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EXPANSIONS FOR THE FUNDAMENTAL HERMITIAN
INTERPOLATING POLYNOMIALS
IN TERMS OF CHEBYSHEV POLYNOMIALS

PO3KJIATA OYHIAMEHTAJIEHAX
IHTEPIOJSTIAHAX HOJITHOMIB EPMITA
" B TEPMIHAX ITOJITHOMIB YEEHINIOBA

We obtain explicit expansions of the fundamental Hermitian interpolating polynomials in terms of
Chebyshev polynomials in the case where the nodes considered are either the zeros of n+ 1 degree
Chebyshev polynomial or the sxtreme points of n degree Chebyshev polynomial.

Omepaane xpnl poakaann HyHAAMENTAAMENX IHTepnofaAnifunx nofinomis EpMitTa 8 TepMinax

noninoMis “eSHIIOM, KoMK BYLUTAMH IRTEpNONAni ¢ ato myni nomimosma “eSHIDOns cTENeHA 1 + 1,
afo eRcTpeMAnEHI TOUKH nonisomMa Hefuwosa cTencHs n.

1. Introduction. Let ne M be an integer and £ € [-1,1]. For ne M, the first and
second kind Chebyshev polynomials T, (E) and U,(E) of degree n are defined by:

Tu(E) = cos(narccost), (1)
1" (n+1), if E=-1;
Un(e) = {Sn((riDarccosE) e g g @
Y1-§
LE if £E=1.
If fe CI':;"'i], me [, then the general interpolation operator is given as:
Plix)= 3 J}:naf;{x}fm(x.-}, 3)

where the subscripts denote differentiation, the x; are constants and A, are
polynomials in x.

When m =0, we replace A;o(0) by I, :(x) in order to confirm to standard
notation thus (3) becomes:

Plfixl = Lalfixl = 3 L 0OFCR), @

[T

where

f G Oy (%) _ =
i) = JT L = B0 0@ = [T G- ©
=0 %—X;  (x—x)@n,(x) i -

J#i
Iy, ilx) is called the fundamental Lagrangian polynomial.
V. K. Dzyadyk in [1] expanded for any n € N the fundamental Lagrangian

polynomial {, ;E), i = 0,7, built by the nodes considered are either the zeros of
(n+1) degree Chebyshev polynomial or the extreme points of n degree Chebyshev
polynomial.

In (3), if m =1, and in particular, we suppose that the first derivative as well as the
function is known at (n+1) of (n+ 1) meshpoints {x;}, i = O,n, so in place of
(3), we have then [2, 3):
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136 M. M. RIZK

PUfx] = Hane1[fix] = {}_;u By ()05 + [2; PG, ©

where h, ;(x), E, i{x) are called the fundamental Hermitian polynomials and given
by

hy i(x) = [1-—!,’;_;{::,}{::-::,}]{:{{::}, Ry (%) = (x—=x)i2 (). (7

In this paper, we obtain explicit expansions for h, i{x), h,(x) in terms of
Ty (x) when the nodes considered are either the zeros of Thy4p (Section 2) or the
extreme points of T}, (Section 3).

Definition 1. The function

_ 1. _ sin(n+1/2)x
Dp(x) = 5 +‘§cuskx i (8)

is called the Dirichlet kernel of order n.
Definition 2. The function

Fa(x) = Do)+ Dy(x) +... + Dpy(x). &

n

is called the Fejer kernel of order n.
From (8), it is easy to show that:

n=1

_ 1 k
Fa(t) = 5 El( —;]rm.h‘ (10)
and, that
Fa(t) = 1—cosnt_ _ sin“(nt/2) (11)

dnsin(t/2)  2nsin’(t/2)’
Definition 3. By using the Fejer kernel (9) define

Gu(x) = 2nF,(x) - sm“’?". (12)
Subaﬁfuﬁné’ Fo(x) by (10) and by the summation form (11) we get

_ a2 (1YL .0 1
Grix) = m = [n-zj + ?.;l[n—k)mskx + 2rl:::c:nsri.;n:. (13)

Definition 4. Define

_ sin®(nx/2)
Qu(x) = G2 (14)

It is easy to show that:

éj—Zainkxs!n% = 2,1 {cos_({w%)x & cu«s(k—%)x}.

