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THE JACOBI FIELD OF A LEVY PROCESS
ITOJIE AKOEBI IMPOITECY JIEBI 2 _
We derive an explicit formula for the Jacobi field that is acting in an extended Fock space and

corresponds to an (R-valued) Lévy process on a Riemannian manifold. The support of the measure of

jumps in the Lévy — Khintchine representation for the Lévy process is supposed to have an infinits
number of points. We characterize the gamma, Pascal, and Meixner processes as the only Lévy processe
whose Jacobi field leaves the set of finite continuous elements of the extended Fock space invariant.

Bupepeno aniy q)opu:m:} ans nons Axobi, wo pie 8 poswwpenomy dorisceromy npocTopi i signosi-
mae pesxoMy (R-amavitosy) npoueey Jleei wa pimadosoMmy muorosnmi. [TpanyckaeTscs, wo mipa

crpubixin y so6paxcenni Jlesi — Xinunna gna npouecy Jlesi Mae Hocilt 3 HECKINMEHHOIO MHCAA TOYOK.
FCampea-, Mackane- | MefkcHep-npouscy XapAKTEPHIYVIOTECS AK TaKi, LA AKHX BiOmoBigHe moqe
Hxofi aanmime iMBAPIAHTHOW MHOMHHY (DIHITHHX HEMEPepEHHX ENEMEHTIE posmHpeHoro dokis-

CLEOID MPOCTORY.

The aim of this notice is to derive an explicit formula for the Jacobi field [1 — 5] that is
acting in an extended Fock space [6—10] and corresponds to an (R-valued) Lévy
process on a Riemannian manifold. The support of the measure of jumps in the Lévy —
Khintchine representation for the process is supposed to have an infinite number of
points. The proof of this formula will be based on a result of [10], see also [11, 12].
We will characterize the gamma, Pascal, and Meixner processes as the only Lévy
processes whose Jacobi field leaves the set of finite continous elements of the extended
Fock space invariant.

So, let X be a complete, connected, oriented C (noncompact) Reimannian
manifold and let B(X) be the Borel o-algebraon X. Let ¢ be a Radon measure on
(X, B(X)) thatis nonatomic and nondegenerate (i.e., o(0) > 0 for any open set O <
= X). Wedenote by T the space Gy (X)) of all infinitely differentiable, real-valued

functions on X with compact support. It is known that ) can be endowed with a

topology such that the natural embedding of 0 into the real L:—space LZ{X v o) s
dense, continuous, and nuclear. Thus, we can consider the standard nuclear triple

IY:LI{X; o) D, where D’ is the dual space of D with respect to the zero space

L*(X; ). The dual pairing between @& D’ and fe D will be denoted by {w, f).
By C(T") we will denote the cylinder g-algebraon 7.
Let % := R\{0}. Weendow % with the relative topology of R and let B(%)

be the Borel o-algebra on X, Let v be a Radon measure on (%, B(K)) whose
support contains an infinite number of points. Let ¥(ds) := s*v(ds). We suppose that
¥ is a finite measure on (X, B(X)), and furthermore, there exists & = 0 such that

I exp (| s[)V(ds) < eo. (1)
R
Therefore, the measure ¥ has all moments finite, and the set of all polynomials is

dence in I*(R;V).
We now define a centered Lévy process on X as a generalized process on D'
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whose law is the probability measure p, 5 on (27, ((D")) given by its Fourier
transform

[ P, s(do) = exp| [ (¥ —1 - isgp(x))vids)o(dx)|, eeD (2)
g Rxx
(compare with [13, 14]). The existence of p, o follows from the Bochner — Minlos
theorem. Formula (2) is the Lévy — Khintchine representation for a Lévy process.

We will now construct a decomposition of the Lz-space L3, Py, o) following

the idea of orthogonalization of continuous polynomials with respect to a probability
measure that is defined on a co-nuclear space, cf. [15] (Sect. 11).

We denote by F(D’) the set of continuous polynomials on Y, i. e., functions on
D of the form F(©) =3, (0%, f), o®:=1, D%, i=0,....,n ne Z,
Here, ® stands for symmetric tensor product. The greatest number i for which
P 0 is called the power of a polynomial. We denote by F,(D’) the set of
continuous polynomials of power = n.

By (1), (2), and [15] (Sect. 10, Theorem 1) or [16] and [17],, B D") is a dense
subset of L2(D';py o). Let B7(D') denote the closure of P,(D') in L*( D
Py o) let P (D), ne N, denote the orthogonal difference B (DO E (D),

and let Py(D") := B (D’). Then, we evidently have:

B(Dpy.0) = €D P.(D). ®)

n=0

The set of all projections :{-®" £.%: of continuous monomials (-®% f,J,

i eD®", onto P.(D") is dense in P, (D). For each n e N, we define a Hilbert
space ¥, as the closure of the set D® in the norm generated by the scalar product

(for 20)g, = fjr{m”ﬂf,.}::(o:-“‘”.s,r}:pv.chm}, fota€D®. (@)
T
Denote

% = é Eﬂn!r (5)

n=0

where §;, := R. By (3)—(5), we get the unitary operator T: §— L3 D, Py, ) that

is defined through TUf,:=:{®" f): f, e @é", ne &, and then extended by

linearity and continuity to the whole space .
We will now write down an explicit formula for the scalar product (; g - In the

* case of the gamma process, this formula is due to [7] and [6], in the case of the Pascal
and Meixner process due to [9] and [18], and in the case of a general Lévy process due
"to [10].

