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ON SOME PROPERTIES OF ORTHOGONAL POLYNOMIALS
OVER AN AREA IN DOMAINS OF THE COMPLEX PLANE. III

ITPO JESAKI BJJACTHBOCTI

OPTOI'OHAJIbHHIX HA IIJIOIIMHI ITOJITHOMIB

B OBJIACTIX KOMIIJIEKCHOI IIJIOIIAHM. ITI

We study orthogonal polynomials of higher orders in domains with weight under a condition that
boundary and weight functions possess singularities and do not satisfy interference conditions.

BHBYAIOTECA OPTOrONALII MOJINOMH BHIIMX MOPSAJIKIB B 06J1acTAX 3 BAIOIO 32 YMOBH, 1110 Kpaiosi Ta
Barosi OyNKIi MAIOTE CHUTYJIAPIOCT] i 11€ 3a/J0BOJILIAIOTE YMOBH 11AKJI4/Ia1N1A.

1. Introduction and deﬁmtmns This work is the continuation of research of author
started in [1, 2].

Let G be a finite region, with 0 € G, bounded by a Jordan curve L:=0dG, let ¢
be the two-dimensional Lebesgue measure on G, and let h(z) € Ll(G, dc) be a
positive weight function in G. The polynomials {K,(z)}, degK,=n, n =0, 1,
2, ..., satisfying the condition

JJ h(Z)Kn (Z) Km (Z) dc; = 6!’!. n
G
are called orthogonal polynomials for the pair (G h). They are determined umquely
if the coefficient of the term of the highest degree is positive.
Let {z;}, i= 1, m, bea fixed system of points on L and let the weight function
h(z) be defined as follows:
m
h(z) = hy@][]lz—=|". (1.1

i=1
where v;>-2 and hy(z) is satisfying the condition
Jep>0 Vze G ho(z) 2 ¢g > 0.

Let us some definitions.

Throughout this paper, ¢, ¢, ¢5,... are positive and g, €|, €,,... sufficiently
small positive constants (in general, different in different relations), which depend on
G in general.

For 8>0 and ze G, letusset: B(z,8):={{: |{-z|<d}, B:=B(0,1), A(z,
8):=extB(z,8)={{: |E-z|>8}, A:=extB, Q:=extG, Q(z 8):=Q [ B(z,
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8), ® =0(z) (® =®(z)) is the conformal mapping of G(Q) onto the B (A)
normalized by ¢(0)=0, ¢*(0)>0 (P (c0) =00, ®'(0)>0), Y :=¢-! (¥ =),

Definition 1. A bounded Jordan region G is called a k-quasidisk, 0 <k <1, if
_Lkk
- - 1=k
homeomorphism of the plane C on the C. In this case, the curve L := 939G is
called a K-quasicircle. The region G (curve L) is called a quasidisk (quasicircle),
ifit is k-quasidick (k-quasicircle) with some 0< k< 1.

Definition 2. We say that Ge Q,, O<a <1, if

1) L is a quasicircle;

2) ®elipa, ze Q.

Definition 3. We say that G e QB By 0<B;SOS, i= Lm, if

any conformal mapping y can be extended to a K-quasiconformal, K

i) for every sequence of pairwise disjoint circles {D(z, 8;)};., restriction of the
function @ on Q(z;, 8;) belongs to Lip B, and restriction

m
®|Q\ )z, 8) e Lipa

i=]
m
i

ii) there exists a sequence of pairwise disjoint circles {D(z,-,‘ 8?)} . such that

Vi=1,m and VE ze Uz, 8F), z#z;#E, thefollowing estimate is true:

|@(2)-@ (&) < k(2 &) |z-E[%
where ¢
k;’(z,&_‘) = C,-max([é—zfjﬂi”“d Z—Z‘;]ﬁ;ﬁa)

and c¢; do not depend on z and E.
Assume that the system of points {z;}, i = I,m, mentioned in (1.1) and

Definition 3 is identically ordered on L. In [1], we showed that if the interference
condition

