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A PRESENTATION OF THE AUTOMORPHISM GROUP
OF THE TWO-GENERATOR FREE METABELIAN
AND NILPOTENT GROUP OF CLASS ¢
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We determine the structure of  IA(GH lan (G by giving a set of generators, and showing that
TACG)f Inn(€s) is a free abelian group of rank (o —=2){e+3)/2 Here G=M;, c={xy), c212,
is the free metabelian nilpodent of class o group,
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1. Introduction. Let £ ={%,¥} be the free group of rank 2. Welet V<[R, K]
be a fully invariant subgroup of [, and G=F//V the relatively free group
generated by [x=XV.y=FV]. Since V is invariant, each automorphism o e
e Aut(F) induces in a natural way an amomorphism @ € Aut{G). However, an
automorphism B € Aut{G) may not be induced by any automorphism J e Aut(F).
For instance, the endomorphism & =[x — x[x,3.¥], ¥y —= ¥] is an automorphism of
G=K/V, V=[K.K.F.E]. which can not be induced by any automorphism
@ e Aut(F) (Andreadakis [1]), and we say that oe Aut{F /V) is nontame (or
wild); whereas, with V= F;. every automorphism o EAut(FzHV} s lame, i.e.
induced by some automorphism @ € Aut( /) (Bachmuth {2]).

For V <[FK.F], anarbitrary avtomorphism o & Aut{/ / V) may be decomposed
as the product o =a'a”, where o e Aut(/ /V) is induced by an automorphism of
the frec abelian group 55 /[F.F ], which in tarn, is induced by some @ e Aut(FR),
and hence @ is lame: and a” is an 1A-automorphism of KV of the form:
0" =[x-2xd’, y o vd"], where d'. d"e[R/V.F/V]. Thus, for G=gplx.y}=
= FK/V. where V=[5, F], wehave that

AullG) = gp{TG) 1A(G)), (n
where T[G}zsgp{r.u.u! is generated by the tame automorphisms of G defined by
T=fr—=yny—=x], H=|x— X,y ¥, v=[v=2xyny—2y], (2)

and  TA(G) s generated by all  TA-automorphisms of the form & = [x — xd”,
v—vd”]. Let Inn(&) denole the group of inner automorphisms of G. Then
Innd{G) are tame and since TAGG) 2 InniG) = G/ LOG), the central quotient of G, it
folloves tha

InntG) = (g, v V), (3)

where (V) = {ply, w0 r=vinyvie V] and y, = |v— x", v = "] is the inner
auwiomorphism induced by . MNote that the inner automorphism induced by © = v(x,¥)
is W=y, g

For the free metabelian group My =F/V, V=[[A.R]L[A E]). itis a well-
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known result of Bachmuth [2] that IA(M;)=1Inn(M,). Thus IA(M,) is tame, and
by (1), (2) and (3), we have

Aut(M;) = gpltniv.w,v,}

where w, =(uvpv)® and w, =pvpv define all inner automorphisms of M in-
duced by conjugation with the generators x and v respectively., Since the center of
My is trivial, it follows that

Inn(M;) = (y,.w ¥,

where ¥* =¥(F"),
Theorem 1 (Mielsen [3]).
() Aw(R) = (LE%TE.GED VAV GET, (VIR)'), where T=

=[Fa7i=f, A=[f2F" " F=2F and V= [F2 57 7= 7]
(i) Inn(F)=(¥,.¥,:®), where §, =(IVAV)' and ¥,=[AVAV.

From the above discussion we have the following presentation of Aut (M, ).
Theorem 2.

Aut(My) = (npvoy oyt o’ vl e, (vin) ' 7).
For an arbitrary but fixed ¢ 2 2, we now turn to the problem of finding a presenta-

tion of the group Aut(G), where G=gp{x,y}= M, isthe free metabelian nilpo-
tent group of class .

