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GENERALIZED MOMENT REPRESENTATIONS

AND PADE APPROXIMANTS ASSOCIATED
WITH BILINEAR TRANSFORMATIONS

¥3AI'AJIBHEHI MOMEHTHI
30BPAJKEHHS TA AITPOKCHMAILII IMA/IE,
MOB’A3AHI 3 JIPOGOBO-JIIHINHUMH INEPETBOPEHHAMH

By using the method of generalized moment representations with an operator of bilinear transformation
of an independent variable, we construct elements of the first subdiagenal of the Padé table for certain
special power series.

3 MK OPHC CIITEM METOULY YRUWILIEIHE MOMEITIHE 306pusens 3 oneparopos [pofono- inifno o
NEPS THOPEINA NCIANC AT IMINIeT mofyIonal 1o ciesci i nepuol myygiaroman vaboamg MNage s
JIEHKHX CICIIANLING CTENSNEnny Patin.

1% Introduction. V. K. Dazyadyk [1] in 1981 proposed the method of generalized
moment representations allowing one to construct and 1o investigate rational Padé
approximants for a number of elementary and special functions.

Definition 1. We shall call by generalized moment representation of the

numerical sequence {5, }i_g on the product of linear spaces ¥ and N the 1wo-
parameter collection of equalities

Skaj = {-‘-'.t-,'i'jl k, J:= ﬂ'a_‘“ (1)
where xp € ¥, k = 0,00, yvieY.j= 0=, and {-, -} — bilinear Sorm defined on & %

x W
In the case when a lincar operator A: % — ¥ exists such thal

A_T;_- = Xk4 s k= ﬂ._ﬂ".
and in the space Y a linear operator A™: Y — W exists such that
A, vy = {(x, AY) Yre ¥, Yyed

(we shall call operator A° as adjoint to operator A with respect to bilinear form
{-, -}, the representation (1) as it was shown in [2] is equivalent to the representation

sp = (A%, yp) k= 0. (2)

In this paper the representation of the form (2) will be considered with operator A
defined by bilinear transformation of independent variable.

Let us introduce some necessary definitions. We shall denote by K[M/N] a class
of rational functions with numerators of degree = M and denominators of degree = N

RIMIN] = {h[z]. = ::1{{2: degpiz) = M, degpiz) = H}.

Definition 2 (3] (Part 1. Chapter |, Paragraph B). We shall call by Padé
approximant of the order [MIN), M, N = 0,=, for power series

fiz) = Z 5zt
k=0

the rational function
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[MIN)z) = e R[MIN)

E
such thar
f(2) = [MIN](2) = O(M*N+1)

in the neighbourhood of z = 0.
29, Compositions of bilinear transformations. Let as consider for some ye (0,
+ o)\ {1} bilinear transformation

NERESS e
=y +y

It is easily seen that transformation o maps the segment [0, 1] onte itself, and in
addition o(0) = 0 as well a(l} = 1. Lel us define in the space ¥ = C[0, 1] of
continuous on [0, 1] functions linear bounded operator

_ _ r
It is simple to calculate its powers
Akp) = —"-—-—]
(A%9) m[”-‘r“uﬂ‘
Let us assume for some 6 e (0, + o)\ [ 1}

an =

f
Ll e e
and construct a sysiem of functions
I —_—
i) = (At = —————— k= D,==. 3)
i (A o) =8y + 6y (
For arbitrary system of points
Dempesn<...<iy<1, N=0e

let us consider determinanis
N
An = Bpltg, £, ..o th) = det|lxg ()Y g = det] ——/—— =
PR (1-&y* ]f + &y* & jud

N
I

1+ %y

I'Ifl'l

jul kg &'

E.j:ﬂ

k
where ®; = By k= 0N, N = 0,2 The last determinant is determinant of

1-&y*'
Cauchy matrix (see [4], Chapter I, §3, Example 4) which is equal
3 tl o H,.ﬁ,( = 10K, — %)
= = :
i 7 Rxlly juo l_[ NURAY

Because as casily seen 3 # & for k # j then last determinant as well as determinant
Ay is different from zero, hence, system of functions {x, () }iny forany N = O, is
Tchebycheff on segment [0, 1] (see [4], Chapter 1, § 1, Definition 1.1).
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Let us consider on the product of spaces ¥ = ¥ bilincar form

