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A FACTORIZATION OF CONDITIONAL EXPECTATIONS
ON KAC ALGEBRAS AND QUANTUM DOUBLE COSET
HYPERGROUPS™

OAKTOPHSAIA YMOBHHUX CIIOIIBAHD
HA AJITEGPAX KAIIA 1 TOBI I'ITEPTPYTIH,
10 MOB’A3AHI 3 ITOIB KJJACAMH CYMIZKHOCTI

We prove that a conditional on a Kac algebra, under certain conditions, decomposes into a r.uinpqsitinn
of two conditional expectations of a special type and gives rise to a compact quantum hypergroup
connected to a quantum Gelfand pair.
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Introduction. Compact quantum hypergroups were introduced in [1] as a structure
that simultaneously generalizes the usual hypergroups [2, 3], compact matrix
pseudogroups [4], and bialgebras of biinvariant functions associated with quantum
Gelfand pairs [5—-T].

A compact quantum hypergroup is a unmital C“-algebra equipped with a
coassociative completely positive coproduct that preserves the unit element and
satisfies some additional axioms. Examples of compact quantum hypergroups
associated with quantum Gelfand pairs were constructed in [1]. In [8], a general
construction of quantum hypergroups using conditional expectations on compact
quanium groups was proposed. This construction generalizes that for orbital
morphisms [9] of the usual DIS-hypergroups and includes the double coset
construction for quantum groups [5, 7] and an analogue of the Delsart construction for
quantum hypergroups. In [8], several series of nontrivial finite-dimensional quantum
hypergroups were constructed from nontrivial Kac algebras obtained in [10, 11] by
twisting the classical series of finite groups.

The examples of compact quantum hypergroups constructed in [8] had the property
that the expectation preserved the counit. We call such conditional expectations
counital (see Definition 3.1). The conditional expectation that arises in the double
coset construction is not of such a type. In this paper, however, we show that a
conditional expectation on a Kac algebra, if it satisfies certain cinditions, is a
composition of conditional expectations of the above mentioned two types. This means
that the two types of examples that were considered make, in a certain sense, building
blecks for constructing compact quantum hypergroups from a conditional expectatipn
on a Kac aigel:-ra

The paper is organized as follows. Smunn 1 contains nesessary preliminaries on
compact quantum hypergroups and quantum double cosets. In Section 2, we describe
the construction of compact quantum hypergroups using conditional rsxpcctaﬁﬂns on
quantum hypergroups (and, in particular, on a Kac algebra) and give a new example of
a compact quantum hypergroup. In Section 3, we prove the main theorem on
factorization of a conditional expectation.

1. Preliminaries. 1.I. By 4 = (A, A, &, %, L) we denote a compact Kac C'-
algebra [12], A: A— A @A is a comutiplication with the C"-projective tensor square
A®A, g: A= C isacounit, x: A= A isan antipode, and p is a Haar measure,

For a Kac algebra A, we denote by A the Banach space of continuous
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functionals on the C"-algebra A, with the norm ||&| = SUDY 4= |&(a)|. For & ne
= 13‘ we define a product - and an involution # by
(E-m)a) = (E@MA), E*@) = Ex@*), acA
With these operations, A is'an involutive Banach algebra. For Ee A and ae A,
we denote, as usual,
E.a=(d®E) o Aa), a.E=(E@id)- Ala).

By A® A, we understand the completion of the algebraic tensor product with respect
to a cross-norm adjoint to the projective cross-norm on A @ A [13].  The
multiplication in the C"-algebra A gives rise to a comultiplication m-: A > A® A,
Let &Eﬁ be a state and p: A — E(H,‘} be the GMNS-representation of A
corresponding to the state £, He and B(Hg) the corresponding Hilbert space and the

*-algebra of bounded operators on Hg. Then, for an orthonormal basis {¢};  in Hg
with £y(a) = {p(a]cj,e;}h_ and ¢; = 1, sothat §;; = £, wehave
]

