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We briefly review some recent works on groups with the weak minimal condition on nonnilpotent
subgroups. We also study the class of groups with the weak minimal condition on non-{zoluble of
denived length o) subgroups.

Haneneno Koporkmi orian AesKHs Nefaninx podin, NPHCEAUCINE FPYTEs 13 CAabKom yMoRoKs siii-
MAUILIOCTT LA DEHLIBROTE T nurpyn. Takos BHRSLMOTRC 2 VYR i3 cAabKoio yMoRo MiliMalib-
IOCTE JLIA MUIPYN, AKI 12 € POIR" A3MME CTynena o,

1. Introduction. A group & is said to have the minimal condition on subgroups if
every nonempty set § of subgroups of & contains a subgroup H such thatilf K = H
and K& § then K = H, equivalently of course, every descending chain of subgroups
of & terminates in finitely many steps. Groups with the minimal condition on
subgroups have played an influential role in the theory of infinite groups and the study
of such groups, and groups with related properties, motivated much of the research of
Professor 5. N. Cernikov (see, for example, [1-3]) Indeed, as is well-know, a group
G is called a Cernikov group (or extremal group as Cernikov called such a group) if

it is abelian-by-finite and satisfies the minimal condition on subgroups, Cermnikov
showed in [1] (Theorems 3 and 4) that a soluble group with the minimal condition is an

extremal group. Cernikov’'s work was studied by the likes of R, Baer (see, for
example, [4], Satz 2), O. J. Schmidt (see [5], Theorem 9) and numerous others,

Since Cernikov's original investigations, groups with minimality conditions of
many types have been studied. In this paper we discuss recent research on such issues.
If P is a subgroup-theoretical property or class of groups then the group G satisfies
min-P, the minimal condition on Pesubgroups, i it has no infinite descending chain
of P-subgroups. Cernikov [3] showed that a locally soluble group with min-sn. the
minimal condition on subnormal subgroups. is a Cernikov group and in [2, 3] he
showed that a locally soluble group with min-ab, the minimal condition on abelian
subgroups, is also Cernikov. This work paved the way for the celebrated result of
Sunkov, Kegel and Wehrfritz (see [6] and [7]) which asserts that a locally finite group
with min-ab is Cernikov.

Welet P denote the class of all groups that either are not-% groups or are trivial.
5. N. Cernikov discussed groups with the minimal condition on non-abelian subgroups
in [8., 9]. Motivated by such work, Zaicev [10, 11] and Baer [12] defined the weak
minimal condition on P-subgroups, min-==-P. A group G satisfies min-==-P if it
has no infinite strictly descending chain of P -subgroups Hy > Hz > ... with eath
index | H;: My | infinite. Zaicev himself considered the class of groups satisfying the
weak minimal condition on non-abelian subgroups in [13] where he showed that this
condition is equivalent to the condition min-==, at least for locally soluble-by-finite
groups. By virtue of the result in [14] such a group is then a soluble-by-finite minimax
group.

We denote the class of nilpotent groups by 9 and the class of soluble groups of

* The first author would like to thank the Department of Mathematics at Bucknell University for its
hospitality and financial support while pan of the work for this paper was being discussed.,

© M. R DIXON, M, J. EVANS, H. SMITH, 2002
780 ISSN 00416053 ¥up. s, avpa,, 2002, me, 54, N7 6



GROUPS WITH VAR IOUS MINIMAL CONDITIONS ON SUBGROUPS 781

derived length at most by Sy In[15], [16] and [17] we have obtained results that
are similar 1o the above-mentioned results of Zaicev for groups in the classes min- 2,
min-N and min-s==-. In [15] we discussed the class of locally graded groups with
min-=,. (Recall that a group G is locally graded if every nontrivial finitely
generated subgroup of G has a nontrivial finile image.) One reason for restricting
attention to locally graded groups is 1o avoid having 1o worry aboul exotic groups such
as the Tarski monsters. TE: main result of [15] gives the precise structure of locally
graded groups with min-= ;. In Section 4 below we obtain an analogous result for the

class of locally finite groups with min-se. = ;.