2. Structure of IA (G)/Inn(G). Let G=M, . ={x.y}, c 22, be the free met-
abelian nilpotent-of-class-¢ group generated by {x, v}, Since & is nilpotent, we have
that every IA-endomorphism [x — xd’, v — yd ], where d'.d"eG’, defines an
IA-amomorphism of G. Recall that

Aul(G) = gp{T(G), IA(G)),

where T(G)=sgp{tu.v} and IA(G) = sgpl{lx—xd . y—yd"], d".d" G’}
Thus, for the presentation of Aut(G), we need the structures of Inn(G) and of the
quotient TA(G)/ Inn((). We have that

Inn(G) = G/LIG) = Gy G) = My_,.
Thus, if ¥ is the subgroup of Aut{G) generated by w,, w,, then
Inn(G) = (. p: ¥ y.0¥)

is a free metabelian nilpotent group of class ¢ =1 and, is a normal subgroup of Aut{G)
contained in TA(G).
u, M

Any element ze& can be uniquely written as z=x"y [x,¥] where
a.beZ and wix,y)e ZG, the integral group ring of &, is of the form  u(x, y) =

= Xociejse2 %63 #i(xy) = ay(x=1F(y=1) € &A™/, A=ZG(G=D). the aug-
mentation ideal of .

Forany &, v in ZG, we define a(wu)=[x—x[x.y]", y2y[x.¥]"]. Every
automorphism in IA(G)/Inn(G) is of the form a(mv), where (u.v)e (A &) for
some i,j20, (i,j)#(0,0). For (mv)e(A,A) and (w'.v)e(a,A), we define
(s,0) << (0" 0°) 0 i+ j<i'+ j. We have the following formula:

nilx, vh
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afwuye(u’ vy = alu', '), (4)

where u® =o' +u+ e’ (yv=11=v{x=1)) and " =v"+v+p(u’(y=1)=v{x=1)).
Theorem 3. IA(G)Y Inn(G) = {ot(w,0), c(0.0) | u,ve A).
Froof. It is easily verified that

o v)ot(—uw,0)e(0,-v) =
= a(-?(y=1)=wl(x=D(y=1), = uv(y=1)+ v (x=1) = w’ (x=1)(y=1)).

Let ﬁ=-HEU—I}—uzuix—]}l{_r-l} and b=—w(y=1)+ uz{.t—-lj—uuzu—ljx
* {y=1), we have thal

afuwvyo(—w,0)o(d=v) = oin,b)

and (u,v) << (u, ).
By repeated application of the above result, we conclude that, for any pair (uv) e

e (A.A), i+j>0, there exists a chain of pairs
(o) = ["m}‘ pm’] e [ullll HIHW} oy ["[2[ u:EJ} o e (u“{ L,{::IL
with (', ") e (A™", ") such that

ﬂ{u.li}ﬂ[—u'm,ﬂ]ll[ﬂ—Um:]ﬂ{—*u“,,ﬂllﬁ!(ﬂ.-u“]]..,ﬂ{-u[”,ﬂ}ﬂl:ﬂ.- HJ'} = 1.

This completes the proof.
We shall need the following technigue result.
Lemma 1. For any integer m, we have the following:

(i) a(u,0)" = “[Zfa|[?]“j':3"”;-|' EI]:
i e BT ] Ll PRy |
(ii) c(0.0)" = a[l]. zm{ N (i ]u (x—1Y ]

i=1 p
ol =)
where (m] = _.11.":'1— ix the binomial coefficient.
i i!

Remark. Since the group G is nilpotent of class ¢, the above sums are finite
SUIMms.
Proof. (i) First, we prove that the result is true for positive integers. Note that if

m 15 a positive integerand i 2m + 1, then (T] ={. Thus

{(oremire) - (30

We shall use induction on m. The result is obviously true for m = 1. Assume that the
result is true for m— 1. That is,

m=|
m=l _ m=1) ; . 141
o, ) = u[ E ( ; ]u (yv=1) .{]].

