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ON SIGN OF SOLUTIONS OF SYSTEMS
OF ORDINARY DIFFERENTIAL EQUATIONS

ITPO 3HAK PO3B'A3KIB CHCTEM
3BUHYAHHHX TUOEPEHIIAILHHX PIBHAHB

We show that Theorems 1 and 3 in A. G. Gricai's paper “Monotonicity properties of solutions of sysiems
of nonlinear differential equations”, which was published in the collection of works “Approximate and
qualitative methods in the theory of differential and functional-differential-equations™ (Institute of
Mathematics, Ukrainian Academy of Sciences, Kiev, 1979), are incorrect in the represented form.

Mokazano, wo Teopess 1§ 3 poforu A, T Fpouan 0 ceofcTBAX MOHDTOHHOCTH PEWIEHNA CHCTEM He-
AHHEAHKE AU CPCHUHANIBHKX YPasHeHHi™, onyOnikosanol ¥ IGIPHAKY Npalh THCTHTYTY MaTeMaTH-
ki AH ¥epains JIpnfinnseniie 0 KAYECTREHHME METONM Teopul andupepenunanciux W akduhe-
PEHUMATEHO-(YHEUHOHATRHEY YpasHenni™ (1979 p.), v HaBeqeHoMy BHIALDN HEMpaBHabii.

1. Introduction. The linear homogeneous sysiem of ordinary differential equations
with variable coefficients

x'(t) = A(Dx(e) for te [1g, +o=), (1)
where x(r)e R", A(r)e R™", with the initial condition
xtg) = x;50> 0 for i=1,2,...,n, (2)

where x;o for i=1,2,...,n are given, was investigated in the papers [1] (in the case
n = 3) and [2], under assumption, that A1) is a Metzler matrix for every € [y,

+92). The authors have obtained some results on sign and monotonicity of solutions of
initial value problems (1), (2).

These results were generalized in [3] to the case of nonlinear system of ordinary
differential equations of the form

x(1) = ), ay(00Gy(x;(1)) for 1€ [ty T) (3)
j=1
for i,j=1,2,...,n with initial condition (2}.
In [4] the following nonlinear system of ordinary differential equations

(0 = Flt, xq00, x200),..., x,(8)) for 1€ [t T) (4)

for i=1,2,...,n with initial condition (2), was investigated in the paper [4]. The
author formulated and proved sufficient conditions on sign and monotonicity of
solutions of the initial value problem (4), (2).
2. Main result. Among others, in [4] the following theorem has been presented.
Theorem 1 (cf. [4], Theorem 1). Let wus assuwme that

Filt, Xpse oo X3 0 Xpgqseens X5) 2 0 forall  xppen Xi_jy Xpgpsenn Xy > 0. (5)

Then all components x(1), i =1, 2,...,n, of solution x(r) of system of equations
(4) which fulfill the initial value condition (2), are positive on the imerval [1,, T)
under assumption of existence of the solution,
If additionally we assume that the inequalities
daF

aT"_{xhxz,....x"} z0 forall x,%x3,..,%, >0 (6)

]
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are fulfilled for i,j=1,2,...,n, then
x(t) 2 0 for re[13.T) for i=1,2,....n

The proof of the result is not correct and cannot be improved as is shown by the
following counterexample to the statement. The same counterexample show that
Theorem 3 from [4] is also incorrect.

Example. Fix an ne M and let us consider the system of differential equations

on the interval [0, 2) of the form

x(0) = —=(n+2)3 xf(r] + %‘rxzzT] + 4 J‘-’;('] + ... +%1'.:f[:},
%50 = Va2 - (n+ 2 20 + Y30 + ... + Y,

7

X0 = Jx] (0 + ﬂxzm + %fxam . —{n+214.r..{r,
with the initial conditions
x{0y =1 for i=12,..,n (8)

Assumptions of the Theorems 1 and 3 are fulfilled. From (7) we infer that the
functions

F{I‘ xi,.... x‘:_'l_, x‘:,x"+1,....x"} =

3\5 +{|fx *ok i ;,, -(n+2}‘,.l'?] A»%"E,

i=12...m
fulfill the assumption (5).

Let us observe, that the functions x;(r) = (1 - r}j for i=1,2,...,n arethe
solutions of the initial value problem (7), (8) in the interval [0,2) and x;(3/2) < 0.
Thus the components x;, i=1,2,...,n, of the solution x are not positive.

Remark. Let us note that the paper [4] is not a generalization of [3]. Indeed, in [3]
the author assumes only continuity of functions Gy, i,j=1,2,...,n, appearing in (3)
while it is clear from (6) that in [4] existence of all partial derivatives are required.
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