In [16] it was shown that a locally graded group with min-9 that is not locally
finite is necessarily nilpotent. Al the same time we obtained the structure of locally
finite groups with min-s=- . We state this result next,

Theorem A. If G is a locally finite group that is neither Cernikev nor
nilpatent, then G has min-ee- 9 if and only if G contains a normal nilpotenr p-
subgroup K. for seme prime p, such that G /K is Cernikov and every
nennilpotent subgroup of G that has infinite rank containg K

The subgroup K, mentioned above. is the Cernikov residual of G; thatis, K =
=M{N a G:GIN is Cernikov}. Of course a group with all proper subgroups
nilpotent satisfies min-s=-3. Our proof of Theorem A thercfore requires an important
recent result of Asar [18] which says that a locally nilpotent p-group with all proper
subgroups nilpulcm—by-{f.‘crniktw is itself nilpotent-by-Cernikov. Asar’s theorem can
be used to show that a locally graded group with all proper subgroups nilpotent is
necessarily soluble (see also [19] in this contexi).

In [17] we extended Theorem A 1o locally soluble-by-finite groups satisfying
min-c=-J by oblaining the following result.

Theorem B. Let G be a locally soluble-by-finite grouwp and let K denote the
minimax residwal of G. Then G satisfies min-e=-N if and only if one of the
Sferllawing holds:

(1) & ix nilpotent;

(i) & ix minimax, or

(iiiy G is locally nilpotens, K is nilpotent. G K s minimax and every
nonnilpotent nonminimeax subgrowp of G contains K.

Here by the minimax residual of a group G we mean the intersection of all normal

subgroups K of G suchthat G/K is minimax. In|[17] we showed that the minimax
residual K is periodic and involves just finitely many primes. In Proposition | below
we show that, as in the locally finite case, K is actually a p-group, for some prime p,
We let N, denote the class of nilpotent groups of class at most ¢. In Section 2 we
also classifly the locally graded groups with min-e=-3 . a fairly straightforward
matter in view of the results of | 17].

The proof of Theorem B given in [17] depends heavily upon results of Zaicev [13,
14]. In contrast with the min- case. the structure of locally graded groups with
min-== is but one difficulty that is 10 be encountered when one tries o extend the
results of [17], and Theorem B in panicular, 1o the class of all locally graded groups.
For example, it is unknown whether there exists an infinite finitely generated residually
finite p-group, for some prime p. with all proper subgroups either finite or of finite
index.

Although the theorem ol Asar mentioned above provides a great deal of information
aboul groups in which every proper subgroup is nilpotent, little seems 1o be known
about groups all of whose proper subgroups are soluble. In Section 3 we obltain some
preliminary results concerning such groups, but shed linde light on the question of
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whether an infinite locally graded group with all proper subgroups soluble must be
soluble. Clearly, a finite group with all proper subgroups soluble need not be soluble,
and even groups whose proper subgroups are all abelian need not be soluble, as the so-
called Tarski monsters illustrate {although the Tarski groups are not locally graded of
course). Clearly, then, the class consisting of all groups all of whose proper subgroups
are soluble is difficult to understand.

Placing a bound on the derived lengths of the proper subgroups of a group yields a
more successful theory., For example, Zaicev showed in [20] that an infinite soluble
group with all proper subgroups soluble of derived length at most & is itself soluble of
derived length at most 4, and in [15] an analogous result was obtained for locally
graded such groups. Mot surprisingly, groups with all proper subgroups soluble of
derived length al most d arise naturally in the study of groups with min- E_d ’

An obvious class of groups to consider next is the class of groups with min-c=- 3.
Immediately we are faced with the existence of groups that are not soluble of derived
length & but all of whose subgroups of infinite index are soluble of derived length at
most & certainly the Tarski monsters are examples of groups of this kind. Moreover,
there are a number ol reasons for suspecting that there exist finitely generated soluble
groups of derived lengih o such that every subgroup of infinite index and of infinite
rank has derived length less than . The authors intend 10 discuss such groups in a
subsequent work, Even locally nilpotent groups with min-W-E need not be
minimax or soluble of derived length o this is established by Theorem 5 which is
proved in Section 4,

Theorem 5 shows that there is a huge difference between the class of groups with
min-==- =, and the subclass of groups with min- 2, for the main resuli of [15]
implies that locally soluble groups with min-E_‘, are soluble of derived length at most
d or Cernikov. As one might hope. nilpotent groups with min-se- 3, are better
behaved as we show in Theorem 3. In Corollary | we show that radical groups with
min-oo- E: are soluble, and in Theorem 4 we give a general structure theorem for
locally soluble-by-finite groups with min-ss-= .

2. Groups with min-e=-7. In this section we obtain a couple of results
concerning the structure of groups with min-se- 1.

Lemma 1. Let G be locally soluble-by-finite group and suppose that G has
min-s=-N . Then either Ge N_ or G is minimax.