M) = D86, ®E.
fm]
1. 2. A compact quantum hypergroup [1], B = (B, 8, &, %, 0,, L), is a unital C*-
algebra B with a completely positive coassociative comultiplication §: B— B ® B,
where B @ B is the projective C"-square, a counit £: B — C, acoinvolution =, a

continuous one-parameter group of automorphisms <,, and a Haar measure u. We
additionally assume that

(@-b)* = a*-b*, Sowx=(x@%)ej,
gla-b) = e(a)e(d), B(1)=1@1, . (1)
ok = kog

forall a,be B (here # is the involution in C*-algebra B). The conditions imposed
on the one-parameter group o, are the following:

(a) there exist dense subalgebras By < B and E.D c B®B such that the one-
parameter groups o, and o, ® id, id ® o, can be extended to complex one-parameter
groups o. and o, ®id, id®g,, ze C, of automorphisms of the algebras B, and
By respectively;

(b) By is invariant with respect to #* and # and E{Bajcﬁ‘g:

(¢} the following relations hold on By forall z e C:

deg, = (0,80,)8,
w(o,(a)) = pla);

(d) there exists zy € C such that the Haar measure p satisfies the following

strong invariance condition for all a, b e By:

(id ® p)[({* Gy, o ®id)e E(aj} 1® b}] = ([d@w(1®a) - 5(b)).
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We finally assume that the Haar measure p is faithful on 8.
The antipode © is defined by

K =%eg, ok, (2)
Then forall a,be By,
w(ab) = w(b(a), Sox = Ile(x@x)os,
ek =i, ®K()=1, egex =&,
The antipode is invertible with k= *oQ_, o, With these notations, the relation
in (d) is
(d@p)((k@id)e8(a) - (1©8)) = ([dOP)(1®a) - &(8)). (3
1.3 Let A, = (A}, A g, 8, 1y ) and Ay = (A, A, &5, K3, 1) be two Kac

algebrasand let m: A; — A; be a Hopf C"-algebra epimorphism, i.e., © isa C'-
algebra epimorphism satisfying

(M@m)eh = Ayem, g = g,
Define
AA; ={acd: (i[d@n)eAj(a) =a®1},
A \A = {ach : (n®@id)eAj(a) = 1®@a},
A1\AJIA1 = Az \.Ainaﬁfﬂg.
The Banach space B = A3 \ A,/ 4; is an involutive algebra with the unit 1. A
comultiplication §: B — B @ B is defined by restricting
5= (d@uen®@id) o (A, @id)e A,
to B and #: B— B is given by
a* = xi(a)’, (4)
where a € B. Set € to the restriction of &; and p the restriction of W, to B. Then
B = (B, b, g, %0, L), where o, = id, is a compact quantum hypergroup [1], we

denote it, by abuse of notations, by A, \ A,/ A;, and call the guantum double coset
of A; with respectto A,. The map P: A} — B defined by

Pe=(ln@id@pyom) = (A &id) =4, (5)

is the conditional expectation corresponding to the double coset construction. By
setting A, = C1 with trivial operations, a compact quantum pseudogroup A, can be
regarded as a compact quantum hypergroup.

2. Conditional expectations on a Kac algebra. 2.1. Let A = (A, A, g, », T, L)
be a compact quantum hypergroup and ¥ the antipod defined by (2). Let B be a
unital C"-subalgebraof A and P: A = B the corresponding p-invarjant conditional

expectation [14] (i. e, u# P = w). We will need the following version of Theorem 2.1
in [8]. The conditions of Theorem 2.1 below are given in a form simpler then in [8].

Theorem 2. 1. Let A be a compact guantum hypergroup, B a unital C*-
subalgebra of the C*-algebra A, and P a conditional expectation from A to B.
Assume that, for the dense subalgebras A, and .in., we have P(Ay) c Ay, (P @

@id)( Ag) s Ay, and (id @ P)(Ay)c Ay. Let P satisfy the following conditions:
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(P®id)A P = (P®P)A = (ld®P)A o P, (6)
Pex=%cP, )]
Peg,=0,°P, (®)
BWeP=p (9)
Set, forall xe B,
A(x) = (P® P)A(x). (10)

Then (B, A, &, %0, |} isa compact quantum hypergroup.
Proof. It suffices to show that the conditions of this theorem imply the conditions
of Theorem 2.1 in [B]. The only fact that we need to prove is that € is a counit of

coalgebra (B, A). But this readily follows from (6):
(e@id)A(L) = (e @id)(P ® P)A(b) =
= (e@id)(id@FP)A(PE) = Pb = b
forall b e B.