Then

ol fm—1y . ;
Mmoo P T s
(w0 = a{u.ﬁlﬂ[ E [ ; ]u (yv=1", ﬂ]
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=1 s ) ) | = . .
= u.[ 2 [m;_ ]]HI{}'— iyt +u+u[ Yy [MJi IJH'{I- I}‘_I]{}'- 1, ﬂ] =

=] i=l

= o (T (7 P B (1 o (T e-nmo) -
= o (1)er (" (1)t oMy 0) -
- of (D B (Jeomr s (Teroaro) -
{3 syr-ro)

Therefore the result is true for any positive integer.
MNext, we shall prove that the resuli is also true for negative integers. That is,

a(w0)™ = u[Z[__m]u"fy -, 0].
FTRS
where m is positive.
For m = 1, we have that [-|] = _I{_I_”“_;{
] [

verified that ou(u,0)”' = a{zfali—n"ui(}'-I}'_I.ﬂ] = u[zﬂ__l[ ]ﬂ (=" ﬂ)
Thus the result is true for = 1. Assume that the result is true for m—1, then

g =(m=1) =
{m=1b _ i 1=l
ot (14, 0) = H[E[ ) ]u (y=1) ,(}].

izl

re ) SO R T

Mow we have
—{mi=1}

o(w.)™ = o0y o(w0)

- o3[ p{3( ) o)
E [ - ]"‘b-nfuz[ ]m o+

_f el
—{m=1 2 :
[ ]u'u—u"’[ [ m, }]u-':y-nf"]u--u,ﬂ]=
izl J
(B (7 - g (Vo
al 2 ) fiy=1y" +z Wiy=1y" +
jzl A izl
® ZZ[ }[ {m n)u'.”{_'ln‘-*l}hj':'.ﬂ} =
izl jzl

i izl

I
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- -I{m- Ny .. R
[ ) ]]u‘”{y-n'”",ﬂ i
JE"" i+ =1

= ﬂ[ Es b ”)u"f}-—l}lf l+z:[ ; ]u*.{.'r-lf'l +
izl 4

izl

(
BE()T o))

- r.x[ [‘_(mr_“”]u‘{_v— ¥ '+E[ _]uftyui:l"’ +
izl

il

BB o) -
(B s
gl +g[;;1[:j)(-fﬁ.-'q]p.w}.,..w-_ﬂ] :
(TR CRECT))
S o)
TR

SN o)
(T (B o)
(g (B (5 ermrto)

e a{[";"]u+£(_;"]n"{y—n""J]] = a[%('?]m_‘.-nf",u].

izl

This completes the proof,
Similarly, we can prove (ii).

T3

Mext, for each pair (i,j). | € i+j<c-2, we define [A-avtomorphisms E; and

Ny as

=1¥ie=1p
"-i._‘,‘ = [x—}.rl.n}']“ I¥iv=1) Ly =]

and
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nj = [x=xy = ylayf-Ve-,

By Lemma 1, we have the following corollary,
Corollary 1. For any positive integers i, j and any integer m, we have the
Sfollowing:

ﬁi}l “;r - [‘.‘.[U ZH{_I}r I[ ]“_ :Ifr+1 I{ }H]

i _plm=Jj)
where [f ] = H—"D_I--— is the binomial coefficient.
I

Proaf. (i) By Lemma |, we have that

£ = a[Zm [’:']{u- (- n"}r{;--ll"'-ﬂ] =
i u[zm [T]{x— [igp pyteel. 0]’

Similarly, we can prove (ii).

The coelficients of a polynomial can be positive as well as negative. To deal with
the situation where the coefficients of a polynomial are negative, we shall need ihe
following result. Again, we omit the prool.

