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UNIQUENESS OF SOLUTION OF SOME ;
NONLOCAL BOUNDARY-VALUE PROBLEMS
FOR OPERATOR-DIFFERENTIAL EQUATIONS
ON A FINITE SEGMENT*

E€MUHICTE PO3B’SA3KY TESKHX
HEJIOKAJBHAX KPAHOBHUX 3ATAY

LIS OITEPATOPHO-[THOEPEHIIATEHAX PIBHAHL
HA CKIHYEHHOMY BIIPIZKY

For the equation  Lox(r) + L' (0 + ...+ Lx'"™t1) = 0. where L, &k = 0,1....,n, are operators
wcling in a Banach space. we formulate eriteria for 2 solution (/) 10 be zero. if it satisfies some
nonlocal homogensous boundary conditions,

Das pinnanng Lye(r) + L0+ .+ L") = 0, ne L. & = 0.1,....n, — oneparopu, aKi

niwTh ¥ Ganaxonosy npocTopl, ctopuynnonang ysmonn pisnocti myJno poan’aaky  xlr). wo
IANOTBONRIAE NIERKT BENORLIRIT oanlopinni kpationi ysonn,

Assume that for Banach spaces B, we have a chain of dense imbeddings (see, e. g.,
Ch. 1, § 1.1 [1])

Byp— B —...—= 8,
In the sequel, all vector spaces are considered over the field of complex numbers C.
Let Ly, £ =0,1,...,n, bebounded operators acting (rom the Banach space B, toa

Hilbert space H A vector-valued function x(r) is called a weak solution of the
equation

Lox(r) + L") + ...+ La®"(e) = 0 (1)
on the segment [0; 1] if it is defined almost everywhere on [0; 1], takes its values in
By, and satisfies the following conditions on  [0: 1]:

(i) x(t) is integrable in Peltis sense (see Sect. 3.7 [2]);

(i) if a vector-valued function A=), { = 1, 2,..., n, taking its values in B_,
is given, then there exists almost everywhere a vector-valued function xUYr) whose
values belong to B, and, for each functional fi* € Bf, the function _ﬁ"[x”_”{-'}) is
absolutely continuous and

-ﬂf_ﬁ' (A.U-I '['.r:I
dr

(iii) ate), =My, L a0 satisfies (1) almost everywhere,

= f* [:.rm’l[r]l} a.cfor ref0;1];

Mote that by the definition of solution of equation (1), the funclions U=y, I =
=1,2,...,n withvalues in ‘B,_, are defined almost everywhere in [0; 1], and if
they take values in B, they are delined everywhere. This is why, in what follows, we

regard values of ¥~ '¢) atthepoints ¢+ = 0 and ¢ = | as vectors from space ‘B.

The homogeneous Dirichlet problem lor equation (1) is understood in the following
sense:
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A-Noy=0, I=1,2,...p. FU1)=0, I=12...37 (2)

where p = n and g £ n.
In the next statements, we assume that for p = 0 or ¢ = 0, conditions (2) are not

imposed on x(t) atthe point O or 1, respectively.
Now we suppose that B; — H and consider the following nonlocal boundary
conditions -
]
Ish]T'r"'{.rErJ.fj dr =0, feX (3)
0 ;
g= L2 oty ve 2.8

where A, e C are fixed and (-, -) is an inner product in A

Conditions (3) are well difined as longas By — H and a(t) takes values in B,.

With respect lo the numbers A, and d, from conditions (3), we introduce the
polynomial

p(A) i= A=A ... (=20,

the degree of whichis d = d) +... +d..

We assume later thal for d = 0, the polynomial p(A):=1 and conditions (3) are
not imposed on x(¢). Below, R is the set of real numbers; [or.] is the integer part of
ce R and

LAY = Ly + AL +...+ ML,

is a bounded operator acting from B; into A for each complex A. This implies, in
view of the imbedding By — #{ that the inner product (L(A), x) is well difined for

all vectors x e By,
Theorem. Let

ReplildL(ilw,x) 20, LeR, xe B, (4)

and
REPKEQDJ{L[ECQ}LJ] - n: X # Dl XE EBCI! ':5}

forsome {ye R.
Suppose that d = n. Then problem (1), (3} has only trivial solution.
Now suppose that d < n and CB[.H_ d+ i) H. Then problem (1) = (3) has

only trivial solution in the following cases:

(M) if p=g= [n—d+1)/2] under condirions (2,

(i) if n—d is an odd number, (Y"*9=V(L,x.x) S 0 for xe By _ 44 nj2s
and p=n—-d-1)/2, g= (n—d+ 1)/2 under conditions (2);

(iii) if n—d is an odd number, (iY"*9-1(L,x,x)2 0 for x€ By_ 44 y/2:
and p= (n—=d+1)/2, g = (n—d-1)/2 under conditions (2).

