   ′′mk  = mk ,  a

pry  k ∈ [ 1, s*
 ]  znaçennq  ′′mk   vyznaçagt\sq spivvidnoßennqm
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Dlq dovedennq nerivnosti (17) dostatn\o pokazaty, wo
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r
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PokaΩemo spoçatku, wo
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Todi, zastosuvavßy do ostann\o] sumy nerivnist\ Hel\dera, otryma[mo (20).  Pry

c\omu vykorysta[mo pryjom, qkyj bulo zaproponovano dlq dovedennq vidomo]

nerivnosti Çebyßova dlq intehraliv u monohrafi] [21, s. 246].  Oskil\ky

α ν α αk
r

k

s

k k
r

i
r

i

s

s n−

=

−

=

−

∑ ∑− ( − )
















1

1

1 1

1

1

/ / * /
* *

  =  0,

to rivnist\
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ν α ν α αk k k
r

k

s

k
k

s

i
r

i

s

j
r r

j
r

j

s

m m
= =

−

=

−
( − )

=
∑ ∑ ∑ ∑−





1 1

1

1

1

1

1

* * * *

/ /
  =

=  α α ν α αk
r

k

s

k k
r

k k
r

i
r

i

s

m c s n−

=

−

=

−

∑ ∑( − ) − ( − )
















1

1

1 1

1

1

/ / * /
* *

(22)

vykonu[t\sq dlq bud\-qkoho dijsnoho çysla  c.

Pokladagçy  c* = αn n
rm+ +1 1,  na pidstavi (7) ta oznaçennq mnoΩyny  M ′,  dlq

vsix  k ∈ [ 1, s*
 ]  ma[mo

( − ) − ( − )
















−

=

−

∑α ν α αk k
r

k k
r

i
r

i

s

m c s n* / * /
*

1 1

1

1

  ≤  0,

zvidky vyplyva[ spivvidnoßennq (21), a razom z nym, na pidstavi oznaçennq posli-

dovnosti  m′′,  i nerivnist\ (17).

Z oznaçennq mnoΩyny  M ′′  vyplyva[, wo dlq koΩno] poslidovnosti  m ∈ M ′′
pry vsix  k ∈ [ 1, s*

 ]

α αk k
r

k
k

s
r

k
r

k

s
r

m m=










=

−

=

−

∑ ∑
1

1

1

* *

/
. (23)

Tomu

�n ( m )  =  ( − )












+
=

−

=

−

= +

∞

∑ ∑ ∑s n m mk
k

s
r

k
r

k

s
r

k k
r

k s

* /
* *

*1

1

1 1

α α . (24)

Zastosovugçy do vyrazu v pravij çastyni (24) nerivnist\ Hel\dera, ma[mo

�n ( m )  ≤  m s nk
k

r
r

k
r

k

s
r r

k
r

k s

r

=

∞
( − ) −

=

( − )
( − )

= +

∞
−

∑ ∑ ∑





( − )






+





1

1 1 1

1

1

1 1

1

1

* / /

/

/
*

*

α α .

Zvidsy vnaslidok toho, wo  |  m | ≤ 1,  otrymu[mo potribnu ocinku zverxu velyçy-

nyNN�n .

Rozhlqnemo teper poslidovnist\  m*
,  qka vyznaça[t\sq spivvidnoßennqm (8),

i pokaΩemo, wo  m* ∈ M ′′.  Spravdi, vnaslidok (8) pry koΩnomu  k ∈ [ 1, s*
 ]

 

α αk k
r r r

k
r

k

s
r r

n
r rm s n( ) = ( − )







( − ) −

=

( − )
( − )∑* * / /

/

/
*

1 1

1

1

1� , (25)

a pry  k > s*

  α αk k
r

k
r

n
r rm( ) = ( − ) ( − )* / /1 1 1� , (26)

tobto poslidovnist\  αk k
rm( )*
  na promiΩku  [ 1, s*

 ]  [ stalog, a na promiΩku

[ s*, ∞  ) — ne zrosta[.  Tomu dostatn\o pokazaty, wo

α α
s s

r
s s

rm m* * * *
* *( ) ≥ ( )+ +1 1

, (27)

abo

( − )






≥( − ) −

=

( − )

+
( − )∑s n r r

k
r

k

s
r r

s
r* / /

/

/
*

*
1 1

1

1

1
1 1α α .

Ostannq nerivnist\ vyplyva[ z oznaçennq çysla  s*
.  Takym çynom, poslidovnist\

m*
  naleΩyt\ mnoΩyni  M ′′.  Krim toho, vnaslidok (25) – (27)
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 �n m( )*   =  ( − )






+






( − ) −

=

( − )
( − )

= +

∞
−

∑ ∑s n r
k

r

k

s
r r

k
r

k s

r

* / /

/

/
*

*

1 1 1

1

1

1 1

1

1

α α .
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