Proof. By Theorem A of [17], G is cither locally nilpotent or minimax, so we
may assume that G is locally nilpotent but not minimax. Let T denote the torsion
subgroup of & and note that T is locally finite. By a result of Ostylovskii [21], either
Te N, or Tis Cernikov. If Te ¥i_ then G /T satisfies min-es. Thus G/T is
minimax and, since T is Cernikov, it follows that G is also minimax. Hence we may
assume that Te N ,. Now G/T satisfies min-e=-3 so, by [22], G/T is nilpotent.
Hence & is soluble.

Let F be a finitely generated non- _-subgroup of G. By [17] (Lemma 13), G is
a Baer group and so F is a subnormal subgroup of & and consequently there exists a
finite seriecs F = Fpa Fya...aF,= G. Since & is not minimax, but F is
minimax, there exists a least integer ¢ 2 0 such that F; is minimax but Fiy is nol
minimax. However Fye M, so Fi/F; must have mine= and is therefore minimax.
Clearly this implies that Fy,; is minimax, a contradiction, and the result follows.

As mentioned in the Introduction, the following result strengthens Theorem B by
improving our understanding of the structure of the minimax residual of a locally

nilpotent group with min-s=- 9.
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Proposition 1. Ler G be a locally nilpotent group that sarisfies min-co- i,
aned suppose thar G s neither nilpotent vor minimeay. Let K denote the minimax
residual of G. Then K isa p-group for some prime p.

Proof. Suppose that & is a counterexample o the proposition. We know from
[17] (Proposition 3) that K is a m-group for some finite set of primes ®. Suppose that
K isnota p-group and let p, g be distinet primes in ®. Let U be the {p.q}-
component of K. Then G /U is not minimax, by the definition of K, and since all
nilpotent images of G arc minimax, by [17] (Lemma 1), we see that G /U is not
nilpotent, so that G/ U is also a countercxample to the lemma. Thus we may set U =
=1 and write K = Px Q. where P, Q are the p. g-components, respectively. of K.

Let T be the torsion subgroup of &. By Theorem B G/ K is a minimax group,
Hence G/ T is minimax, and therefore nilpotent, since K € T. Now T is not
minimax and it T is nonnilpotent then Theorem A shows that K isa p-group since
K is the Cernikov residual of T, Thus T is nilpotent and Lemma 13 of [17] shows
that & is a Baer group. There is a linitely generated subgroup F of & such that the
isolator fep(FT/TY is G/T. and there is a finite subnormal series from the nilpotent
subgroup FT 1o G the factors of which are Cernikov ri-groups for certain primes r;.
We now procced by induction on the minimal length of such a series, the induction
hypothesis being that groups with a shorter such series are either nilpotent, or minimax,
or have minimax residual an r-group for some prime r. Firstly we note that if J isa
subgroup of & that comtains T then the minimax residual of J s contained in K,
since S/ K is minimax. By induction, then, there exists H <2 G with T = H and
G/ H aCernikov r-group for some prime r, such that cither H is nilpotent or H is
minimax or the minimax residual of H isa p-groupora g-group, Since G/T is
minimax T is nol minimax, so A is not minimax. If H is not nilpotent then,
denoting by L the minimax residual of H, we thus have H/L minimax (by [17],
Theorem B (i)} and without loss of generality L isa p-group. Bui this implies thai
Q@ is minimax and hence that G/ P is minimax contradicting the definition of K.

Thus H s nilpotent. Without loss of generality » # p. Then the r-component
VIQ of T/Q is certainly Cernikov, and G/V is an rfree locally nilpotent group
having a nilpotent subgroup H/V whose r-isolator in G/V is itsell G /V. Thus
G/ V is nilpotent and therefore minimax. which gives G/Q minimax, contradicting
the definition of K. This completes the proof.

3. Groups with all proper subgroups soluble. In this section we prove our resull
concerning groups with all proper subgroups soluble. It is easy to see thalt an
uncountable group of this kind is soluble. 'We have the following reduction result.

Theorem 1. Ler G he a periedic locally graded group with all the proper
subgroups of G seluble. Then ane of the following holds:

(i) G ix seluabrle;

(i) & is finite:

(i) & is a perfect locally nilpotent p-group for some prime p.

