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A HIGH DIMENSIONAL VERSION
OF THE BRODY REPARAMETRIZATION LEMMA

BATATOBAMIPHHIA BAPIAHT JIEMHA BPOI
PO PEITAPAMETPHU3AIIIIO

We prove the generalization of the Brody reparametrization lemma.
Honejieno ysarannieniis Jiemu Bpojii npo penapamerpusartito.

1. Introduction. In [1, 2], S. Kobayashi introduced, for every complex mamfold M
with tangent bundle TM, a pseudodistance

dy: MX M — [0, +e0)
and a pseudometric
Fp: TM — [0, )
now called the Kobayashi pseudodistance and Kobayashi differential metric of M,

respectively (see [3]). If d,, is a distance, M is called hyperbolic in the sense of

Kobayashi.

In [4], R. Brody considered the hyperbolicity on compact complex space and
obtained the following theorem:

Let M be a compact complex space. Then M is Kobayashi hyperbolic iff every
fe Hol (C, M) is constant.

The key of the Brody demonstration is the reparametrization lemma. Generalizing
this lemma, we prove the following theorem:
Theorem. Let M be a complex manifold of dimension n and (-,-) be an

Hermitian metric on A*TM. Suppose f: Bk(r) — M is a holomorphic mapping
such that H(f’(0)) = ¢ >0, where 0=(0,0,...,0)e Bk(r). Then there exists a
holomorphic mapping g: Bk( r)— M satisfying the following conditions:

1) H(&”(O)) = H[g*aizl/\“./\ g,,%(o)] — %;

2 \(k+D/2
2) Hg'(2) (Z)) for all ze BXr), where n(z) = (.,—r—,) , 1zl
n,(2) re—|z|”

is Euclidean norm on C* ;

3) g(B(") cF(B ().
2. Basic definitions. In this section, we recall the basic definitions needed for the
succeeding sections.
2. 1. Let M be a complex manifold of dimension n and p € M. We denote by’
T,M (resp. TM) the holomorphic space tangent to M at p (resp. the holomorphic

tangent bundle). Let AkT M bethe k'" exterior power of T},,M. ‘We denote by

D "M the decomposable elements of AF T,M, i.e., the elements of type o =v| A ...
AV E b T,M, where dimspang{v,,..., 5} =k

If (-, -) is an Hermitian metric in TM, it can be extenpded to an Hermitian metric

on A*TM as follows: for o, B e D;M with ce=v| A AL, B=wj AL AW, set
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1370 NGUYEN DOAN TUAN

(o, B) = det{(u,-, wj)},
i,j=1,..., k and extend this definition to arbitrary elements of Ak?},M by linearity

(see [5]). Write ||a]|® ={a, o). Denote ||ct] also by H(a) or H(p,o) for
ae M.

2. 2. Let B¥r) = {zeCk:'”z"{r}, where ||-|| is the Euclidean norm. The
Bergman metric on Bk(r) is defined by
k wimd 4 (2 2
2z +(r" =zI")8; , ; ,_;
ds® = (7 -1F) Ldz d7.

G (P -1P)

This is an Hermitian metric on Bk(r). For u,v € Tsz(r), the Hermitian product of
u with v will be written (u, v),.

We denote by Aut(Bk(r)) the group of automorphisms (biholomorphic) of
BX(r).

2.3 For ae Bk(r), we define the kX k matrix, I'.(a), by

a'a

T.(a) = v (a)l,

r—u.(a) -

where a is regarded as a column matrix, v,.(a) =~/ r* —|la|, I is unit matrix. In
the case where r= 1, we write v(a) instead of v,(a) for simplicity.

2. 4. Definition. For a e BX(r), we define gl : BX(r) - B*(r) by

. z—a
84(2) = rT(a)5——, z€ B ().
r az

When r=1, we write I'(a) instead of T'(a), g,(z) instead of g:,(z) for
simplicity.

3. Some results about the group Aut (Bk(r)). In [6], some facts about the group
of automorphisms of B*= {ze{Ck: ||z||¢[} are given. In this section, we prove

some facts important for us about the group Aut (Bk(r)).
3.1. Wehave I'.(a)=rI(a/r). Itis obvious by Definition 2.3.

3.2. For a,ze B*r), the following equality holds:

z
g:;(z) = rgair(;) -
Indeed,

Z 2 ay z—a z—a .
rgcm'[—) = F[_] s = ) 5—— = 8(2)-
r r/r-— az r—daz

Wehave g € Aut(B*(r)) and gj(a) =0, g;(0) = rg,;,(0) = r(-a/r) =—a (by
(6, p. 6]).