2.2. Delsart hypergroups. Let A = (A, 5, e, x, L) be a compact matrix
pseudogroup [4] and let T" be a compact group of Hopf C*-algebra automorphisms of
A, i.e.,each ye I is a C'-algebra automorphism satisfying (Y@ y)eA = A ey, £
oy =g, and also y(Ag) <Ay with yex = xey, where A, is the =-subalgebra of
A generated by matrix elements of the fundamental corepresentation. Let v be a Haar
measure of I such that v(T") = I, Denoteby B = {be A|y(b) =5} the fixed
point algebra for the T-action. Define a mapping P: A— B by Pa = _[l_'r{a}d‘v. It
was proved in [8] that P is a conditional expectation on A satisfying hypotheses of
Theorem 2.1 and B = (B, Et, E, %, O, W) is a compact quantum hypergroup, which we
call a guantum Delsart hypergroup. Here o, is defined in terms of the family of
moadular homomorphisms on the compact matrix pseudogroup, see [1]. Also, for all b
€ B, the following formula for the comultiplication A holds:

Ab) = (id ® P)(A()). (11)

Examples of finite dimensional quantum Delsart hypergroups were given in [E]. Here
we give an example of a compact quantum Delsart hypergroup associated with the

compact matrix pseudogroup SU, (2).
2.3, Example. The C*-algebra of the quantum group .S'Uq (2) is generated by
elements a, b, ¢, d, where a® = 4, b* = —gc, that satisfy the following relations:

ab = gba, ac = gca, be = ch,
bd = gdb, cd =gde, D,= ad-gbc=1.
The comultiplication and the antipode are defined by the formulas
"Ala) =a@a+b@e, AB)=a®@b + b d,
Ao = c@a+d®e, Ald)=c@b + dB4d,
k(a) =d, ¥®(b)=-g'b, x(c)=-gc %(d)=a
Also, efa)=2e(d) =1, (b} = e(e) = (0.
Foreach Be C, |B| = 1, we define Tpla) = a, Ya(b) = Pb, yplc) = [i'_lc,
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¥p(d) = d. Then 7y is a Hopf C"-algebra automorphism of SU, (2). Each primitive
root B of | generates the subgroup Z, of the group of Hopf C*-algebra
automorphisms of SU,(2). The corresponding Delsart quantum hypergroup B s
nontrivial (i.e., the (-algebra B is noncommutative and the comultiplication is

nonsymmetric) and generated by the elements a, d and b", be, ¢ Also there exists a
nontrivial quantum Delsart hypergroup associated with the group T of the rotation of

the circle generated by all v, |B| = 1. This hypergroup is generated by the elements
a, be, d.

3. Factorization theorem. Let A be a compact Kac C"-algebra, B a subalgebra
of A, and 1 B. Let P: A — B be a conditional expectation satisfying conditions
in Theorem 2.1. Denote & = g0 P,

Definition 3.1. A conditional expectation P on a compact quantum hypergroup
is called counital if e P = g,

Lemma 3.1. The mapping E: A—=C is a state on the C -algebra A.
Regarded as an element of the algebra A, E isan idempotent, that is, & = E,

Proof. The first claim follows immediately, since P preserves the cone of

positive elements of the C"-algebra A, £ is a homomorphism, and (1) = 1.
To prove the second claim, we have

= (ecP®eoP)oA=(e®id) e (i[d@eoP)s AP =
= (i[d®esP)e (e@id)sAoP =goPeP = &
Lemma 3.2. Ler € be arrace on A. The left ideal

J = {ae A|Ea%a) = 0} (12)
is a two-sided closed ideal and a coldeal in A, that is,
ANc/@A+4@J * (13)
The ideal J is invariant with respect to the involution and coinvelution,
F=J =1l 14