Proof, Let & be as stated and suppose that & is infinite and insoluble (and
therelore countable). Suppose also that H = & s linitely generated and insoluble.
Then H = G and, since G s locally graded, & contains a normal subgroup N such
that /N s Oinite and nontrivial. Let d denote the derived length of N and & the
order of G/N. IUis casy 1o see that the derived lengih of every proper subgroup of &
is at most o + & and Lemma 2.1 of [15] now yields a contradiction. Hence & s
locally soluble.

Since & is countable we can now wrile & = Ug G, where G is a linite soluble
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group and G; £ G, foreach i 2 1. Supposethat G isnota p-groupand let p’ =
=m(G)\{p} where, as usual, T(G) is the set of primes g such that G contains an
clement of order g. Using results of P. Hall (see, for cxample, [23], 9.1.7) we may
write G; = §;7; for each i, where §; is a Sylow p-subgroup of G; and 7 is a Hall
P -subgroup of ;. Furthermore, by Hall's theorems again, we may assume afler
choosing the subgroups S; and T; appropriately, that 5; < 54 and T; = Ty, for
each i. Now G = ST, where § = U S and T = U 7. Moreover, n(G) is the
disfoint union of ®S8) = p and A7) = p’ andso S, T 2 G. Consequently, § and
T are soluble, of derived lengths & and ¢ respectively, say. Hence, for each 4, §; and
T; are of derived lenght at most s and r, respectively. Therefore, by a theorem of
Kazarin [24] (Theorem 4), the derived length of G, isatmost 2sr+ s+ 5 forall i Tt
follows that &  is soluble of derived length at most 25t + 5 + 1, which is a
contradiction. We deduce that G is a p-group for some prime p and hence, since G
is locally soluble, that G is locally nilpotent. If & = &' we have that &', and
therefore G, is soluble, a contradiction. Thus G is perfect and the resull follows,

4. Groups with min-se- = ;. Finally we consider groups with min-se- 2,
Locally finite groups of this type are particularly casy 1o handle. The following result
is analogous to Theorem | of [10]. We recall that a subgroup K of a group G is said
1o be finitely separated from G il there exists a normal subgroup A of finile index in
G such that G # AK.

Lemma 2. Let G be a locally finite group and suppose thar G satisfies  min-
w-=,. Then G satisfies min- = ;.

Proof. Suppose that & is not soluble of derived length & and let H) =2 H. =2 ...
be a descending chain of non- =, subgroups. Then there is an integer n such that
| Hi: Hieqr| 15 finite for all § 2 w. By [17] (Corollary 1) there is a finite subgroup
K e =, such that K is not finitely separated from H,. Thus, if LaH, and |H,: L]
is finite, we have that H,, = LK. In particular | H,: L| = K. Hence every subgroup of
finite index in H,, has bounded index and it follows that the chain H, =2 H,., 2 ...
terminates. Thus & has min-f",:. as required.

As an immediate corollary we have the following extension of Theorem 3.5 of [15].

Theorem 2. Ler & be a locally finite group satisfying  min-os- E_,.; Then one
af the following holds:

(i) G is soluble of derived length at most d;

(i) G is Cernikov, or

(i) & has a normal subgroup N such that G IN is s soluble Cernikov gronp
and N is ;'.'rr.rmurphic Fer one n_-" the proups S L2, Ky PSL(2K), :Bgfn‘{'} or
EGJ.{ K). for some locally finite field K savisfving the minimal condition on
subfrelds.

We now consider morc gencral groups with min-==- 2. First we have the
following useful result.

Lemma 3. Ler G be a group satisfying  min-==- E_“r and suppase thar GI G
is not minimax, Then Ge 2,.

Proaf. Let G be as stated and suppose, for a contradiction, that Ge =, Then
there exisis a finitely generated subgroup F of & such that Fe =2, Clearly
G/ G'F is not minimax. Observe that it A is an abelian group that is nol minimax,
then there exists B < A with neither 8 nor A/B minimax. By applying this
observation repeatedly, in an obvious way, 10 the subgroups of G/ FG, we easily
obtain the desired contradiction the proof.
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We let min-e=-n denote the weak minimal condition on normal subgroups.

Lemma 4. Ler G be a group satisfving min-eo-3= ;. Suppose that G
contains a nen-=, subgroup H satisfving min-ce. Then G satisfies min-co-n.

Proaof. Let Ny 2 N2 2 ... bea descending chain of normal subgroups of @,
Since H has min-e= there exists a natural number n such that |HMN; : HN Ny, |
is finite for all { =2 n. Now HN, =2 HNa = ... is a descending chain of non-Zy
subgroups of G and so there is a natural number m such that | BN, - BN, | s finile
forall i = m. It follows casily that |N; : Niy| is finite for all § = max(m, n) and the
prool is complete.