This implies that the group Aut (B¥(r)) acts transitively on B(r).

3. 3. We have

AutB (r) = {Ag}: AeUk), acB* ("},

where U, is the unitary group.
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A HIGH DIMENSIONAL VERSION OF THE BRODY REPARAMETRIZATION ... 137
Indeed, it is obvious that Aut (B k(r)) and Aut(BX) are isomorphic, furthermort
by [6, p. 6],

Aut(B% = {A -8, Ae U, g, definedin 2.4},
whence the required assertion follows.
3. 4. We have

I''(a)a = ra for ae Bk(r).
In fact,
F{aia = rr(fja - ;‘21"(5]5 = 2% = ra (see [6, p. 6]).
r rJr r
3. 5. We have
'T.(@) = T,(a)

hence ‘ar’,.(a)=r'a. In fact,

0 - (D) i

) = rr[f) (by [6, p. 6]) = T,.(a) (by 3. 1).
r r
Furthermore,

(from [6, p. 6]).

3. 6. We have
T.(a)’ = (r—v,.(a))T,(a) + rv.(a)] = a'd@ + v,(a)’].
In fact,

2

- A A wne-

T (a)® = ;-31“[‘5)2

= (r—u,.(a))rl"(g) + rv(a)l = (r—=v,(a))T.(a) + rv.(a)]
r 3
and '
2 fiep 2 2
T.(a)*= ;-zr[‘—:) = :"(?"_‘—w{‘—:) f]:a’a + r‘gv[‘f) I=a'd +v.(a)*1
(by [6, p- 6]).
3. 7. We have
i1 B _ a'a
(a) = wr(a)(l“,(a)+(ur(a) i) ru,.(a)(r—vr(a) r!)
Proof. To compute F,,(a)_l, we have

oo = () = () -
- (200 -

v, (a)
1

ru,.(a)(r’(a) + (v (@) =7)1).

r

1I‘,.(a) + l(urv‘(a) - ] =
.
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Furthermore, again from [6, p. 6], we have

(a1 o ad ) _
T(a)” = rr[r) ~ rua/D) (1 -v(alr)) I] )

1 [ a'a ] 1 ( a'a ]
= s | g T g |
V() r(r—v.(a)) rv(a)\ r—v,.(a)

3. 8. We have
Lia) ® = r3u,.(a)(_a ‘@ +1l).
In fact,
r?=5r(e) - lq#[—ﬁﬂ) = 5L (—a'z+r?).
T r-v(a/r) T r’v.(a)
3. 9. We have

detT.(a) = r(—u,(a))k_l = r(—  —|al? )kﬁ

Indeed,
a k a a\\e-1
detT'.(a) = det[rl“(—D =r dctr(—) = rk(—v(—)) =
r r T
= \k-1 £
= rk[.. e ] - -y 1aF) "
r
3. 10. We have

g =AgiA™! for Ae U,

Proof. To compute gj,, we have
z z ~i1f 2
84a(2) = rga’mfr(;j = rg)’-(a!r)(;] = rAg, A (;) =
| .
= Areu(;47@)) = Agia @),

hence gh,=AgiA™".
3. 11. We have

dlet) = rT.(a) i r
(g"')a U,(a}z r?. _ " = ”2 Fr(a) H

where d[gj,']“ is the Jacobian matrix of the g/ at a.
In fact,

g,(2) = rgm’r(%] = 184 W2,
where h= 1id(3"(R)), hence
r
d(g;)“ = rd(g‘,;rh)(ﬂ) = r(dgﬂ{r)h(a]dh(a) =
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I-'(afr) 1 2
= (d i = = 7>
( g{“f; )h(ﬂ) t _llaf]'llz rz —“a“?' r(af?’)

-
= wﬂ(a) (by 3.1 and [6, p. 7)).

