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GROUPS WITH FEW NONMODULAR SUBGROUPS*
I'PYIIA 3 HEBATATbMA HEMO/1Y JISIPHUMM IIITPYIIAMHA

Let G be a Tarski-free group such that the join of all nonmodular subgroups of G is a proper subgroup
in G. Itis proved that G contains a finite normal subgroup N such that the factor group G/N has
modular subgroup lattice.

Hexait G — rpyna, wo 1ie Mae cekiliil, isomopdimx 'pynam Tapenkoro, sei nemo/tysispui miarpyns
HMKOT MOpOJKYIOTh 8 G jlesiky nhacity nijupyny. Honejeno, wo G MIicTHTL cKilluerny 1opMalibity
nijupyny N, cpakrop-rpyna G/N sikoi € I')pynoio 3 MojLy ispIioio PeLiTKoIO Mmij{ipyrL.

1. Introduction. Let G be a group. A subgroup of G is said to be modular if it is a

modular element of the lattice 2(G) of all subgroups of G, and G is called

modular group if 2(G) is a modular lattice. Groups in which every subgroup is

normal and any Tarski group (i.e., an infinite simple group in which any proper

nontrivial subgroup has prime order) are clearly modular groups; and it is known that a

projective image (i.e., an isomorphism between subgroup lattices) of a normal

subgroup is a modular subgroup, thus modular subgroups may be a considered as a-
lattice generalization of normal subgroups. Groups with modular subgroup lattice have

been completely described by K. Iwasawa and R. Schmidt; for a detailed account on

this subject, we refer the reader to [1].

An important role among modular groups is played by permutable subgroups. A
subgroup H of a group G is called permutable (or even quasinormal), when
HK = KH for every subgroup K of G. Obviously, a permutable subgroup is a
modular subgroup and a result of Stonehewer (see [2]) states that a modular subgroup
is permutable if and only if it is ascendant. Groups in which every subgroup is
permutable are called quasihamiltonian, thus they are locally nilpotent groups with
modular subgroup lattice. '

Generalizations of modular groups are the object of many papers (see, for instance,
[3 —71). In particular, Mainardis [7] consider groups G in which the join QO(G) of
all nonpermutable subgroups is a proper subgroup; it is simple to see that such a group
is generated by the set G\ Q(G) and thus G is locally nilpotent by the above quoted
result of Stonehewer. It was proved in [7] that a group G such that G # Q(G) is
either quasihamiltonian or the direct product G=H x K, where H is p-group (p
prime) such that (1} # Q(H)# H, and K is a periodic quasihamiltonian group that
does not contain elements of order p. If G is a group, we define, similary, M(G) to
be the join of all nonmodular subgroups of G. Clearly, M(G) is a characteristic

subgroup of G and G can be generated by the set G\ M(G); moreover, every
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Tarski-free, the index |Lf+, : L,| is finite for every i (se€ [9], Theorem B); therefore,
M has finite index in (M, x) and, hence, (M, x) is locally finite. On the other hand,
since M and (x) are modular subgroups of G, also (M, x) is a modular subgroup
of G contradicting the maximality of M in . Therefore, G\ M(G) is contained in
M and so G =M is locally finite.

A normal subgroup N of a group G is said to be hypercyclically embedded in G
if it has an ascending G-invariant series with cyclic factors. It was proved by Schmidt
that in a finite group the normal closure of any cyclic modular subgroup is
hypercyclically embedded in the group (see [1], 5.2.5).

Proposition 1. Let G be a Tarski-free group such that G# M(G). Then G
is locally supersoluble.

Proof. Since any nonperiodic modular group is locally nilpotent, we may assume
by Theorem A that G is periodic. By lemma 1, we may also suppose that G is
finitely generated and so even finite by Lemma 4. Let x be an element of G\ M(G).

By the above quoted result of Schmidt, the subgroup (x)G has a finite G-invariant

series with cyclic factors. On the other hand, the factor group G/ ():)G has modular
subgroup lattice and so, since G is Tarski-free, it is supersoluble. Therefore, G is
supersoluble,

The proposition is proved.

Recall here that a group G is called P-group if it is either abelian of prime
exponent.or it is the semidirect product of a normal abelian subgroup A of prime
exponent p and a cyclic subgroup of prime order g # p which induce a nontrivial
power automorphism on A. In particular, it is simple to see that any P-group has
modular subgroup lattice (see [1], 2.4.1).

A subgroup H ofagroup G is said to be P-embedded in G if G/Hg is
periodic and the following conditions are satisfied:

G/Hg =(Drie/(S;/Hg)) % L/ H; where each S;/Hg is a nonabelian P-group;

n(S;/Hg) N Tt(S_',-z’HG) =@ =mn(S;/Hg) N n(L/Hg) forevery i#j;

H/Hg = (Dr;-E;(P,JHG)) X (H N L) Hgz whereeach P./Hg is a nonnormal Sylow
subgroup of S§;/Hg;

H( L isapermutable subgroup of G.

" Clearly, every P-embedded subgroup is modular, and Stonehewer has proved that a
modular subgroup of a locally finite group is either permutable or P-embedded (see
[9], Theorem 3.2 and Theorem E).

Proof of Theorem B. The group G is locally supersoluble by Proposition 1.
Clearly, assume that M(G) is not trivial, thus G 1is periodic by Theorem A. Let
x € G\ M(G) and, without loss of generality, assume that x has prime-power order;
moreover, let X be any subgroup of G. Thus, H=(X, x) is a modular subgroup of
G. We now will prove that X has finite index in H, thus, without loss of generality,
we may suppose that (x) is a nonpermutable core-free subgroup of H and that
x¢ X. Since (x) is a modular subgroup of G, {x) is P-embedded in H and so, as
x has prime-power order, we have that

H = 8SxK,

where § is a nonabelian P-group, m(S)Nn(K)=O, and {(x) is a nonnormal Sylow
subgroup of S; in particular, x must have prime order (see[1], 2.2.2). Therefore,

S=8NH =SN{X,x) ={x,SNX)
and

[S/8NX] = [x}/{x)NX],
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thus the index |S§:S () X| is finite; thus also the index
|H:X| = |SX:X] = |S:SNX|

is finite.

It follows that every subgroup of G has a finite index in a modular subgroup of G,
and hence G contains a finite normal subgroup N such that G/N is a modular
group (see [5]). Since G is Tarski-lree, G/N is metabelian and hence G” is finite.

The theorem is proved.

Let G be a periodic group such that G# Q(G). Thus, as quoted in the
introduction, G=Hx K, where H isa p-group (p prime) such that
(N Q(H)# H, and K is a periodic quasihamiltonian group that does not contains
elements of order p. Mainardis has also proved that G is melabelian if its 2-Sylow
subgroup is quasihamiltonian (sce [7]. Theorem E). and that the subgroup A is finite-
by-quasihamiltonian il cither A has finite exponent and p is odd or A has infinite
exponent (see [7], Theorem C and Theorem D; [3], Theorem 1). As consequence of
Theorem B, we have the [ollowing statement:

Corollary. Let G be a periodic group such that Q(G)# G. Then G is finite-

by-quasihamiltonian. Moreover, G is hypercentral and G” is finite.

Proof. By Theorem B, there cxists a [inite normal subgroup N of G such that
G/N is amodular groupand G” is flinite. Since G is locally nilpotent, G/N is
quasihamiltonian. Moreover, as any Sylow subgroup of G is hypercentral (see [4],
Lemma 2.4), the group G is hypercentral.
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