For nilpotent groups of the type under discussion we have the following pleasing
structure theorem.

Theorem 3. Let G be a nilporenr group satisfving min-w-E_ﬁ.. Then either G
is minimax or G s soluble of derived length ar mosr o,

Proaf. Suppose that Ge 2y sothat G contains a finitely generated subgroup
K suchthat Ke =, Since K is nilpotent and finitely generated, it is minimax, and
Lemma 4 now shows that & has min-so-n, We deduce that G/ G” is minimax and,
since G is nilpotent, it follows that & is minimax, (sce. for instance, the Corollary 1o
Theorem 2.26 in [25]). The prool is complete.

Lemma 5. Let G be a locally nilpotent group with miu-w~§:. Then G s
selubrle.

Proaf. Let T be the torsion subgroup of &, Since T is locally finite, Lemma 2
shows that T satisfies min-Z ., and results from [15] now establish that either
Te Z; or T is minimax. It follows that T is soluble.

To show that G/ T is also soluble, and thereby complete the proof, it suffices 1o
assume that G is countable and torsionfree. If G has linite rank, then G is nilpotent
(and hence soluble), so suppose that G docs not have finite rank. By the arguments of
[22]. there exists M = G with f(H) = G, where [ (H) denotes the isolator of H
in G, and an infinite descending chain ol subgroups lrom & 10 A, cach of which has
infinite index in its predecessor. Clearly this implics that He S, and since [ (H) =
=, it Tollows from a result of P. Hall [26] (Theorem 4.6) that Ge =,

Corollary 1. Let G be a radical group satisfving min-se-2Z ;. Then G ix
sellneble,

Proaf. 11 is easy 1o show, by using induction and Lemma 5, that & is soluble il its
upper Hirsch — Plotkin series terminates aller finitely many steps. Suppose then, Tor a
contradiction, that G is not soluble and note that every normal 2 -subgroup of G is
contained in the (d + 1)-st term of the upper Hirsch - Plotkin series of &, H say.
Since the upper Hirsch — Plotkin series of H  terminates alfter finitely many steps it
follows that H is soluble. Now, if He 24 H lics in the dath term of the upper
Hirsch — Plotkin series of &  and so that serics terminates alter o steps, a
contradicition. Hence H € =; and we deduce that &/ H has min-e=. A resull of
Zaicev [10] now shows that G/ H is soluble, and the result follows casily.

Mext we oblain our main structure theorem for locally soluble-by-finite groups with
|1'|i1'|-n-n-§':;,

Theorem 4. Ler G be a locally seluble-by-finite group with mm-m_g';, Then
cither @ ix soluble-by-finite or G contains a perfect normal subgroup K that is
Z-bv-simple and such thar G K is a (soluble minimax)-by-finite group,

Proaf. Let K denote the minimax residual of G

We lirst claim that G/ K is soluble-by-linite. To establish this cluim it clearly
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suffices to assume that K = |; thus we may assume that G is residually minimax. If
Ge 2, then there is nothing to prove. So suppose there exists a finitely generated
subgroup F.of G sachthat Fe S, We may choose F 1o be not finitely separated
from G, by [17] (Corollary 1). Now G has a system of normal subgroups Ny, for
Ae A, with each G/Njy soluble-by-finite and minimax, and Mo aN3 = 1. Let
R3/ Ny denote the finite residual of G/N;. By [25] (Theorem 10.33), R /N is
abelian, so if B = (aeaR5 then B < MieaN2 = 1 and R is abelian. Factoring we
may assume that G is residually finite, so there is a system of normal subgroups
{V;:iel} witheach G/V; finite and MN;¢,V; = |. Now F is soluble-by-finite and
so there exists J 2 F with F/J finite and /"' = | for some natural number r. Now
FVi =G foreach ie [ and so JV; has finite index in G, bounded by |F/J|
Without loss of generality we may assume that |G : JV; | is the maximum of all the
indices |G :JV,|, and intersecting each V, with V; we may thus assume that
|G V| = |G :Jv| forall ie ! and hence JV; = JV, forall iel Then

(VD = Nig IV 2 NV = 1,

so G is soluble-by-finite, as claimed. Thus G /K is soluble-by-finite, as claimed.