140 = B (1.2)
2 o

is satisfied for any singular point {z;}, i= 1, m, of the weight functions and boundary

contour, then the order of the height of polynomials K ,(z) in G acts itself
identically neither weight h(z) and boundary contour L have not got singularity nor
they have got singularity. In [2], we studied the order of the height of polynomials
K ,(z) on boundary points of the region, when

1+ 25 B (13)
2 o
In the present paper, we investigate the case where
1+ B (1.4)
2 o

for any singular points {z;}, i=1,m.
2. Main results.
Theorem 1. Suppose that G QCC’B] , 0<B, 2=, and h(z) is defined

by (1.1). If
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1+ B @.1)
2 o
then for every ze€ G andeach n=1,2, ...
|K,(2)] € en +05]z—7 % Ve, (2.2)
where
e 2+'Y1, o, = El_ 2"‘7!‘ (2.3)
2B, g -2

Since o=, (2.1)is satisfied when —2 <y, <0. This and (2.2) enable us to see
that the order of the height of K, at point z, and points z € L, z # z,, where
h(z) = o= and curve L doesn’t have singularity, acts itself identically. Thus, the
conditions (2.1) we will call algebraic pole conditions of the order A; = 1 —

P E(I _g_ﬁ]
By E _
This theorem can be extended to the case where L and h(z) have a lot of singular

points. For example, in the case of two singular points, we can write

|K,(2)] < eilz—2 %% +05|2- 2|20 +c3]2- 7|72 25720,

ze0, (2.4)

where s;, ¢;, i=1,2, are defined as it is in (2.3), respectively.
Theorem 1 is also correct if the curve L has at point z algebraic pole and at
points {z,}, k=2, singularities which satisfy the interference conditions (1.2).

3. Some auxiliary results. In the following, we shall use the notations “a < b”
and “a = b" equivalentto a<b and cja<b<c,a for some constants ¢, ¢, ¢,
respectively. R

Let G be a quasidisk. Then there exists a quasiconformal reflection y(-) across
L suchthat y(G)=Q, y(Q)= G and y(:) fixes the points of L. The quasi-
conformal reflection y(-) is such that it satisfies the following condition [3, 4, p.26]:

Y@=zl < [¢-2l, zeL e<ltl<,

!
| = Il = 1. e<|tl< > 3.1)

= Iuty2 o 22 1
vl = DOP. 1Ll < e |y =1e? 1gl> =

For t>0, let L, :={z:|9@z)| =% if t<1, |®@)]|=¢ if t>1}, L :=L, G;:=
:=intL,, Q,:=extL,, andfor > 1, let L* :=y(L,), G" :=intL", Q' :=extL’; let
w=®x(z) be the conformal mapping of Q* onto the A normalized by ®p(ee) = oo,
DR(e=)>0; W= @R Li={z:|®p@)|=t}, G :=intL;, O :=extl;; d(z
L)y=dist(z,L).
According to [4], forall ze L and te L suchthat |z—¢|=d(z, Lg) we have
d(z,L) = d(t,Lg) = d(z,Lg). (3.2)

Lemma 1 [S]. Let G be a quasidisk, let z, € L, z5,z3€ QN {z:lz-2z;]|<
< d(z,L,)}, andlet @;=®(z;), j=1,2,3. Then:
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a) the statements |z, —z,|< |z —z3| and |w;—w,| < |w, —w;| are
equivalent. So, IZ|—22I:"‘"ZI—Z3| and |Wj_w2| Elwl_w:i!;
b)iflz;*—zzl-dzf—zﬂ, then

E [+
W —Ws 2~ %3 W) — Wy

]

=

W — Wy Wy *':'W?'

where 0 <rq<1 is aconstant depending on G and k.
Let A,(h, G), p>0, denote the class of functions f which are analyticin G and
satisfy the condition

1p
171, == 10,0 := {IGJ h(z)|f<z>|f’dcz} < =
Lemma 2. Let p>0, let f be an analytic function in |z|> 1 and have at z =
=co apole of degree at most n, n21. Thenforall R;,R,, 1<R;<R,,

R —R Ip '
g — 1Yy +1/
”f"A;,(R,qﬂch) < [ R —1 ] Ry P|lf||,qp(1<|z|<,:a[y

Proof. According to Riesz theorem [6, p. 443], for any p, R, <p <R, and s,
1 <s<R;, wecan write