Proof. Since £ i5 a trace, it is immediate that the left ideal J is, in fact, a two-
sided ideal. To see that J is a coideal, let a € J and consider

E®)(A@)*A@) = EOE)(Aa*a) =
= Ezfﬂ*ﬂj = g&{a*a) = 0.
Again, using that E is a (race,
“a{[a*)*a-} = E(aa*) = E(a*a) = O
for ae J.
Finally, since the involution and the coinvolution commute and E-+ = E, using

(1) we have

E{{a*}'u*) = E[{a'u}*} = E(g*a) = 0.

In what follows we assume that £ is a tracial state on the C*-algebra A.
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Lemma 3.3. Denote by
= {eed|&@ =0 forall aeJ}

the annihilator of J in A. Then
(i) the state E belongs ro J ]
{ii) rthe counir EEj;
(i) Afcie@l;
(iv) J isa closed involutive subalgebra of the invelutive Banach algebra A;
(v) 7 is a closed with respect to the map *, where X*(a)=X(a*) for
Xe A, acA.
FProof. Since
|&@f < &DEata) = 0

forall a e J, we obtain that EeJ.
Let us show (ii). Since AJcA & J+J & A, we have, forany a e J, that

e(a) = E(e(a)1) = (€ m((x @ id)Aa)} = 0.

Here we denote by m the multiplication in A,
To prove (iii), welet ae J, be A, and EeJ. Then

(AL, a @by = E(ab) = 0,
since J is a left ideal, whence AE cJ® A. Since J is also a right ideal, we have
(AL, b @a) = E(ba) = 0,

whence AEc A® J. Hence AJci®J.

Statements (iv) and (v) follow from the fact that J is a coideal invariant wlth
respect to = and

The lemma is proved.

Denote by

Al] ={aeA|a.E=(E1)a forall Eej}
the space of right J -invariant elements of A, ur;d by

JVA = {mzﬁ[ﬁ.a: (E.1)a forall !‘;E:F}
the space of left J -invariant elements of A. Let

JNAIT = INANALT

be the space of biinvariant elements of A.

Lemma 3.4. The space J\A/!J of JI-biinvariant elements is a C'-
subalgebra of the C-algebra A.

Proof. Let us show that J/ A is a subalgebra of A. Let a,beA/J. Since
AEeJ®J forall EeJ, wehave

ab £ = (E@id)Alab) = (E@id)A(a)Ab) =
= E® m)[z(a, ® af)(f Erbl]] = 3, &(af bf)al b} =
i
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- E;:(‘”é' a] ® bj)aj b} = };a}[ai}aif;}(b{)b{ =

]
]

> (&) ®id)aa(t} ®id)ab = ¥, a.E}b £
j ]

S (e aleh. e = (@s1@1)ab = (& ab,

whence a,beA/J, and A/J isasubalgebra.
Since

E®id)A(a) = (Eox@#)Ala) = (€ ®id)A@)" =

= (E'.I)ﬂ‘ i {g. 1}4‘.1".

A/J is an involutive subalgebra. Itis clearly norm-closed, hence a C"-subalgebra.

All of the above hold for J\ A, whence the claim.
The lemma is proved.

Denote by C = A/J the factor-algebra of the C'-algebra A with respect to the
ideal J. Let ©: A — C be the corresponding morphism of the C*-algebras. We can
endow the algebra C with a coproduct, 4;(n{a)) = (x ® n)Aa, acounit g(n(a)) =
=e¢(a), and an antipade x,(n(a)) = x(a), ac A (ngte that g, is correctly defined
since Ee.?). Then the C"-algebra C with the comultiplication Ay, counit g, and
the antipode ¥, is a compact Kac algebra and m: A — C is a Kac algebra
epimorphism.

