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ON 2-SYMMETRIC WORDS IN NILPOTENT GROUPS
PO 2-CHMETPHYHI CJIOBA B HUILITOTEHTHHX I'PYITAX

We liad the ailpotency class of a group of 2-symmettic words for lfee nllpoieinl groups, free nilpotem
mctabelian groups, and (ree (nilpotem of class ¢)-by-abelian groups,
3nAAcHo KAC HIALMOTENTHOCT] TPYNI 2=CHMETPHYMIRE CAIB (LI BIALHIE MUILNOTENTHRY Fpyn,

BLARIIES LN TSITHIES METAteSCRNX 1 PYN T BLALNIS TPYN Y KJISCT BOIX POSUIIPEIGL HLLOOTCHTIN
CTYNCHA © TPYN 33 0N0MOoroK ey rpyn,

1. Intreduction. Symmetric words for a group & are closely related to the fixed
points of the awomorphisms permuting gencrators in their corresponding relatively free
groups. The problem of characterizing the group of 2-symmetric words for a given
group F was initiated by Plonka [1, 2] who, among other things, gave a complete
description for nilpotent groups of ¢lass = 3. Descriptions of 2-symmetnic words are
known for the free metabelian groups and free soluble groups of derived length 3
(Muacedonska and Solitar [3]) and free soluble groups of arbitrary derived length
(Tomaszewski [4]).

In all cases above the group of 2-symmetric words is abelian and 2-symmetric
words have uvsvally the form w®, where @ s the sutomorphism which permute

generators in the 2-generator free growp. Since if v and +* commute in & then wn®
is obviously 2-symmetric word for &, such deseription is sometimes called “trivial”.

Unexpectedly, the situation for nilputent groups of higher classes is guite dilferent.
The resulis of [5 = 7] show that for free nilpotent groups of class 4 and 5 the group of 2-
symmetric words in nonabelian. The same is also wrue for free metabelian of arbitrary
nilpotency class group [5], free (nilpotent of class 2)-by-abelian groups and free centre-
by-metabelian groups [8]. Moreover, even in the case of free nilpotent group of class 3
there exist 2-symmetric words not of the form v, In this paper we discuss this
phenomena and find the nilpotency elass of the group of 2-symmetric words for some
new relatively free groups.

Let F be a free group generated by x, y. A binary word wix, ¥) € F is called 2-
symmetric word for a group G if wig, i) = wih, g) forall g, & in G.

The Z-symmetric words for a group & are the same as these for the group F{{7),
the two generator relatively free group of the varicty generated by G (F(G) = F/V
for some verbal subgroup V' oof F). Let ¢ be the automorphism of F indueed by the
mapping x =y, y —x. Clearly, w is a 2-symmetric word for ¢ if and only if w =

=w? modV (i.e. w = w% - wy, where wge V). So, we can carry out all our
caleulations in F while working module V. There is a natural homomorphism § :
F = F(G) (x = X, y = F) which induces an automorphism & of F(G), when V
is G-invariant. Denote by
$NG) = {we F(G):w = w°} = Fix(8)

a group of fixed points of &. Since ¢~'(5"°)G)) consists of all 2-symmetric
words for G we called $'%(G) a group of 2-symmetric words for G.

In this paper we consider Su}{(}} in the case of (/-free nilpotent group of class ¢,
which we denote by 5‘2][".11"‘-]4 free nilpotent metabelian group S‘E}FJE‘C ~ ‘-'.’[3} and free

(nilpotent of class ¢)-by-abelian group S 9) (where N, 9, Y7 are varieties
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of nilpotent groups of class ¢, abelian and metabelian groups correspondingly). Our
main results here are.

Theorem 1. The groups S50 and $'9(0. ~ A7) are finitely generated
nilpotent groups of class ¢ = 2.

Theorem 2. The group S‘thilt,, =N iz infinitely generated nilpotent group of
class ¢.

In our proofs, the words ww® play the significant role in finding the nilpotency
class. However, not all 2-symmetric words have such form. For example, the word

22y, ¥y, x 1P from $PMN) [5, 7) is not equal 1o ww® for any we F (here

[x, ¥] = x~"y lay is a commutator of elements x, y, commutators of higher weight are
defined as left-normed, for other definitions we refer to [9]).