The proof of the Theorem uses .thc methods, which were developed in [3, 4].
Remark. The Theorem shows thal we can always reduce the number of

homogeneous Dirichlet conditions (2) at the points + = 0 and ¢ = 1 due to additions
of conditions of kind (3). In fact, if condition {(4) holds, it follows that
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Rep(iDil— A, i+ A, -Liilx.x) 2 0. LeR
foral xe By Here. 4, is anarbitrary complex number. Let A, . | # il;. where
Ly is the same as in condition (5). Then the condition of the Theorem holds with the

polynomial p(l}{l—lr+,][l+i,,,1. i. e., il the polynomial has degree d + 2.
Suppose that in the condition of the Theorem. # 2 2 and o £ = 2. Then we can
reduce, in each of the statements (i), (i) and (iii) of the Theorem, the values p and ¢
by one due to adding two conditions ol kind (3} 1o the nonlocal conditions (3). For

example, if A, ,, = & and —X ,, 2%, forv=1.2....r. and ik, & R. then
the following conditions are added:

I F oz
[e et (xtnn, f)dr = [tV (xtr). e = 0. fe I
1] [H]

Corollary 1. Ler
Bus s = H  Re(liilwx) 20, LeR, xeB,
aned
Re{L(ilohe, x) > O forall x=20, xe B, andsome yeR.
Then problem (1), (2) has only triviel solution in the following coases:

() if p=g = [in+12/2] under conditions (2),

1]

() if w ois an odd nember, (0 'H.ﬂ.l', X} =0 for xe 'rﬁ'”_,, 2 and p

=102 and g = (n+ 1)/2 nnder condiviens (2);

(iii) if n is an odd number, (Y~ '"(L,x.x) 2 0 for xe B, , j2. and p
=+ 102 and g = (n=1)/2 wnder conditions (2).

Corollary 2. Let
Brag—=H  Reilfiilw.x) 20. LeR. veB,
anel
Reil (LiiCa, x) > O fowrall x=0, ve By, andsome §;e R

If the salution x(t) of problem (1), (2) satisfies the requirement

1
I{.ri.r]. fldi = 0. fe#. (6)

0
then x(ty=0. 0=t = L. fr the following cases:

(i) if p =g = [nl2] under conditions (2);

(i) if m is an even number. (iYL x.x) = 0 for xe B ., and p
~200/2 and g = wf2 under conditions (2);

(n -

Gii) i o is an even sumber, (PY'(Lx.x) 2 0 for xe B, and p = nf2
aned g = (n= 202 wneder conditions (2,

The requirement (6) coincides with the Newmann condition for solution x(r) of
equation (1), Therelore, conditions (3) are the Neumann genceralized conditions,
The next example is a simple illustration of Corollary 2.

-
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Let £2 be a bounded domain in R* whose boundary 9L is sufficiently smooth.
Letalso ¢;(E), c3(E), c3(E) be measurable essentially bounded functions. Denote by

A(E, De) an elliptic differential operator on Q of order 2m. where Dy is the
derivative with respect to the variable £, Let EJ(E,, 'ﬂgj, j=1,2 ..,m, denotea
system of boundary differential operators, Suppose that

AL De)x(E) = fB), Eeq,

(7)
Hj(“,r @E'}I'Ltl =0 Eedd j=12...m,
is a reqular elliptic problem (see Ch. 2. § 1.4 [5]). Consider the problem:
?* 2
ey 2260 1{& r) 'rft_.}r Tfi,. 1) I{:']-E}x{ﬁ ﬂ'
+ A(E, Q}x{E,. n=0 acfor EeQ re[0:1], ()
BAE De)x(E ) =0 aelor Ecd j=1.2,....m rel[0:1]. (9
MED =xE 1) =0 aclor Eefl (10

By a solution of the problem (8) - (10) we mean a function (&, r), Ee Q. re [0;
1], whose derivatives taken in the sense of the theory of distributions

-1
fl'.'-'g.r{l:,..r}, | k| < 2. w {=1.234,

belong to the tensor product L.(€2)@ L(0; 1) of two Lebesque spaces La(£2) and
Ly(0: 1). If we use this and the imbedding theorem, we get that B,(§, Dg)x(E, ) and
xfE, 1) are defined almost everywhere on the boundary of domain £ x (0; 1).
Therefore the equalities (9) and (10) hold 1rue.

Corollary 3. Ler

Reci(E) 2 0, Imecif(€) =0, Recyil) =0, Rele(€) - &) = 0,
almost everywhere for § e L. and the problem (T} is formal self-adjoint. Suppose

1
thar the selution x(E, 1) of problem (8)= (10) sarisfies the condition: I ME Dde =
= 0 almost evervwhere for e L. Then x(&, t) = 0 almost everyvwhere for §e Q
and re [0 1].
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