IJ !zfﬁffp|p*dzlﬂ J Lffi?,,rldzl, (3.3)
z|=p lzl=R
J 1 zﬂf;)pr'dzl < ;ﬁﬁ?p ’|del, (3.4)
|zl =R, lzj=s

respectively. After integrating (3.3) over p from R; to R, and (3.4) over s from 1
to R;, we get

2
szlp+u - R]up-f-Z

A

[ 1r@rds,. (3.5)

I<|z]< Ry

Jf ]f(z)lpd(}‘z

nmp+2
Ri<|z]< R,y Ry 1

Let us set
np+2 np+2
2p B Rl !

S = (3.6)

R£|p+2 =T

By applying the Lagrange theorem to the numerator and denominator of the fraction,
we obtain

g (+2)nPT (R~ R)
(np+2)r"P* (R —1)

forsome r;, 1<r; <R, and rpy, R <ry <R,. Then

S < “—_RE“ R e+t | G.7

‘Taking into account (3.6) and using (3.7) and (3.5), we complete the proof.

Lemma 3. Let G be a quasidisk, let P,(z), degP,<n, n=1,2,..., be
arbitrary polynomial, and let weight function h(z) satisfy the condition (1.1).
Then, forany R;>1, p>0, and n=1,2, ...,
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i +p
: u PH’ HA;:”‘-GHnR—I}J < CIR” : ”f”AP{ILG'.I’ (38)

where ¢, ¢ are independent of n and R.
Proof. We present the proof of (3.8) under several headings. First of.all, it is easy
to convince ourselves that to prove (3.8), it suffices to show that the estimate:

1Bl G006y < [1+e(R= _1)]3“%_3: la0.0v6m 39).

is true for some ¢ > 0.
Now, we consider the two numbers p |, p,, p; <p,, such that

G, C G, | e (BJ0)
Gy € G3,. 34D
and show.that one can choose the nul'ﬁb_ars P> Po that satisfy the following condi—
tions: - ,
p,—1 = R-1, (3.12)
Pyt SR (3.13)
In fact, assume that p,, p, are arbitrary numbers satisfying (3.10) and'-"@-{:l,{]:});f ze
€ L', Z=y(z). We define the points z, € L, z, €L, and zz3€ L as
d(z L;l) =|z-2z,|, d(z L)=|z=2,|, and d(z, L:;:) = |z —z4], respectively.
According to (3.2), there exist ¢3, ¢4 that are independent of z and R such that

c3d(zys L) € d(z. L) S cgd(z4, Lp). (3.14)

Since L® is a quasicircle, applying Lemma 1 to functions ®p, we obtain

z—17 > . |Pr(2)—=Pr(z5) 2 > [I‘DR(Z)—®(32)|]EI
——= S B g o R L 3
Z—3 Dr(z)—Pr(z) p—1
whence . '
p ! i |
poge | € it e FIT ] Z—2,]- (3.15)
|-.7 'l 6_["13;3(2)—(13;2(23)[ I “l

In view of the D-property of the mapbing' yr(z) [7,p. 18], we have
|z—241 2 ¢3d(z4, Ly) 2 ¢4|Z— 2]
and, by Lemma I, we get
|@R(2)— Qp(z2)| 2 gl PRE)—~Pr(za)| 2 cg(R-1).
Then, from (3.15) we obtain
T
lz—z2,| S 5| -2k —z5].
1< ~|_l €6 [cg'('R—I)] |z= 2| .
So, we can lake £ u
pp = l+co(R-1) (3.16)

with' cg= ez ¢, 2, which also leads. to L- an A2).
th cy= cgeg ' / hich also leads. to (3:10) and (3.12)
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We now define p,. By applying Lemma 1 to ®,, we get

%] ¢, | 2e@=2x® |
= Z—23 (DR(Z)"Q’R(Z3)
whence _
e _&1_) s
lz—2z,] C”(J(DR(Z)—‘DR(E” lz—z|. (3.17)