We denote by EL 5 the set of all sequences ¢ of the form o = (o, O, ..., By,
0,0,...), e Z, neN. Let [a|:=3 " o;. Letforeach aeZig, log+
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+ 204 +...= n, ne€ N, and for any function f,: X"— R we define a function D,f,:
Xl 4 R by setting

(Dafn](xll'"lxld.l} w- f(-l-].--., xu..- xﬂ['}-llxl:['-l‘ll

Z times
Fog+2r Fory 420 e Yoy oy Yoy ey ¢ Foprag+l Yoy reg e Xayrag 4l -)- (6)
2 times 2 times 3 times

(P())ywg be the system of polynomials with leading coefficient 1 that are

orthogonal with respect to the measure V(ds) on %, We have, forany f,, g, € 23‘6".
ne M,

U‘;i--gn]lﬂn - E Kq _[ (Du-ﬁj}(xll"'lxlul} *
aeZl ot loy+2ay+...=n xlal .
X (Doga)(Fs s %) 0™ (..., g, ™
~ where
1Py "L’{x e
- . L)
G %, H[ ®)

By using (7), (8), one derives the following representation of §, (see [10], formula
(5.19):

By = & Srar Boo = I-Ei(xlm; Uﬁul}f{u- @)

aely gt loy+log+...=n
Here,

Ii{x-{ﬂl;aﬁﬁl) = LZKX; G}éﬁl @szx‘,,ﬂ]éaz @....
and for cach £, e D®" < §,, the §, q-coordinate of £, is equal to Dy f,. Thus, we
can extend Dy by continuity to the orthogonal projection of §, onto §, . In what

follows, we will also denote by S, the orthogonal projection of L*(X1®l; g®lal) onto

I&(f“l;cmm}. Taking (9) into account, we will call § an extended Fock space
{compare with [7, 8]).
For an arbitrary ¢ € D, we consider in the space LA, Py,q) the operator

M(p) of multiplication by the function -, ¢}, and let J(g) := ﬂM(m}ﬂ'l. We
denote by Fa.(D) the set of all vectors of the form (fy, fi. ... .fe 0. 0, .00,

f,eD®, i=0,..,n neZ,. Bvidently, §g,(D) is a dense subset of §f.
Theorem 1. For any © € D, we have:

Fan(D) < Dom(J(9),  J(@) MFa( D) = TH(9) + J%9) + T (g), (10)
the linear operators J*(g), J°(¢), J7(@) being defined as follows: for any f, €
e ﬂé". ne &,

(o), = 08 f,, (11)
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J"{qh}fne &, and each T, -coordinate of J’ﬂ'{q;-}_r], is equal to

[JG({P}fn}u Exls seey x]ml) =

= ¥ oS (9 440, ) (D) B or He)) 0®llae,  (12)

km]
J(@)y=0if n = 0, J(@)fye Ty if n € N, and each §,., q-coordinate
af J7(9)f, is equal to

(@A) Gavee s X)) = VRIS, [Itptx:{ﬂm,ﬂ.}ix. xl.---.qu.)crmxmj +
X i

k¥ E“i-lb&-lsu{‘P(Iul+_..+a*}(Du—h_,+|lﬁt](11-~-~-xi.-,=|)} g®lelg o (13)
k22

In formulas (12) and (13), we denoted
atl, =(0,.. o0, tlo,,..)

for aeZiy and ne N, the real numbers a, and positive numbers b, are
given through the recurrence relation

sPu(s) = Py (8) + a,P(s) + b, P,_1(5), ned,, P (5):=0 (14)

il i} e

Finally, J(9) is essentially self-adjoint on Fg, (D).

By (10), the operator J(g) FFp( D) is a sum of creation, neutral, and
annihilation operators, and hence J{@) F Fn,( 2" has a Jacobi operator structure. The
family of operators (J(@))y ¢ o is called the Jacobi field corresponding to the Lévy
process with law p, ..

The proof of the representation (10) follows from [10] (Theorem 5.1, Corollaries
4.2and 5.1). The essential self-adjointness of J(@) on Fg,(D) follows from (10),
(11) and [4] (Theorem 4.1) whose proof admits a direct generalization to the case of the
extended Fock space §.

‘We notice that the operator J'(p) leaves the set Fg,(D) invariant, while the
operators J’"Etp} and J{g), in general do not.

Corollary 1. Suppose that, for each © € D, we have Iﬂ(w}ﬁﬁu{ﬂ?) = F g D)
and JT(@)F (D) € Bl D), so that J(@¥Fe( D) C B D). Then, V is a
Sfinite measure on R such that a, = Mn + 1) and b, = xn(n-=1), ne E,.
Here, a, and b, are the coefficients from (14), and L e B and w > 0 are

_arbi:rarﬂ}' chosen parameters. Furthermore, we have in rthis case, for each

A E@@"", ne d,:
qufP}f,fol- e Xy) = h{"'ﬂxl}fn(‘rl- Sk xn}}h o®na. €.,

( r“?}fu}txll ven g g | } - ”‘T’(K} J {P[-I}-ﬁr{x= Ay eery xn-l}“{dx} +
®

+ wnln = D{@lx ) f(x1, X, X3y X3y eee s Xy g ))* 02 0=1)g g
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Here, ()" denotes symmetrization of a function. The choice |A| = 2 corresponds
te a gamma process, |A| > 2 corresponds to a Pascal process, and |A| < 2
corresponds to a Meixner process.

Corollary 1 is derived from Theorem 1 and [10] (Corollary 5.1), by using the idea
that the off-diagonal values of a continuous function of several variables uniquely
determine the on-diagonal values of this function,

The Jacobi fields of the gamma, Pascal, and Meixner processes (in-the case
V(R)=1 and x = 1) were studied in [9, 10], see also [18, 7, 11, 12].
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