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THE UPPER SUBRINGS OF A RING"
BEPXHI IIIKLJIBI B KIJIBIII

We describe maximal ideals of rings that are contained in the adjoint groups of their upper subrings.

OnmcaHo MaKCHMAIBEI if{ea It Kisenp, mo MICTATHCA B MPHEIHAHMX TPYNax iXHiX BepXHiX Kinems.

1. Introduction. Let R be an associative ring. Forall a,be R weset acbh =
=ab-—ba and a*b=a+b+ab. Itis well-known that (R, +,0) is a Lie ring and
that (R, *) is a monoid. We denote by Q(R) the group of quasiregular elements of
R, i.e. the group of invertible elements of (R, *). If a is an element of Q(R) its
inverse with respect to * is denoted by a”.

It is easily seen that for arbitrary subrings A of an associative ring R the equality
Q(A)=Q(R) N A does not hold but is also true for (one-sided) ideals A of R.

We remark that if Z,(R) (ne Ny is the nth center of Lie ring (R, +, o), then
Z,(R) isasubringof R and Q(Z,)=QR)N Z,) [1].

In this note about some subrings A of an associative ring R for which the equality
Q(A)=0(R) N A holds, it is investigated. We will show that there exists a relation

between these subrings and same particular ideals of R.
2. The results. Let B be an additive submonoid of an associative ring R. Then

= {z|zeR, zoRc B} (€))]
is an associative subring of R (cf. [2], Lemma 1). It is called a upper subring of R.

Relevant examples are the nth upper center Z,(R), n € Ny, of the associated Lie
ring of R and, also, the subrings of R -

ﬂ(,,(.Rj = {zlzeR, zoRQ'Ynﬂ(R)}, ne N,

called the closure of the lower central factor ,(R) /v,+1(R) [3].

We remark that if B is a Lie ideal of R, then A isaLieidealof R and A /B is
the center of Lie ring R /B.

Moreover we remark that, for upper subrings A of an associative ring A, we have
the equality Q(A) =0(R) N A holds (cf [2], Lemma 1). It is easily seen that
equality does not hold for arbitrary subrings A but is also true for (one-sided) ideals A
of R.

Now, we see that an upper subring A of R isrelated to an ideal F, of R. In this

case the subring A is the center of an associative ring R, the ideal F, is the strong

center of R [4].
Theorem 1. If B is an additive submonoid of R and A as in (1), put

= {z|zed, zZRcA}.

Then F, is the largest ideal of R which is contained in A.
Proof. Obviously F, is aright ideal of R. Now, let ze Fy and y € R For all
r € R we have

yzor = yozr + zoryeB.
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Hence yze A. Moreover, forall x, r€ R we have _
yzxor = yozxr + zxory€B.

Hence yzx e A. Therefore, F, is an ideal of R. The remainder is an immediate
consequence of the definition of F,. The theorem is proved.

‘We remark that F, contains also any one-sided ideal of R contained in A.

Moreover, we remark that if B is a left ideal of R and A is as in (1), then Fy4
(B is the largest ideal of R contained in B. In particular, if B is a modular left
ideal of R, then F, (1 B=(B:R) [5].

Clearly, F4 N Q(A)=Q(F4). In general we shall see that Q(F,) need not be an
ideal of R. We introduce an ideal of R contained in Q(F,) that isvery similarly

with the Jacobian radical of a ring. _
Theorem 2. If B is an additive submonoid of R and A as in (1), we define

Jy = {z|]ze A, ZRcQA)}.
Then J, is the largest ideal of R which is contained in Q(A).
Proof. Let us first prove that J, is anideal of R. Let a, b € J,. Obviously, a —

—b e A. Moreover, if 7 € R then are Q(A) and —br(1+(ar)”)€Q(A). It follows
that

(a—Dbyr* (~br(l+(ar) ) *ar)” = 0.

This proves, by lemma 6.5 of [5], that a,b e J,.
Evidently J, is a right ideal of R. Now, if ze J4, thenforall x,y,re R we
have ;
XzZor = Xozr + zorxeB,
(xz)yor = xozyr + zyorxeB.
Hence xze A and xyz € A. We have also that zyxe Q(A) and

Xyz* (— xXyz— x(zyx)"z'y) = - x((zyx)_ +zyx+ zyx(zyx)')z y = 0.
Hence, by Lemma 6.5 of [5], xzy € Q(R) N1 A=Q (A). Therefore, J, is an ideal of
R. Moreover, if ze€Jy, then —_z2 € O(A). Then

z%((-2)*(=2%)) = 0.

Thus, by Lemma 6.5 [5], J4 < Q(A). The remainder is an immediate consequence of
the definition of J4. The theorem is proved.
‘We remark that J, contains also any one-side ideal of R contained in A.
Moreover we remark that J, is different, in general, by Jacobson radical J,4 of A.
But, clearly, if A=R then J, =J(A).
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