Since [®p(2)=Pr(23)| < 2| Pr(z)— Pr(z,)|, we have
|PR(2) = PR(@)| < |Pp(2)—~Pr(z)| + | PR(Z)~ ()| <
< (e +D|PR@) - Przp)| < c3(R-1)
and (3.17) implies that

=1 % .
lz—z.] = ¢ [_F‘g—) z-z|.
N e L

Py = 1+cu(R=1) (3.18)

Choosing

with ¢4 = cg-cg ' +¢p3 ch], we see that (3.11) and (3.13) are satisfied.
Now, let us make a proof of (3.9). Let us include the Blashke finctions with re:Spect
to the singular points of the weight functions h(z):

Lo L Dp(z)—Pr(z) *
Bo)= Bp(z) := —fee A ze Q. - (3.19
x@) r:E[l * El_q’}e@;)@g(z) )
Itis easy to see that Bp(z;) =0 and |Bp(z)|=1 at ze L*.
For p>0 and R>1, letus set ’
| Pr(w) — r(w;)
FrRW) 1= ho(Fr(w) [—R, *
i R |7 o)

T,‘J"p
] 1 (\PR(W)) [‘PR (W)] JP W= _CDR (z).
i=1

The function fj is analytic in A and has pole of degree at most n on z = e=. Then,
according to Lemma 2, we have

P2 — P +1/
HfRuA;,(pmlwkpz) < [P; ] Pa p”fR"AP(!c]wIcpﬂ

or

h ——4 | |B(2)|"do, <
GHG °(Z)H r(2)BRD in@ras

] (2)|Pdo, <

s ] ho<z>H

G\G

"I’R( )BR( )
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< P27P1 jpnt _ 27y : P
o (2 P(2)|"do, <
L G‘I\JG >II AT e
P2
PZ pl anH Jj ho(z )H L‘Yilp(z)]pdo.
P e Dr(2)Br(2)| " &

From (3.16) and (3.18) we get

] h@IR@Pds, <
G\ G

maxzeG \G] @R(Z)ng(z)l

<11

p" [ h@)|P@)|Pdo,.  (3.20)

i=1| M Ge CDR(Z)BR(Z)I ’ G\G*
Since
i Dp(z)— CDR(ZJ 1
Dr(2)Br(z)| = |DPr(2) R -
' R R ’ R ( R(z]) _(DR(Z)(I)R(Z,)
Dr(2) || Pr()— Pr(z;) Dr(2)
Dp(z) || Pr(z)— Pr(2) Dr(z) 4
from (3.20) we obtain
[ r@IB@IPdo, <
Gr\C
max |® R (2)| v
— ZE'C_F;T\_G' R pa+l
= p h(z2)| B,(z)|Pdo, <
"I=I‘ maxzec\c'lq’ﬁ(z)l ’ G-\I:L
< pp"*! [ W2\ B2 do,.
Fei¥en

Since p, and R are symmetric, the proof is completed.

4. Case of arbitrary polynomials. Let P,(z) be arbitrary polynomial of degree
atmost n and let M, ,:=| 5, [lapth. )

Theorem 2. Suppose that p>1, G e QO‘--BV O<B, o<1, and h(z) is
defined by (1.1). If

+ 0B
2 o
then for every ze€ G andeach n=1,2, .
. 1
| Pa(2)] < (cln"[ +6lz—7|° nﬂ(;ﬂ)J My, ps 4.1)
where
1 — (2+Y1)’ ol = 28 _ 2+v; “2)
pBi po P

Proof. Since L is a quasicircle, we have that any Lp, n=1+cn~! is also a
quasicircle. Therefore, we can construct a reflection yp, yz(0) = e across Lp such
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that it satisfies the conditions (3.1) described for yg(€). For this yx(£), we can write
for P,(z) the following integral representations [3, p. 105]:

F,@y, C(C)

|
= do,, e Gp. (4.3)
J Or©-97 ST

For €> 0, by setting Ug(z):={C: [{~z|<¢€} and without loss of generality, we
may take U, :=Ug(0)C G". For 2, € L wehave

B @3z O
R

o]
2
U, Gp\U, I‘R(C) -3 i ¢

To estimate the integral J,, we multiply the numerator and denominator of integrant