2. Proofs of main results, The following lemma is fundamental in our
considerations,

Lemma l. f R<S = F, wel and w 2 w" modR then (w-w?)® =2 w -
-w® mod|[R, 5].
Proof. If w = w?modR then ww e R and [w% !, w] e [R, S]. But we have

[t w] = (w0 e e e = w(w® T ' = [w!) w@],

It means that

wn ! = wlw® mod[R, 5]
and

whe = wiw® mod|[R, 5].
MNow

(ww?)® = whe = ww® mod[R, 5.

Denote d;j = [x, yI**¥' (i, j e T — integers).

Corellary 1. For any natwral number ¢, ¢ 2 2, there exist 2-symmetric word
w mod¥., ((F), such that w & F=v(F), and 2-symmetric word v mody. . (F7),
such thar ve F'—y(F7).

Proof. It follows from [1] that the word w = x%y?[y, x]? is 2-symmetric
modyy(F). By Lemma 1

wiw'® = .x"‘y* s wpe g € Y2(F),

is 2-symmetric mody(F) and by induction we have nontrivial word

T | zs-l
H=x" y cug.  wo € Y2(F),

which is 2-symmetric mody. . (F). The same procedure applied to the word

du:(d; zfdg,:.ﬂ-j] which is 2-symmetric modyi(F") by [8] give us 2-symmetric word

e | i=1
mod ¥ . 1(F" of the form d,f (el 2wy, wy € 1(F.
Example, The words

IrnEvvaalinzyandl™s: sy ] c2X

C e c=1 ::I

are 2-symmetric word mody.,(F). In general, for & = [c/2] the product of two
commutators of length &
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15 A G | bR e B
i 2o i =
is 2-symmetric word mody.. (F) but, this is not always the case, for example the
product

D x 2 vz v, v x] = 1 modys(F).

It explains the advantages of writing the words as a product of basic commutators and
using the uniqueness of such product mody, . ;(F).

Corollary 2. 1. For all k, 3 = k £ ¢, there exist 2-symmetric word w
mod ¥y, 4 ((F) such that w e W%(F) -1+ 1(F).

2. For all k £ ¢ there exist 2-symmetric word mod¥y., (F) such that
w & Wl(F) = Yue1lF).

Proof. 1. The word

w = [wx, x,.....x:][y,x,y....,y]‘t. k23,
k I

is 2-symmetric mody,1(F). Applying to this word procedure from Lemma 1 we
obtain the word
= EI‘I‘II‘II“'!‘{]: b [,E"fx! }’-u-»}‘]_’ * g, Hp € 'ﬁ+][ﬂ-

k i

which is 2-symmetric mod¥. , (F).
2. The corollary follows from the fact that the words d&(d:}z[d:.d,-j ] and
[dﬂ,dm][dﬂ,df“] are 2-symmetric mody:(F") and
o a -1
(45, ... d; ) - 45, dy 5. 45
k k

is 2-symmetric word mod Y. (F7).
Lemma 2. fn any nilpotent group G of cluss ¢ (¢ 2 3) we have for any
natural number a

[v".x%] = [y,.r]"z[y,x,x]n{‘ﬂ[y, x.yr[ﬂ maod ¥ (F).
Proof, Modulo «(G)

2] = Doallnxo ], [nx™] = Dy 21D 5 5]

and

[ %] = [y 1"l 5 212
These give us
P LN ) o PR i P
Lemma Y. If w = w® mody, ((F), ¢ 2 3, then
w = X[y, [y x x] [y, x, y]? modya(F),
where a® = 2b and ¢, +¢; = a(;}
Proof. If w = w® mody.,(F), then w = w® modu(F) and by [2] has a form

LS xl’yﬂ[},?x]b[y.x.xrl[}r, x, J"]:: * Wy wo € Ya(F).
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We have
w? = y"’x"[y,.r]b[.r, »wylP[x oy x]? -wd =