3. 12. Proposition. Let
k k
; d i d
o al —, v= M b—
jz;; 0z’ E dz’/
be tangent vectors of Bk(r) at the point z; u,ve T,B k(r). Then

(i 0), = [ alder), ][ Bde2), | = (gn0 820)),y,

1373

where (u,v), is the Hermitian product of u with v with respect to ds? a =
=(aj ), b=(bj ) are 1 X k matrix, z= (zJF ) is the column vector.
Proof. On the-one hand,
k 30 4 (72 —12I2)S. ..
by = Pl 5 Z'z ’(r ||;le) i g =
= (P =1zIP)
- 4[ Z" zJa',b"+(r =zl )a J, ¢))
(- l1zI?)*Lid=
on the other hand,
rY Tpf 1.0\ ! r\
a(dgz)z "b(dgz)z = a(dg;)z .(dgz)z"b =
2 2
) “[—’—] L@ T.@% (by3.11) = ———=al ()b (by3.5) =
=zl (= lzI?)
= ————alz'z7+( ~)|zIP)1)'B (by3.6) =
(-l=I?)
?‘2 - ) g
= ez T B+ (P -1zP)a?] =
(?"“—ll’ll‘)
= ]: Y dz iz b +(r3—||zl|1)a r5j|. (2)
(2 =11zIP) —JIZII) =l

From (1) and (2), we have
(u,v), = —12—[ dg,_ ][ *b dg: ]

furthermore,
\

k .
8ax) = 20"32;(527) = a(dgl), L) = ; b,gz*(ai) = b(de;),,

ij=1
hence

(g, 8L ), = ds*(gh(w), g @), =

koo R
- ;‘-[ Y, de dZ"](gz’*(u), g5 ), = ;]i(a(dg:)z) 'b(dgz), = (wv),.

ij=I
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3. 13. Proposition. For every he Aut(BX(r)), we have that h is isometric
with respect to the Begman metric ds*> on B Jc(Jr).
Proof. We prove that h" ds*>=ds>, ie., for u,ve T. (Bk(r)), we have

(hn("-‘} h,(v) ),q(z) {u, u>z

In fact, let w = h(z). Then g",',(w) = 0 by definition, so g;,h = Ag. for some

Ae U, (since ghhe Aut(B*(r))) and by 3.3.
Thus, we have

(M), @), = (ghh(), gl ), = (AL, W), AgL M), =

= (1., 8, ®), = (u,v), (by3.12).
The proof of the following proposition is omitted since it is evident.
3. 14. Proposition. Let

k
d
- S

i=

be a tangent vector of BX(r) at the point O, u; € To(Bk(r)), j=1,...,k Then

det((u,-,uj )0) = det(A &),

where A= (a_‘}) € Mat (k, C).
4. A high dimensional version of the Brody reparametrization lemma. Recall
that, for an Hermitian metric (u, v) in the holomorphic tangent bundle TM of a

complex manifold M, the Hermitian metric extended on A*TM is denoted also by (-,
). For a.e A*TM, denote || ot||= +/{o, o) by H(p, o) or H(c) for simplicity.
For fe Hol (B¥r), M) and ze BX(r), we put

1501 = A (B B) = ({2 )rn (2]

We have the following theorem:
Theorem. Let M be a complex manifold of dimension n and (-,-) be an

Hermitian metric on A*TM. Suppose f: Bk(r} — M is a holomorphic mapping
such that H(f'(0))2c¢ > 0, where 0 = (0,...,0) e BXr). Then there exists a
holomorphic mapping g: B k(r) — M satisfying the following conditions:

D H(E'O) = H s angesz®) = 5

4 2 (k+1)/2
2) Héf((;;_)) < % for all z e BXr), where n,(z) = (;i?rlrz_ﬂ_i] 2l

is a Euclidean norm on Ck;
3) g(B (r) cF(B*(r).
Proof. For 0< rs 1, define holomorphic mappings f,: BX(r) > M by f (z) =

=f(tz). Since 'f"'az-’() tj; (."z) then
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H(f(2) = *H(f'(t2))

and

H(f@) _ rk[ i 1 }“‘”’” H(f(12) 3)
n,(2) n,(tz)

Now we pit (= sup D)

; E T The function p(7) has the following properties
zesf(n M2 :

for te [0, 1):
(a) 0 < pu(r) < +ee;
(b) w(r) is continuous on [0, 1);
(c) (r) is an increasing function;

(d) 1L(0) = 0 and pu(r) > HAO) , .
n-(0)

Now we shall prove these properties.

For (a), L(t)=0 is evident. Furthermore, by (3) for fixed te[0, 1), m is

n,(2)
continuous on  BX(r) (aclosure of B*(r)), so
reB(r) n-(2) reB(r) n.(2)
Thus, (a) is proved.
For (b), since %)- is continuous on Bk(r)x [0,1) by (3), u(r) is
Az

continuous on [0, 1) and (b) is proved.