Therefore:

=1 _ sin(nx/2)sin((r+1)/2)x _ sin’(nx/2) . nx  nx
;sm ke sin (x/2) B D, g g M

So, from (15) and Definition 4, we have
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EXPANSIONS FOR THE FUNDAMENTAL HERMITIAN ... 137

T 1 n=1
Qn(x) = % = 3 sinkx + Zeinnx. (16)
=]

2. Fundamental Hermitian interpolating polynomials with respect to the
extreme points of the n degree Chebyshev polynomials. In this Section we give a

useful formulae to the fundamental Hermite polynomials hg,yi(E) and Ay, ()
given by (7) on the closed interval [-1, 1], and by taken the nodes:

% = & = —cos X, )
‘We have that the nodes (17) are the zeros of the polynomial Unai®) =
= (-8, (&) = 1-E7 sin(n arccost) and
0ne1(8) = E-E)E-E))...E-§&}) =

= C,Uni(E) = Cpo[1=E2sin(narccos€), C, = =20, (18)
By differentiating (18) two times we get
B ® = G| S Una® + 1T, 19)
and 5
” o | ~nEL® : n? Ups
Wpy(E) = —Enl: I—EEE + {1'-?_',2]2 Una(E) + T{"@ll (20)
So,for j=1,2,....n—1 we get
. _ n=j#l ” L E)Ing
Bnl)) = GEYTn 0l = Gt 1)

Mow, for =0 and form (2) we get
@h1E0) = WD) = —C[FUp (D) + AT = C-D"™M(2n). (22)
Hence, by a simple manipulation we have

@41 (E) = 0} (=1) i o (5) + (—l}EZnC" s
E—1" Dy ':E.J_ m‘m+1{'"1} E=-1* m;n-‘l(";) -0

[7-1:_5:&? sin {n arccos £) — n cos (n arccos E) + 2"(_1)n:|

= i .
E—l::l.' +/1- &2 sin (n arccos &)
|:-{-—1}“ COSE in ne — (~1)"n cos ne + Zn(-l)"]
s sin £ o | 2
gl —(sin €) (~1)" sin ne gkl ()
Similarly, for j=n we have
01 Ea) = Oh(1) = —Gi[U,a(1) + nT(1)] = -2nC,. (24)

S0,

0541(8) — 0543(1) _
E= 1" Wpyq(B) = 0,44(1)
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[ﬁsm{n arccos E) — n cos (n arccos £) +2n]

= Ji =
tiﬂ' +/1—E? sin (n arccos )
[_s?:‘lﬁsin HE — N COS HE +2n:| "

" P | 2

l;]ﬂ" sin € sin ne 3 3(1+2" )- @)

From (21), (23) and (25) we get
= o

0@ _ |12 S S -
wp4(57)

_—1005%{1+2n2}, if j=0,j=n.

MNow, by differentiating the fundamental Lagrangian polynomials (5), then using
L'Hospital's rule, we get

g_,ﬁ j(ﬁ) = 1 (g gj)mn-i-l(g} Eﬂ".nl:ﬁ} I m:ﬂ(ﬁj) (2'?}

P e S 204Gy

Theorem 1. The fundamental Hermite polynomial hy,yq i(E) = Mg i(E)
constructed on the closed interval [-1,1] by the nodes &} = —cos ja/n, j=0,n,

can be written in the form:
L For i=1,2....,n=-1:

hiuﬂ, iﬁ} =

i %{["- . J+ .;1[ 1 _z”*l}ﬂttn + 8 ren-en® -
" 1-cy; 1=cy (%]

1 : ]Tzn-lﬁ} + ﬁrm@' > Tzn+1{§}}?

2(1—cy)
cr = con(12),

Mons,i(€) =

. e

IL And, for i=0, i=n:

= Tst { 4(n® +6n—1) — 2(2n* + 24n-11)c; [(E) + 24hff~1)"{2n —K)cuTi(E) +
n I TF ]

- (2 =2y 1) - 0 )@ + (zf+11c.-r-.=.~+1m}-

Proof. 1. From (7), (27) we get

NPT PRS- 4P1() PP oYy
Hiuns = [1- 298252 @ 29
And, from (5), (18), (21) and (26) we get
Bani@® = [1+ 5@ |[=DMCa00d o
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EXPANSIONS FOR THE FUNDAMENTAL HERMITIAN . .. 139

Put £ =—cosr and E; =—cOSl;, A; =E
n
Therefore (29) becomes:
e cost;(cos t—cos ;)|  sin®nt sin® ¢
= |1+ i i =
Finer,i8) |: sin® ¢ :| n®[cos f —cos £;]*

. 2
1[[ sin ¢ ]+[ cos 1; ) Esi_‘t_(mHm:;)]sm nt. (30)

~ n%| | cost—cos cosf—cosfy) sin

From trigonometry we have
i -+ =1

COS { — COS {; ] 2
_i_m‘“ = —1[1 +4::s-::r’r—*'-'!'§"r mt—*—l-:|,
COS { —COS [ 2 2 2
and sin‘nt = Sinzn(r:tf;]. (31)