Lemma 2. (i) a(—(x-1)'(y=1).0) =[]

nrlh ""'r F T e

T
(i) a(0,—(x-1*) = %' Xapsys wWhere y, =[x —x, y= ylxa ).
Forany ue€A, wecan write w=n, +u . +.... where u, = Ziu:kﬂ;}fx- ' %

x(y=1Y for kzs, and a;=0 forsome i+j=s. If w'=u+u+..., where

L = dea;rx—l;n"(;-—nf for k=1, and u,";- 20 forsome i+ =1 We say thal
w<<u’ if 5<r We have the following lemma.

i = : = =y =1y

Lemma 3. (i) Letr i = n, +z.l g, where w, = En-;‘uk"”” IY{y—1¥F.

Then there exists o such thar w<<u’ and wiu, Cl]-l-[ e UN" = oin’,0).

(ii} Let v = u,+z k. where v = Z‘_ Lt (x=1(y=1). Then there

f.l, o
" = a@r).

Proof. (i) By Corollary | and formula (4), for any , j. ", j° with i+j=k
and i+ j =4k, we have that

=g e =0 ] ] ity I i
£, ’F,J--J-'- = u{-—a,-jtx-lj (=1 +Z[ IJ]E.r—]) (y—n' ',{:]x

123

[— =0 (=" +Z[ ‘;?'Ju—11""{,-:-!1’1""".[:] =

2

exists v such that ve<v’ and (0, u}n
i+j=

= { . (rv]}[m—l}-'—a Aqx—17 h—l}-" + 1 ﬂ)

where {x— L}'i{}' - ]}‘- << ', By repeated use of formula (4), we have
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I1&" = a[‘ Zﬂ.;f:-n'{_r-n’*“"N’ﬂ]'

i+ j=x =k
where (x =1 (v=1) << w”. Thus,
o, 1) l_[ ﬁ;"" = ain'.0),
=5

where w<<u’.

Similarly, we can prove (ii).

Lemma 4. IA(G)/Inn(G) = (. |i+j2) k21), where 33 = [x > x,

i

y— ¥[x ).

Proof. Using Lemma 3, we can prove that a(n,0)esgp{f;] and e(0u)e
S 5gp{r‘|{-’r-}. We shall now show that, for r=10, 1), can be written as a product of the

&;'s and their inverses.

=1y (v-1"!

Let w=][x, ¥ and [, =[x — x",y—= "] be the inner automorphism

¥ ¥ b =1
induced by w. We have that [xy]" "' = [Leyf 007 ) = [y,
Thus
Ny = [x = x = yx, J,-]lf-l:l'ru-ﬂ"] =[xoxny=ayve'l=xsxny—=y ]

Hence,

M I, = [.!.' T .Th'_l ][_r —x", y— J-'m] =

Te—1yt

= [x=x*, yoy] = [xoxle " =] =

= a(=-(x=-D"*y=-1'"0),

which is a product of the ?.",,-_r-'s and their inverses by Lemma 2. This completes the
proof.

We shall now state and prove our main result,

Theorem 4. IA{G) Inn(G) is a free abelian group of rank  (c=2){c+3)/2
and freely generated by E; and y,. where 0Si Sc-2, 05jSc-2, 1Si+j%
Sc-2, and 15k Sc-2.

Proof. By Lemma4, IA(G)/Inn(G) is generated by &; and y,, where 0<i<
2c-2, 0sjsc-2. 1 Si+j=sc-2, and | =k=c-2. Itis clear that

['Eu;-ﬁﬂ] =1 forall i j & [
and
[xi-%:] = 1| forall & 1.
Thus it suffices to prove that
[Ej.xe] =1 forall i j and k.