=: J+J,. (4.4)

by h'P(Z), and applying the Holder inequality, we get

- Ip q
|‘\'],.\> ‘(c}[ 1 1
J, < 3 [[ @l B©)|do e —dopt, el
{E‘;{ ¢ i'tl- h I(C*"R_C(c)'—zl | J ¢ P q
The first multiplier is smaller than n'lM,,. p- According to (3.1), ]_\-R E| = |."R(;)I2

forall {e U, and, by virtue of |{—z,|2¢€, wehave |y () -z|=|yz@)]| for
ze L and { e U,. This relations imply

Jy < M, ,. (4.5)
. 2 z . . - . .
It £, := |yR_C| - |yR_E| is a Jacobian of the reflection y4({), we can obtain
2
1Ly, 1 = |yl (4.6)
as itisin [1]. Then, for J,, we get
Iy
do,
S =<
- ”LJ\JU (SN TNGE r-‘*]
y I
ag,
g
= MJLP ‘U Iy (C)_, |Y(q—|)|§“__, |2q] 4.7)
va(Ge\U) YR “l %l
from (3.1), (4.6), and Lemma 3.
First of all, we establish that
[8—z,] < |yp®)-z| (4.8)

forall {e Gp\U, and z, € L.
In fact, let |z, —t|=d(z,, Lg), te€ L. Accordingto (3.1),

ci18-2] < |yp@)-z| € c2|8-2] 4.9)
forall {e€ Gz \U, and z€ Ly, whence
18-z, < [8=tl+|yg@—tl+|ypg@)~2,] <
< (¢ +DIyp@ =t +yp@ -2, | < |yp@) -2z, 1.
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If v, <0, after changing the variable { = Yr (€) and using (4.8), (4.6), and (3.1), from
(4.7) we have

g Iq
(o3
g
2™ M""’{ I |yR(C)—z1|T1‘““””ff} )

Gp\Ug
M 2+
<M ... W W 4.10
np IC"“Z ]Y](q—l)-{-gq n,p (z[: R) ( . )
yr(Gr\Ug) 1 :

If v, >0, by changing the variable {=y,({) and applying (4.8), (4.6), and (3.1), we
obtain

g 24,
doy e
Jg - MH,P Jj W = M".Pd (ZI=LR)' (4-11)
yr(Gr\U' =~ &
From (4.5), (4.7), (4.10), and (4.11) we obtain
2

|Pn(Zi)| == Mn‘,ud 5 (ZI:LR)-
Since G € Oy 5, Wehave

(2+'Y| )

|PuGz)l < M, pn PP (4.12)
Now, by using the integral representation (4.3), we obtain
s
< 1 J‘J |Rx(§)|])’R‘E(C)“ZHZIII ]
T mg rO-zlln©-al®

’P,. ()= Ry(y) ik

(z—2)

: i
% 1 J-J Ipfi(c)llyR‘E(C)“Z_le a

* & IRGEETENGEETR
The definitions of the integrals A(z;z,) and B(z;z,) enable us to see that they are

symmetric with respect to the points z and z,. Thus, we estimate integrals A(z; z,)
and B(z; z,) parallel. To estimate the integral A(z;z;) (B(z; z;)), we multiply the

numerator and denominator of integrant by [{—z;|"! /P and, after applying the Holder
inequality, from Lemma 3 we get

Alzz)) = M, , (H + [f

Ug Gp\U,

doy =: Amz)) + B(ziz)). (4.13)

g

17 7 ©1z— 2 " doy
18=2, "9y @ ~ 2| Y|y ©) -z, |

i
= M,,_P{A|(z;z,)+A1(z;zt)} L5 i+é =1, . (4.14)

Uy

7 e ©l12-2 ch]ﬁcl)dcg
1€—2 "D yp@~ 2> |y -z |7

MgHMWM+H

Us Ggp\U,

1/
= M”’p{B](Z; Z1)+ By (z; Zl)} ‘.
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According to (3.1), |yR E(G)i = |yp©]* for all € e U, and, in view of

|€~z,|=1, wehave |yz€)|=|yz@)~z|=|yz€)=z,| for z, z; € L and e
€ U,. These relations imply

A(z;z)) =1 (Bi(ziz)) < . (4.15)

For the estimations of A,(z;z,) (B,(z;z,)), we consider the different situations
of the points z and z, on L. Let us set

Ff = yR(GR\Ue) = Eo = E[UEZ?

