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NOTE ON SYMMETRIC WORDS IN METABELIAN GROUPS

SAYBAAKEHHA HIOJ0 CHMETPHYHHX CJIIB
¥ METABEJIEBUX I'PYIIAX

We completely deseribe m-symmetric words in a free metabelian group.

Hiapeeno nosimi onee # -CHMCTRPIHHL COiL A wiasne MeTalencnol rpynH.

The problem of characterizing of n-symmectric words for a given group € was initia-
ted by E. Plonka [1, 2]. The properties of »-symmetric words are fully described by

the group St"'fﬁ}, introduced in [1]. The n-symmetric words depends on identities
in G and §'"(G) =5""(F,(varG)), where by F,(varG) we denote n-gencrator

relatively free group in variety defined by . The group S"7(%%) (9% — the
varicty of all metabelian groups [3]) was deseribed for # = 2 by Macedoriska and
Solitar [4] { another proofs one can find in [5,6]) . The case n =3 was considered in

[6] (sce also [7,8]). In our paper we extend these results describing (N3 for
arbitrary n.

We prove the following theorem.

Theorem. The group §'"(N°) is an infinitely generated free abelian group.

In order of the proof we give also full description of  n-symmetric words in this
case.

Let F, be the free group on xq, ..., x,. A word we F is called n-symmetric
ward for a group G i w(gy, ... g.) = wlgai1ys ooo o Bagny) forall gy, ..., g, in G
and all permutations ¢ in the symmetric group 5,. We have a natural epimorphism
p: F,= Fvar(G). Let A be the group of astomarphisms of F_{ var /) induced
by the mappings x;, = x4, 1 =i <n, where o € 5, (symmetric group on »n
elements ). The set

5%G) = {ve F(varG): v=o(v) forevery aeA} = [ Fix(c)

aEA

is called a group of n-symmetric words for ¢ because ¢ "($"NG)) consists of all
s=symmetric words for . 5o, in the case of free metabelian group we can carry out
all our calculations in F while working modulo F”. We denote by  [x,y] =

= e |
=x ¥ xy commutator of elements x, y.

Proof. Let we F, and let w be the a-symmetric word for free metabelian group
F.f F:. From Lemma 5 of [6] we have we F;. Since J',: is gencrated by conju-
gates [x, x;]" (ue F,) and such conjugates commuie modulo F” we can assume
that

W= n [.r',x_‘]w"" mod F*
iz)
where w; ; are polynomials in commuting variables x; ', xy ! with integral coeffi-
cients.
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Any permutation ¢ does not change the number of variables of monomials in w; ;
(the action of & on w is given by w®(xy,...,x,) = W(Xg(1)s - » Xginy) ) SO We can
[.t',-,, x; ]'"'i.l i
and wy,,; are polynomials in variables x;, x; only, wy,; are polynomials in which
every monomial does not contains x;, x; and wy, . contains all other polynomials.

assume that w = wwyw;, where for k=1,2,3 we have wy = l_[.-ﬂ

We have w” = wlwiwd and w’ =w, for i=1,2,3 If we put @ =(ij) trans-
position interchanging ¢ and j, then

Wi

wa g 1O e —rta
(5 507)" = D d™ = DT =[x,

It means that w- is a trivial word,

Since §, is m-transitive, applving to wy permutation T such that T: i =k, j —
—r m, where {i,j}#{k,m}, k< m, we conclude that wy = n.q [‘r”'tflnﬂ.rrx”
for some fixed word w, . Applying to w, a wransposition @ = ({j) we conclude that
[x;, X 1" is 2-symmetric word for Fof F‘J" and by Theorem 1 of [5] a; is a sum of
polynomials of the form x"y7— %" with integral cocfficients.

Applying to wy a homomuorphism which send x; — x,, ¥, = x; and x;— 1 for
k#i,j we conclude that the image of wy is a 2-symmetric word and so the poly-
nomial Wiy Blcais Lames Lasiss L X 1.y 1) have the same form as wy . It follows
that wy, ;i (e 2,) = g (0, ;) 5 (00 Xy Xy 1) where polynomials
%;,; have no constants and does not contain x; and x;.

For any k,1, k <!, there is a permutation which send i — & and j— /.
Applying such permutation to the word wy we conclude that Qi =T 1 =G 5, =
=5, =5 lorsome fixed 5 and g. Applying to wy any permutation which fixed |
and j we conclude that s is «— 2-symmetric polynomial.

Soany n-symmetric word has a form

W(xy o) = [Tl x;) [Tvatx %),

i) 1<)
where

¥ I YT S SR SR
ix ,i]‘ ﬂﬁ.ﬁ i 1 i "

vi(x,y) = |x,¥] vy(x,y) = [x,

and u,q are the sums of polynomials of the form x"y%— x%" with inegral
coefficicnts, 5 is » — 2-symmetric polynomiul. Inverse statement is casy to check by
direct computations.

The group S'"'( % 3] is infinitely generated because we have a natural epimor-
phism $U7(N?) o $(N) defined by w(xy,....x,) = wix;, 43, 1,...,1) and
SN N?) is infinitely generated by [4). Theorem is proved.

Remark. From results of [9] it follows that in the free metabelian group any
nontrivial relation occurring among the sct [.-.'r-,.rr-]w‘" is a product of transforms of

Jacobi identity [x,¥])'"[x,2)” *"[y,2)'""" = 1. So, the word [x,y ] ¥ x, 2] x

J{_T—:]J:

x[y,z is nontrivial 3 -symmetric word for & = Fsf F:'
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