We shall now prove that the above relation is true. First, we have that
I;Ié::;j-' ¥ —3 J:'—}_:'[j:',"p‘]h_w“'_”'r‘

{x=I1

e
- ; =¥ =l

_1-‘—3*_1-'[.1.'._}']“2"':' -y Il_l_L}.llx—h't\-alr‘
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= .}'([I-_'l'][,r,_-,-]{.r_l:l'h--nhl )—Elmh_”ﬂ___l

]—E_nn—w‘*"-'

= .“.[-xr J' |.-T1 .1.1]

fa=

= IV iv=13 ik
11'@}111 x = x[x,yf e -r[x,,\'lx..ﬂ” 1

(=1t (r=1{v=1¥
- X(Ix"}'"x"ﬂ ) = x[x,

i _pyeme R Y | _p i
}._,(},[_r1_._,] Zoate- ]Ir.:.'] TER ) ST

[ [ LY R J
.1‘]“ iv=1y=ir

b _tI_I}“IE,;HI_””“““'-1
— _'.'[x. ylx, v l
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= ylx.y]

EFTNTY. | _ it emik e =l ~3*! el lid
L L W E S 1) =W E =1

= ylxyl
! b= vl = |
RGN O VL A ) JRSTEol bt IV vl ¥

'Eu'-jlx;"iuih P x = xly -.~Izwa|“""f--lr""tw—u'""”"

U eI = r = ey e
— xl_‘-.j.]iz [ Y L e {v=1) [Ili._rl"r 1 om 13 ==

U e e L =]
¥lx l'j‘tx_Jr*‘[r-nf*']Emu' B - (v—1¥

T PO T TS T L PR | _yyietel
= J[J‘}r]tx I¥ (=1 ={x Iy fv=1) (I-Tp}'i[-l'q_'f]‘l ] {

BT TP T L LB S L Y L
e [IH‘.]‘-T IFiv=1} {e=1p {v=1)

Hi] IR TY T T PR |
= _r[x.y]" Wiy-1¥ —(x-1 (=1 o

% [x T]E..;.‘“'f'h'd!""l_r—!l]"'"""*E!,Ht—lb"'[x—ll“‘""':v-l]“"
= xi.-'f.,'l-‘]“_”":"'"1"1-=-ll’"*'1r—n’ w

== =Y = =™

ke I.x-r}']E'"H

.."_j___il#ll_lr --’.-..f
Il-f.}']“ 1Y (v=1 = (=1 e=1p [x.5) == .

! P #1
.'r'—lb;;'—1njlr-[Jt'.:yI'”""H L e P

)E,}.i—u"'u r= 1) [y T

=

—{1.'—|If'lzmal[r_”ludrm-l

W=

Tat TRy

p—
=3

i ol T 0 | et N Rl S Ll ST 0 D i

wlmrall=|

i—!-:—”'"’{r—:

I
=3

¥y

v—1p*! 5

W felb=1

:-m..un-l

]_‘..‘,_‘I:"u--u.l--ml1

-
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Lal
el T

Thus, Eﬂ"xi'%.-,-xl = [.r—:--t'lx._'r]"“_' ]_':"'_”M{-""J""].

¥ ylay
LLT P
We let w = [x1-.|l_r.'r"|:| {v=1) and I"_. s [I—-}.Tm.}'—i‘_\'”l]‘ then

ey T 1Y

By Xk Cyte = [x — x[x, " v ¥ = ylxyI =Y

PP IY L PR | N B T Y
_ [x—ix{[x.:r] (=11 (=) ‘J_]_ _‘,_,}.llm_‘,l =11 (vl }H _

I“('l-'-”'“‘! ] ez

— [x—r x[w x], yo }-[w"._w]] = 1.

Therefore, ﬁajx;'{;,}h is an inner automorphism. This completes the proof of the
theorem.
Remark. We observe that Aut (G), where G=M,_ ={x.¥), c 2 2, is genera-

tedby T, . v, & Mg W, W,. with certain defining relations T2 2, (),

—p+E =
vl (epev), (vep)?, BiGul Dl [Eui'xk]['-i'w'-lfx]w' il
Vi ok LTy (F) (Y is the subgroup generated by w, and . ), QE_,-;(_,IL'-H,

iy, =1 iy, -1y"

A PR LR for i20, % nralﬁ-'u_z‘hzfq and some other re-

lations involving &f. ﬁ}'j's and %%, %!'s. But, we leave this as an open problem.
Problem. Find a minimal set of generators and relators of  Aut (G).
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