Now suppose that & is not soluble-by-finite. By the above argument, K is not
soluble and so G/ K is minimax (using min-= on G /K). By Lemma 3 above,
K/K* is minimax and therefore trivial, since K is the minimax residual of G. Indeed,
il L denotes the minimax residual of K then, as above, K/L is soluble-by-finite and
therefore has a solube radical M/ L of finite index in K/L. Since M < G we have
G/ M finite-by-minimax and hence minimax, so M = K. which gives K/L soluble
and hence trivial. So K has no nontrivial minimax images. Let N denote the iterated
Hirsch — Plotkin radical of K. If N is not soluble of derived length at most o then
K/N has min-== and is therefore minimax, hence trivial. But a radical group with
min-ee- E_d is soluble and since K is perfect we have that K is trivial and hence &
is soluble-by-finite, a contradiction. Thus Ne S,

It remains to show that K/N is simple. For this we may assume that N = 1, so
K has no nontrivial normal soluble subgroups. Thus, it {5 is any nontrivial normal
subgroup of K then K/ has min-== and is therefore minimax. As we have seen,
K has no nontrivial minimax images and so U = K and K is simple.

Theorem 5. For each imteger d 2 2 there exisis a locally nilpotent group G
of infinite rank that is not of derived length d in which every subgroup of infinite

index is either finitely generated nilpotent ov of derived length d. In particular, G
satisfies the condition min-==-2,4 and G is neither minimax nor soluble of derived

length at most o,
Proof. Welet k= 2! and p be a fixed prime. Let F

where R is the set of relations: [y, 3] = 1 forall i j. v, (F)

{x, ¥pe o el R
I and (FM" =

=1. Let F be the free nilpotent group of nilpotency class 27 with generators x.
o vi, sothat F is an image of F. Inthe group F there are “derived length o

commutators™ that are of infinite order, modulo the normal closure of {[y;, w11 = &
j £ k) The commutator of weight 29 which is itself a weight 29-! commutator with
entries [x, ;] forall  is such an example (the form of the commutator is exactly that

of the one needed o define the variely =y, see [27] (Section 3.3)). Thus FO e 1,
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since all we have done by adding the law (F“")" = 1 is factor by the p-th power of a
free abelian subgroup.

Next weclaim that H = (F, v,....v.x"e 2, To see this, we need 1o show
that all “derived length d commutators™ with entries in H are trivial, but, since F*
is centrainly central in F (since Tl“'u{F} = 1) we need only check such
commutators all of whose entrics are in {2 vy,.... v} U F’. Note also that we can
ignore F” here, since (again) all commutators of weight 29 + 1 are trivial. Let & be
a “derived length J commutator” in {x". v;,.... %} Ifno x” appears as an entry
then, for some i and j, the element [y, v;] appears in the expression for ¢ and so
g= 1. butif x” appears then © isa p-th power of a “derived length o
commutator” with entries in F, and so @ = | again. The claim follows.

Since F is a finitely generated nilpotent group that is not soluble of derived length
d there is a subgroup F* of F suchthat F*e =, but every infinite index subgroup
of F* belongs o Sy, Let A = [:r]{ar} be an infinitc elementary abelian p-group,

Define an actionof F* on A via a® = g forall ve A, e {(Fl.y,.....n)= C,
say, and [a;. x] = apy forall i 2 1, with ag = 1.

Set G = A = F* which is clearly a locally nilpotent group of infinite rank that is
notin 2, Let K be a subgroup of infinite index in G, If KM A is finite then K is
a finitely generated nilpoient group and is therefore minimax. Suppose, therefore, that
KMA isinfinitc. Weclaimthat Ke 2,

If K< CA=CxA then Ke =y, since C £ H. I K & CA then there is a
least r > 0 such that x"cae K, lorsome ce C, ae A; also KCA = (x"}CA in this
case. Il p divides r then K € HA and K £ HA. H] € H'A, K" 2 H” < [A,
H'] = H”, since H' £ F' < C, which centralizes A. Thus K < ™ = | and
Ke =, in this case. Suppose that p + r. Since KA is centralized by CA and
normalized by K, it is normalized by {x"} and hence by {x ), using the fact that G
is locally nilpotent and p + r. However this implies that KM A = A, since KMA s
infinile. Thus A £ K and

K=KNAF* = A(KN F*

which implies that K M F* has infinite index in % and is therefore soluble of
derived length at most o, As before,

K = [A.K N F*IKNF*Y S A(KK N F*Y
and
K" 2 [ALKNFYYNK N FY = (KN FYY,
again using [A, F'] = I. Hence K" < (K N F*)" = | and Ke 3, as claimed.
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