In order to prove (c), we assume that 0 <t <, <1, if there exists z; € B"(r)

H f (=
such that p(f)) = M Put z, = r—'zi. We obtain
Tlr(zl) 2}
/ (k+1)/2 ;
H(ta) 2 w = ,r.",‘[ J"2_”3‘.?."2 } * H( f'(122)) =
2 () P - b N (a22)
2 (k+1)/2 p
_ ,5["’—‘1”32||2“2] P H(F @)
R XY n,(12))

> "( el £ J(kmm H(f(z) H(f, @) = u(t).

= b )
2 —tz P n,.(4zy) n-(z)

Thus, W(t) is an increasing function and (c) is proved.
Furthermore, [L(0)=0 is evident by (3),

1(t) = sup H( fi(2)) = H(£(0) = Hf(0)) 2e>tc, 0=5¢<l
I'EB;"(J‘) ﬂr(Z) T]_,(O) .
Then (d) is proved.
Therefore, we have that lim,_,; u(#) 2 ¢, p(0)=0 and p(¢) is continuous on [0,
1). By the intermediate-value theorem, there is a number 0 < fy <1 such that p(#) =

=c¢/2. Since limnz"_,,_‘r},.(z) =+co and H(f,") (z)) is continuous for z on Bk(r),
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there exists a number M > 0 such that H( o (z)) <M Vze BYr) and there is a
point zy € Bk(r) such that

c_ _ H(f @)
g ™ B = Ty

Since the group Aut (Bk(r)) acts transitively on Bk(r) (see 3.2), there is a
holomorphic transformation s € Aut(B*(r)) with h(0)=z,. Put g = fih. We
prove that g satisfies the properties claimed in theorem.

By Proposition 3.13, h*ds®=ds?, soforall u,ve Tsz(r), we have

(hu(u), b, () )1,(1) = (u,v), =
= (&h, ), 8o, W), = (8w, gL 0)), by3.13=

d d d d ..
= sk (57 st (57)), = (slegatez), for =1k

e 5B Y if B 2
= det{(gh(:]*hk[a'—zfjngfl(z)*h%(‘a_;f]>0} = det{(gzta_zf!gz:$>o}.

By 3.14, we have
det] d(gho ), "d(eia ), | = det[(dg;)z '(dg?), }

where (dg‘z")z, d(g;(z)h)_ are Jacobian matrix at z of the mappings g;, g&iph
respectively. Furthermore,

detd(gih), = det(dgjcy), o det(@dh),,

det'(dh), det r(dg,ﬂ(z))

det rd(gg(z) h);

hz)"
Then

dct[(dg;(z})h(z} '(dgﬁ(z))h(z) ]dct[ (dh)ﬁ@] = dct[ (dg;]z "(dgzr)z ]

By 3.11

T, (h(2)) 'rT, (h(2)) 2 T,(2)'rT,(2)
e{u,(h(z))z o (h@)? J| det(dh),|” = dc[[mv,(z)z __u,(z)z J::»

= W(dctl‘,(h{zn)gldct(dmz = .]J_(;_)H(ciuat1",(1))2 by3.5=
1 2 1
= ————————|det(dh),|" = ———— 55 by 39.
(}‘2 _ " h(z) ug)k+1| [ (?‘2 _” z"z)kﬂ
Then we have
ﬂr(h(z)) det|(dh),| = n,.(2). (4)

On the other hand,

H(g'(2))? = H((ﬂuh)’z )2 _ det{((ﬁ"h)*%(z),(ffuh)*—a%(z)>} i

ij=1k
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= detd(f, h)_'d(f, k), by3.15 =

det((df," )MZ) (dh), ' (dh), ’(dffu )-’r(z) ) =

= |det(dh), Pdet((d AN f,")m)) = |det(dh), [ H( £ (h(2))’.
Thus,
H(g'(2)) = |det(dh), |H( f; (h())). (5)
From (4) and (5), we obtain

H(g') _ H(f; ()
nl"(z) ﬂ;(hfz))

< ul) = 5

for all z e B (r).
Hence, property 2 is proved.
Furthermore,

Hl f (z
H(gr(o)) — n;(o)ﬂ:{}_)) = ‘c“
M, (2p) 2

then property 1 is satisfied.
For z e Bk(r), we have

g(z) = f,,h(z) = f(1oh(2)) € f(B (),
so that

g(B (n) cf(BX(r)).

Thus, the proof of the theorem is complete.
Note. When k =1, this theorem is the Brody reparametrization lemma (see
[3, p. 27)).
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