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A NOTE ON FC-GROUPS”™
3AYBAZKEHHSI IIIO/I0 FC-TPYIL

Let G be an arbitrary FC-group. R be its locally soluble radical, and L/R = L(G/R). We prove
thatfor N« G G/N isresidually finiteif RcNc L.

Hexait G — posisna FCGrpyna, R — ii Jiokasisiio poss’ssnnit pagukasii L/ R = L(G/R). [ose-
neno,wo s N<G G/N dinitiio anpokcumonna y Bunajiky, kosii RS N L.

Recall the following definition.
(Below for the empty set {G,: AeA=@} of subgroups of the group G

L G =12

Definition (see [1]). The group G (finite or infinite) is called quasisimple, if
G’ =G and G|Z(G) is simple. The group G is called semisimple, if G =
= H;LeAGl for some family {G, : he A} of its quasisimple subgroups such that
(Gy.G\1 =1, v #X\. Further, the subgroup L(G) of the group G is defined as
the product of all its normal semisimple subgroups.

The subgroup L(G) plays a very important role in the theory of finite simple
groups (see [2]).

According to Theorem 2 (1] in an arbitrary group. G the subgroup L(G) is semi-
siinple. Obviously, for NG L(G)N/N < L(G/N) and, if G is semisimple,
then G/N is semisimple too. '

Lemma. An arbitrary quasisimple FC-group G is finite.

Proof. According to Baer’s Theorem [3] for every FC-group X X /Z(X) is lo-
cally finite-normal. So, obviously, G /Z(G) has some subnormal finite simple sub-
group H/Z(G). In consequence of the statement 2 (or 4) of Lemma 1 [1] H = G.
Therefore by Schur’s Theorem (see, for instance, [4], Theorem 4.12) G=G ’ is finite.

Theorem. Let G be an FC-group, R is its locally soluble radical, L[ R=
=L(G/R) and RcN<a G, Nc L. Then G/N is residually finite. In particular
G/L(G)R is residually finite.

Proof is reduced in an evident way to the case when G# 1 and R = 1. Then
Z(G)=Z(L(G))=1 and G is locally finite-normal.

Prove, at first, that G/L(G) isresidually finite. We may assume that G # L(G).
Since, clearly, G is hyperfinite, by Proposition 8 [1] Cg(L(G)) = Z(L(G)). So
Co(L(G)) =1 and L(G) # 1. Then in consequence of Theorem 2 [1] L(G) is the
direct product of some nonabelian simple subgroups 05, A€ A. By Lemma Q, are
finite. Let gL(G) be an arbitrary element of some prime order p of G/L(G), and
I'={AeA:[g 0] # 1}. Obviously, for some finite AT ge Na(xﬁagl) and

ghe lﬁ&Ql' Put (g>(1>éAQl) = H.. Clearly that H [ Cg(H) < Cg(L(G)) = 1,
Co(H)L(G) = CG(H)(;L:‘&QL) and the index |GfL(G): CG(H)L(G)!L(GH is
finite. Then g & CG(H)(&(&QX) = Cg(H)L(G). Therefore gL(G) ¢
g Co(H)L(G)/ L(G). Thus G/L(G) is residually finite.
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Prove that G /N is residually finite. Let G/N #1 and aN & G/N\{1}.
Suppose that a¢ L(G). Since G /L(G) is residually finite, there exists a subgroup
K< G suchthat @ ¢ K2 L(G) and |G:K| is finite. Then aN ¢ K/N and
|G/N:K/N| is finite. Now let a € L(G). Clearly, the index
IG/'N ! CG((aG))Nr"N‘ is finite. Suppose that aN e C;((a®°))N/N. Then,

obviously, (a%) < CG((aG))N. Consequently, (aG)' c N. It's easy to see that

(a®) is a direct product of some Q. Consequently, (a®) = (a®)". Thus a e N.
Contradiction.
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