Using (13) and (31) in (30) we get
-"‘z:nﬂ.:":ﬁ] =
Cos I e

= 1 l[mtz(ﬁ—r‘lj+mtz[£:i):| —rmsz+ —-—r Sm nt
B _:!' 4 2 2 sin“ g 2 sin®y -

1]1 cOos ¢, 1
= - =L} 4+ f=1 — I;:DS.!'SIII nt + '_T- SI.'I:I RI =

="_1'I [n—zh—--i—usi][‘l I]+{2u—1}m:m(n) E;{zn k) cos kt; cos kt +

+ cos(n}ms (Zn=1)¢ + zﬁi‘ﬂ +

'ﬁﬂ?‘[ms (2n—1)t + cos (2n+1)¢—2 cos I]} (32)

45in° g
Substituting by, t=mn— arccost, and ¢;=cos(in/n) in (I1.2.16) we get directly I

of Theorem 1.
II. When i=0. From (28), (26), (3), and (18) we get

Jsin~(n amcosf_,} _

Hiano = [1+ 5@ | QB (s

1 { sin ¢ ]2 L[] sin?e N oo
an® | [1-cost 3 ||1-cost &

1 1 = 1
—4[2n-2 |+ 23 (2n—K)coskt + = cos2nt +
4n 2 Frd 2

+ 1-'_2"2[1 + cost — cos 2nf — %[cus{iu-l]t+ms(2u+1}:] } (33)
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140 M. M. RIZK

When i =n we have
. = (1= _py] @=E)sin’(n arccosE) _
Hinvr = [1-3a 406 -] E2TTES

1 sin f z+ 2n* +1][ sin®t o5 S—
4—E 1+cost 3 1+cost

2n=
- 4_15{( 5 [ zE](zu k)(=1)* cos kt + -ooszm +
o =]
+ 1+:”z 1 - cost — cos2nt + [cus(?.n 1}I+cm{2n+1]:}]}. (34)
So, from (33) and (34), if i=0 or i =n we have
Monat,i =

; 2
= 4:;£ {(ﬂn _%] + 2(2n—1) cos = cost + 22& (2"—")(—1]"%5"&—“ coskt +
L K=z

+ stﬁm&n—l)r + %coszm +
n

2z
+ 1+52.n [1 + cos % cos t — cos 2t — %ms—[ms (2n—1)t+ cos (2n +1)t]]]'
n

= 4T11{4(n“+ﬁn—1) + 2(2n? +24n—11}msff-mst -
L

+ mzfzn k)m‘*—“mm = (2::2-23}:03%‘:05(241—1}! &

~ 4(n* —=I)cos 2nt — (2n* +1}¢us£—ﬂm(2n+1}r}. (35)
n
Substituting by t=m —arccos £ and ¢; =cos(in/n), in (35), we get directly IT of

Theorem 1.
Theorem 2. The fundamental Hermite polynomial .‘_i.z,,ﬂl HE) = J‘Tg',HJ(E}

constructed on the closed interval [-1, 1] by the nodes &} = —cos(jx/n), j = 0,n,

can be written in the form:
L For i=1,2,...,a-1:

B, i€) = {ﬂt e Ti(E) + E &\, [c¢t+;}—-‘-‘r{t-1}]""x(ﬁ} +

3 ;
+ [‘:ﬁ "E:|T2n—1© — T, (8) + %Tz.m (ﬁ}}: €= ms%
. For i=0, i=n:

Fireni® = ([ 4-5® + 150@®-T0® + 110 ®)]:
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EXPANSIONS FOR THE FUNDAMENTAL HERMITIAN . .. 141
Proof. 1. From (7), (5), (18) and (21) we get
2y o2
P ® = €-g) Sl ipees), (36)

Let E=—cost and £, =—cost;, where t;=in/n. Then (36) becomes:

] 1 sin” t . 3
hll+hf@ = —I{—-—-r-—}sm nt =

n- | Cosl; —COs
1 ; sin I . 2
= COS f; + COs + sinf| ———— | »sin” nf, 3

RT{ [m!;—mf}} (7)

We have
sin 1[ 4t t—11

—_— 1 = —2| cot—L = cot—=L . 38

€08 f; — cos ! 2 2 21 ©8)
From (37) and (38) we have

N , =411 ..
hypey, i) = J‘f{ms:ﬁmsl—%sinq[mtr—?i --mt—-z—‘]}smzn!. (39)
n

From (20), (31) and (39) we get
Elluﬂ, (&) =

= zn—lf{(l—msim}(mHms:,} — sin 'i[ﬂ:n(f'”;)—ﬂzr.(f"i}}} =

1 1
= f+cost, —— 2n+1)t -
1.{:;05 cOos I st( i

2r-1
- %m(h + 1)t — cosf cos 2t — 2 sin I;E sin kt; cus.kr} =
£=1

2n=1
> # {ms 4 +cos(2)cost + *21 [cos (k +1)¢; — cos (k—1)¢;] cos kt —

ul:cm 24 u%]ms (2rn=1)t = cos f; cos 2ni = %ODS(ZI‘I+1}I}. (40)

Substituting ¢ =71 —arccos § and ¢; = cos(in/n) in(40) we get directly I of theorem
2.