Fi o= {teRilt-alsliz-all B = {teR:t-al-11z-a1},

Fioi= {teR:C-zlstle-all, RS = {CeRilt-zlm1lz-al}

E; := {yr(Gr\UNUs(z)}, Ez := {ya(Gr\U)\Us(z)},” 0<8<8,(G),

= {CeEy: |6—7|2[C-2|}, Ep = {{eEy:|C—z|<|¢—z[}.

a)Let |z—z,|23>0.
Taking into account (3.1) (for the yz) and (4.8), we have

d(}'{:
<
|yr@©) =z [ ™IC— 2191E ~ 2 1%

<[+l 4l [t

R2 R

Aqx(zyzy) < ”

Accordingto |z—z,| 2 ||lz-z,|-1¢-2,]| 2 %!z—-zd for {e Fy; and |{ -

-z(| 2 %|z—z,| for { € F|5, we obtain

doy
[i{ *,lf Lm@—z; T

@ADEG=D g
I+ e <1
A e |yr©)~ R TR '
and
(¥ +2)(g=1) 42
Ay(zmz)<n B wnpo (4.16)
Analogously,
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do
Bt g 2
e g 2@ —a = 2Pz
dO‘g
-“‘ Jf +J'J J‘J- ]yR(c) z[')'i((f"l)lc leqlg Zl[ff

LSO
Since

dO‘C
[.” 'U][yR(g) ZIYIW_UK Z]quc z![q =

f

do do ﬂ‘f:_').t‘!"_? 2¢-2)
% .[.[ c J-J [C C ﬁ[ +n ¢ 3

[¢—z |[N1eD+a qu

and
dO’q .
j.c[ H |}'R(C) MY - 22N~ 21 % b
we have
Yilg—=D+g—2 2¢-1)
By(z;z) < n B +n % 417

From (4.14), (4.15), (4.16), and (4.17) we get

A zy) < M@, B(zz)) < M, 22O, (4.18)

b)Let 8> |z—z;|2d(zy, Ly).

Taking into account that |z—z;|°<c(e)(|{—z|®+|{—z,|®) is satisfied for all
e>0, we have '

dO'c
Aq(ziz)) = :
J;i[ iC z I'Yl((;~1)+2(;[c_ lqc
do
+ H ‘ <
C z |'Y|((J—I)+2qr (I-g" )qrc qu
d d
< J.[ Y (Q’C—rf)"f'ﬂq-i-qg' + J‘J- ¥ (q_|)f§q_(i_cl}q+q +
oy 18 —2I™ £ IE=gM
” foy | do 1 -
Ep 16— 2 [FriebaRa _ Ep 18-z (YiteDElg={l=0"lgwg
M+2(g=Dg!
«<n B (4.19)

Completely, we see that
(1+2)(g=1)+¢o’
By(z;2)) < n By ; (4.20)
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Therefore, in this case, by substituting (4.19) and (4.20) in (4.14) and using (4.15) and
(4.2), we get

. ¥ +2+0
Az z)) < M,,.!,nT < M, >0 (4.21)
and, respectively,
¥ +2+6'
B(zz)) < M, LTI M, 1>/, (4.22)

o) Let |z—z;|<d(z, Ly).
From (4.14) we have

(1, +2)(g=D)+ga’

dq(l—'ﬂ'l)(z , L )do.
e By (4.23)

As(z 7)) < T3
GR'UUS AV, Ly

and, respectively,
(7, +2)(g—1)+gc"
By(z;2)) < n B . (4.24)
By substituting (4.23) and (4.24) in (4.14) and using (4.15) and (4.2), we obtain
A(ziz)) = M, 270", B(zz)) < M, 2209, (4.25)

So, from (4.25), (4.12) and (4.13) we obtain the proof of (4.1).
. Proof of Theorem 1. Since M, »=1 for K,(z), we get the proof of Theorem 1
from Theorem 2.
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