2 ()2 al2)-c
= 2 Dl Myl oy T e ),
and comparing w = w® weobtain a® = 2b and ¢y % ¢ = u[‘.:.}
Lemma 4. If wy, wy are 2-symmetric words mody,., (F), then [w., w;] =
€ 1al(F). There exist 2-symmetric words wa, wy mody.,(F ) such thar | ws,

wy] & ¥s(F).
Proof. 1If wy,wz are 2-symmetric words mody,,(F) then by Lemma 3 have
the form

xﬂfﬂ[y'xlb[}'*x*xr' [J"'i -"'*J’Iq * Wops

Y [y, 1P Ly, 2 2P [y 5, 02 - g

where wop, woz € Ya(F) and @’ = 2b and ¢ + ¢z = a{E].Ez =2b, 4+ 5=
= a(3).

We have

[wis w2l = [y 21 [y %, %1% 0y, 2, 1% [ 3 20 5T [ 3, 2, 9195 [ 2 3 9T - s
where wy € ¥s(F) and

WYy

W2

0y = —a(3) + a(3) - ba + ba = 0,
03 = —a(%) + @(?) - ba + ba - aa® + a(@)? = 0,
0u = ~a(5) + %) - B(5) + b(3) + o - 7a,
o5 = ~(93) + ()6) - aa(s) + c@(Z)er+ea - @ +2)a = 0,
0 = —a(3) +a(5) - B(3) + b(3) -
- @a(8) - a*(3) + aa(3) + @7(3) + 2@ - &,
which show that [wy, w2] € 1a(F).

If [wy,ws] € y5(F) then ¢4 = 0, but ¢y depends lincarly on ¢y so multiplying
wy by 2-symmetric word of the form

u = LJI’-ARJFL!-'--‘»}']'D ]
(¢ # 0, uy € 5(F)), which exist by Corollary 2, we obtain [wyu, wy] & y(F ).
Proof of Theorem 1. Let N = $/(),). Since N is a subgroup of F/Yes1(F)

the nilpotency class of & is at most ¢ and N is finitely gencrated.
From Lemma 4 it follows that for any wy, wz, 2-symmetric words mod . (F)

their commutator [wy, wa] € Y F). It means that the nilpotency class of N is at
most ¢ — 2. There exist also two 2-symmetric words wy, wa such that [wy, wa] €
€ ¥s(F ). It means that

[wi,wa] = [wx,x,x]¥ - [oxn¥]Y - wy,
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where wp € v(F), w = 0. The commutator

[wi,wa,wa] = [mx e, xFY  [mxyny]® - #p, W e wW(F),

which shows that [wy, wa, wa] belongs to ys(F) = y.(F). Continuing this process
we see that N has nilpotency class at least ¢ - 2.

Since 2-generator nilpotent group of class 4 is metabelian, all calculations preceded
are valid in the case of free nilpotent metabelian group.

Proof of Theorem 2. Let R = SY0. - A%). If w = w® mody, (F’) then w=

=w? mod F” and by Proposition 1 of [8] we have w e F'. It means that R is a
subgroup of F'/+% . 1(F') which is nilpotent of class ¢, so R has nilpotency class at
most ¢. Now we show that nilpotency class of R is equal to ¢. From [8] it follows
that we have infinite number (for different pairs (i, j)) of words of the form

dz d“) [d7, ,-‘r-]1 which are 2-symmetric mody:(F"). Starting from these words we
u‘mam, using procedure from Corollary 1, the words

ye=1

=1
=dj (] W, wiera(F),
which are 2-53rmmelnc mod'r“.t{F ). Let (i) = (k). Then
[wis wirl = [dy dy Yl d5, du Py dgYldg dGT - wo,  wo e 1(F),

is not contained in w(F") since s = 222 2 Similarly, the commutator [w;j. Wil
wy] is not contained in ys(F") since it has a subword [d;, dy, dy] is some nontrivial
power. Continuing this process we sec that the nilpotency class of B is ¢. R is
infinitely generated since the set {wy;: (ij) € Zx Z} cannot lie in finitely generated

subgroup of R.
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