1. For i=0 or i=n:

sin® ¢

EZ'HF.IJ(F:) = ﬁi {m  —cos t

}sinznr = 4—lf(msfl-+ms.!]sin1m =
f

= B—lf[ms:,-+::\usl][1—m52m] =
n

= B—If[cosrﬁmst — ©os f; cos 2nt — %[ms{in—]}r + ms(2r|+1}r]}, (41)
I

Substituting ¢ =m = arccos€ and ¢; = cos(in/n) in (40) we get directly II of
Theorem 2.
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3. Fundamental Hermitian interpolating polynomials with respect to the zeros
of the (n + 1) degree Chebyshev polynomials. In this Section we give useful
formulae for the fundamental Hermite polynomials fg,, () and  hy,,4(E)
respectively, on the closed interval [—1, 1] and by taking the nodes:

. @j+)=
Xy = = —cos§ i 42
b= 2n+2 1)

The nodes (42) are the zeros of the polynomials T, .4(E) and we have
@) = E-8)E-5)...G-E) = CT.uE) = C,cos((n+1)arccos§),

Cy = 2™ (43)
By differentiation (43) two times we get '
0% @) = C° {n+1) sinj::ln +E."15}_ arccos £) (44)

and

@™ ﬂ. n({n+1
0, E) = C;I_";z |:§s i({:_};cmﬂ — (n+1) cos ((n +1) arccos g]]. (45)

So, for j=0,2,...,n we get

- n+f
:'+ - n+1) (-1 i ,:_ i {.'..,(""'1}{-1} E.‘» 4
0o (E)) ‘7{{325— o)) W (46)

Theorem 3. The fundamental Hermite polynomial hy,py (E) = h3ue i(E)
constructed on the closed interval [-1, 1] by the nodes E,: = —cOs %L:_'!ZE; J=
m
= ﬂ,_n, can be written’in the form:

o 2i41
B i@ = ni{l +23, (t1-k }S;,kmt)}. -

+1 2n+2
[+ 1)km , | =
Sp = m__%i_-'l-]‘i_“' i = 0,n.
Proof. From (7), (27) we get
. o1 QG _pi]2
i ® = [1- 28 g)) 2,0 )

And, from (5), (7), (43), (44) and (45) we get

B i® = [1-85]—T®__ @9

(n+1)"E-E)
Put E=—cost and &, =—cosy,, r,=%,
Therefore (48) becomes: _
Bonsi®) = iy AL o2y e, (49)

(n+1)% (cost — cost)f

~Now we have
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EXPANSIONS FOR THE FUNDAMENTAL HERMITIAN ... 143

I-cosrcost; l[ l + 1 }
(cost —cost,)®  4lsin*((r+r)/2)  sin*((r—1;)/2) ]
(307
cos*(n+ 1)t = sin®[(n+1)(t££)].
From (9, (50) and (49) we get
- I
h3p41.(8) = 'E'_l_—]{ﬁar-rz(f""f}"' Fopaalt =)} =
! “"*'[ k ] k(2i+Dn
= 14+ 2 |- k(1) ¥ 1
u-H{ * t§| 2n+2 cos n42 c0s k() (5

Substituting r=m —arceos § in (51). Theorem 3 is this proven.
Theorem 4. The fundamental Hermite polynomial hy,,, (&) = k3, AE)

constructed on the closed imterval [=1, 11 by the nodes E,:. = —GMM, i=

—— 2n+2
= 0, n, can be written in the form: |
Baaer1(E) = 'i{'-——-a* E,( Y [Si a1 =Sk ] T2E). S = cos %
FProof. 1. From (5), (7}, (43) and (44) we gel
= (1-EDTH E)
W = (&- n4137 52
i) = E-ENE) = I}- E_E, (52)
Let E==cost and E,==cost;, I; _(EJH]TT- Hence:
2n+2
sinlr )
e,i(8) = {H'l}i s mfcm {(n+r. (53)
Conseguently we have
L L _l[ e u]
CUS f; — COS F| T g Sh
Using (20}, (50} and (54) in (53):
h3nan 18 = miﬁmuifﬂﬂ - sz(f ;)] sin t;
bll'l.f =
alerseer jg,lsm kiycoskt =
211
m&‘ Z[ g ket = S k- t}mk‘: (55)

Substituting 1= —arccos§ in (55). Theorem 4 is thus proven.
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