Lemma 3.5. Define n"(a) = a.& and nt(a) =E.a, ac A. Then

(i) n‘r", 31:” are commuting projection on A;

(i) = and #* are conditional expectations on A;

(iii) forany Eel the following equalities hold:
E.E = [L1D)E, (15)
g.E = (£ 1)E; (16)
(iv) wR(A)=A/J and mt(a)=J\A.
Proof. For ae A, we have

(Y (a) = £.(E.a) = E*

.= uL{aJ,
since & = & Therefore n° and &" are projection on A. Since
(E.4).E = E.{a.E),
the projections w* and 7* commute.
Since ||n"]| < 1 and ||="|| < 1, it follows from Tomiyama’s theorem [15] that
and are conditional expectations on A.
Since n* is a conditional expectation on A, forany a, be A, we have

E.((E.a)) = (E.a)E.D).
Applying & to the both sides of this equality we obtain
E(E.a)b) = E(aE(h). (amn
Let us prove (iii). It suffices to prove (15) for £ = 0. Since £ isatrace on A,/J
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coincides with the kernel of the GNS representation constructed from E. Using the
Corollary 3.4.3 in [16] we see that it is sufficient to prove (15) for positive states E of

the form E(a) = E(c*ac), where a, c e A.
Now using (17) and the fact that & is a trace we have, for Ef{a) = E(c*ac),

{ﬁ."&,a} = {ﬁ@E,ﬁa} = EE.a) = E(c"(ﬁ.a}ﬂ) =
= §cc*(®.a)) = E(cc™)EE. @) = E(cc)(E®@E)Aa =

= E)(& a) = EM¥a),
whence equality (15) follows. The proof of equality (16) is based on the relation
&((a.8)b) = E@)E(d)

which follows from the fact that " is a conditional expectation.
Let us prove (iv). The embeddings A/Jcx®(4) and J\Acwb(4) are
obvious, By virtue of (15), forall £e J, ae A, wehave

E.(r'@) =E.G.0) = €.B).a =
= {E)E.a= {ﬁ,l}ft‘{'{a},

T »
whence the converse embedding =*(A)cJ\A follows. The embedding
nfA)c A/ T follows from (16).

Theorem 3.1. Let & be a Kac algebra, Let P: A= B be a conditional
expectation on the C"-algebra A that satisfies all conditions in Theorem 2.1,
Suppose that & = e« P is a tracial state on A. Then there exists a Kac algebra C
and an epimorphism © : A —= C. Let F: A — C\A/C be the conditional
expectation corresponding to the quantum double coset construction. Then there
exists a counital conditional expectation Py: C\A/C— B such that the diagram

A
pl \*
(18)
C\A/C B
PE

is commutative.

Proof. Denote F = nln®. It follows from Lemma 3.5 that F' is a conditional
expectation and R(A) = J\A/J. Since J is isomorphic to the dual space of the
factor C*-algebra A/C, the C"-algebras C\A/C and J\ A/J coincide.

It follows from the equalities (15), (16) that € coincides with the Haar state |1, on
C. Hence

Pa) = (W ox@id@p e M)A’ (a) = E.a.8 = Bla),

i.e., B coincides with the conditional expectation P; that corresponds to the
quantum double coset construction,

Dencte by Py = PPFCAA/C the restriction of P to the C"-algebra C\A/C
Clearly P, is a conditional expectation that satisfies all conditions in Theorem 2.1.
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Let us show that conditional expectation P, is counital, For any a € C\A/C we
have

(o B)a) = (o P)(E.a) = e(P@®E)Aa = E(a) = E(a).
On the other hand,
gla) = e(€.a) = (e@E)Aa = E(a).

Hence (eePR)(a)=¢e(a) forall ae C\A/C, i.e, B is a counital conditional
expectation.
Using (6), for any a € A, we have

P(R(a)) = PE.a.E) =
= (e®@id®e)(P@® P P)(A®id)Aa =
= (e®id®e)(id ® P®id)(A ®id)(P® P)Aa =
= (e®id @&)(id ® P®id)(A ®@id)(P®id)APa =
= (e®id)(id ® P)(P@e)APa =

L]
= (e®id)(id ® P)APa = P?a = Pa,
whence P = PoP|, i.e., diagram (18) is commutative.

The authors are deeply grateful to G. B. Podkolzin for many stimulating
discussions.
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