[
{x,y) = j' X(FIx (). (4)
o

Simple calculations give expressions for the powers of operator A” adjoint to operator
A with respect 1o bilinear form (4)

(A1) = Lk [ il )
v (= -y YU=0=yr
Let us assume now that wp(r) = 1, and construct system of functions
i b i
¥ = (A y) = ————s. (5)
! 0 (1 = (=-yHy
Let us verify that system of functions (5) is also Tchebycheff. Itis casily seen that
da™ (m + D1 = ™
—=¥iln = A
dﬂ'”l}f {I o {I_T_.l ]f)"”T
Therefore Wronskian of system of functions (5) will have a form
Ht N Vagdf1 — apdym |
Wy = det]| S—v;(n) = dclu{m LBy {: e =
dr .m0 (1= (1=y'y)"*= R
N N N i I o
= n{n:+lj!n*ﬁ'n T det -
e jon Jan=0=v) (1(1=v")=1) e

The last determinant is Vandermonde determimant (see [4], Chapter I, § 1)

g[”['—:"] - IJ{J-«IEI]. - ,} =

it i
= = 0.
[1 (1= r(1=9* N1 = 11 =9"))

ke

N
I

(=)

det

§oae=(

It implies that system of functions (5) is Tchebycheff on [0. 1] forany N = 0. (sce
[4], Chaprer XI, § 1, Theorem 1.1},

3", Generalized moment representations associated with bilinear
transformations. Previous considerations may be summarized in the following
results.

Theorem 1. For the sequence

5k k=ﬂr

EEPNEIIN |

(1=8y* )y + 87"
where ve (0, o)V {1}, B (0, )V {1}, e (0, 1} the generalized moment
representation holds in Banach space ¥ = [0, 1]

Skej = Yl k= O,
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where
!
xlt) = ————, k= =,
H (1-8y*yw + &y*

and functionals y;j(x). j = 0,0, are defined by formulae

Y@ =) = x| —0 | =0 6)

; 0 + v ) o

Theorem 2. For the sequence
s 1 : {In5+klnt‘f}|5‘y' ¢ i
I -8y -8Y")

where ye (0, =)\ 1}, §e (0, =)\ |1}, the generalized moment representation

holds on the product of spaces C[0, 1] x C[0, 1]
' t ! e
= i‘ k- [ = 01“-

Skaj £{1—51’*JT+5T*[|— J}”a A

4%, Applications to Padé approximants. Using the main result by V. K. Dzyadyk
[1] on application of generalized moment representations to the problem of Padé
approximation we can receive the following results,

Theorem 3. Padé approximants for the power series

k

IpZ
Z]' = ROy ~Srmany . ]
H J‘gz,-fl—ﬁr]r"]n“;, + or*

where ye (0,%)\ {1}, 8e (0,%)\ (1), tge (0, 1) of orders [N-1/N], N 2 1,

exist and are nondegenerate and may be represented in the form

P~_|[31

=N = i
[N | ilrl:ZJ QN{E}

where

N
Oy(z) = Zflhf}zhf—l‘

k=0
P"—I{:} = - -k *
= a £=0 (a=-8""p + 7"

and c}_,m. k = 0N, — coefficients of biorthogonal polynomial

- Ny
= g
j=0

defined by the relations
Fylx) =0, &= 0N=1

(functions x4(1), k = 0,==, are defined by formulae (3), and functionals y;, j =
= 0,%=, are defined by formulae (6)).
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Theorem 4. Padé approximanis for the power series

v 1 (Ind + kIny)&y*| &
f) JE:{"‘S‘T*+ =57 }z.

where ye (0,0)\ {1}, e (D, =)\ {1}, aforders [N=1/N], N 2 1, exist and
are nondegenerate and may be represented in the form

N-1/Ny @) = =12

Qﬁr(ﬂ z
where
W
QH{E} = E‘_I-NJZN-J:1
k=0
Nl : e
Pu_i(2) = j (N) 1 (Ind + (j—m)Iny)8y .
w-1(2) E%]z ,,t_:.,c"_”{l“ﬁ*rf“” + 1= 5y
and "', k = O,N, are coefficients of generalized polynomial

N
A T Yy S —
" E,* (1= 8"y + &y

for which biorthogonality conditions
- i

Y .
X - = ), = 0N=1,
{ VOt =0 i =0

are satisfied.
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