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LYAPUNOV TRANSFORMATION
AND STABILITY OF DIFFERENTIAL EQUATIONS
IN BANACH SPACES

IIEPETBOPEHHS JIAIIYHOBA

I CTIMKICTDh JUOEPEHIIIAJILHUX PIBHAHD
B BAHAXOBHUX ITPOCTOPAX

A sufficient condition of exponential stability of regular linear systems with bifurcation on Banach space
is proved.

Beraronueno jioctaTHi YMOBH eKcrioHenilialibiol CriflKocTi peryJispiux Jitlifuux cucreM 3 6idypka-
11i€10 B GallaxoBOMy MpOCTOPi.

vd-Transformation and its properties. In this section we shall give the definition,
examples and some properties of a vd-transformation on Banach spaces. It is an
expansion of a vd-transformation on finite-dimensional spaces given by Yu. S.
Bogdanov [1-5]. From that, we shall give the definition of regular linear equations
which are applied to study the stability of regular linear equations with bifurcation on

Banach spaces. _
Let E be a Banach space and let G be an open simple connected domain

containing the origin O of E.
We define H as follows: H = GxR = {n = (x,1): xe G, te R}.
Consider a function

Uy : R+—) ]R+

that is continuous, monotone, and strictly increasing and satisfies the following
conditions:

9(0) =C; vy(t) = +o0 as t— +oo,
Let d be a given real function of two variables:
d: RxR" - R,
(Y1:Y2) = d(¥,,72)-
We assume that d satisfies the following conditions for all y>0, y3>y,>7v,>0:
dy) d(Y2.71) = -4, ¥2):
dy) d(Y»,Y) > d(¥1,7);
d3) d(ys3,Y2) + d(¥2,Y1) 2 d(¥3, Y1)

d) U {do.v)} =R.
YeR*

Assume that J is a diffeomorphism from H to H, namely
J: H> H,
n=(x0krn=x1),

and let it satisfy the following equalities for all te R:
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J(0,8) = (0,1),
J(x, 1) = (x',1).

It is easy to prove that the set L of all such transformations L = {J} is a group with

composition of maps.
Consider a real function

v: H - R,
M= (0 e vm) = vo(fixll),
where H* = G xR = (G\{0}) xR.

Since the function v: H° — R* isindependentof ¢, i.e. v(x,t) = v(x, ") for
all ¢,¢’ € R, we candenote by v(x) the value of v (x, ¢t) forany xe G* and te
e R.

Definition. The transformation J € L is called a vd-transformation iff

sup [d{v(m),v[JMIH < +ee. 1)
neH*

From the definition of the function d, we also have
sup_[dfom), (I NH < +ee.
weH
Consequently, if we denote by L,; the set of vd-transformations, then it is a
subgroup of L.

Examples. 1. Let vy(x, 1) = [[xll, do(¥y,72) = 1n$i, and let J(x,t) (with
2
fixed t) be alinear transformation having a bounded partial derivative with respect to

t. Then J is a vydy-transformation if and only if it is a Lyapunov transformation [6].
2. K ox, )= x>, E=R,

-1 if nva 2L
d(Yy,Y;) = 1 1

——— if <1,
NPT
then all conditions d, ) —d, ) are satisfied.

Thus,
1., .2
J(x, 1) = (x + Esmtsm X, t)

is vd-transformation.

3. We consider the following linear differential system in the J_,-space:

% = -COSt-Xp + X1, ke N. 2)

The transformation J(x, t) = e®*(x, t) with v(x, ) = || x]l; 4(¥;.Y,) = In i
Y2

is a vd-transformation and it reduces (2) to the system
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dy,
—2 = , keN.
dr Vi1

From example 1, we can see that a v d-transformation is an expansion of the
Lyapunov transformation, but it still keeps an important property, namely, the stability
of the trivial solution of the following differential equation on the Banach space E:

dx
- = 2 t y
2 flx, 1)
3
f(0,8) = 0.
We denote by x(¢; &) the solution of equation (3) that satisfies the initial condition
x(ty; &) = & and assume that
A= lim sup [lxt:Ol. Ay = lim sup v(x(+;€)).

€07 igfise €07 yE)se
t21 12y

Definition [7]. The solution x =0 of the differential equation (3) is said to be
Lyapunov stable if forany € >0 there exists 8(€) > 0 such that, for each solution
x(t) of (3) whose initial value x(ty) = & satisfies the condition ||&|| < 3(g), the

inequality || x(t;&)|| < € hold forall t214,.
From the definition, we can see that the solution x = 0 of the differential equation
(3) is stable iff A =0. .
Proposition 1. A=0 ifandonly if A;=0.
Proof. By the continuity of the function v, we immediately have glimo v(E€) =
-

= 0. Since v(||x]|) is a monotone strictly increasing function, we can deduce

lim & = 0. Therefore,
v(Eg)—>0

lim& =0 & lim v(&) = 0. @)
k=0 k— oo

We assume that A =0. Then

lim |lx(t; €Dl = 0
k=00

for all sequences {g;} cR*: g, 0, {E,}cE: [IE ] < &4 and {f,} R, #2
2 t5. By virtue of (4), we have klim fx(t: €l =0 & lim v(x(#; &) = 0.
—) 00 k>0
It follows that A=0 & A,=0.
Proposition 2. A vd-transformation preserves the stability of the trivial solution

x =0 of the differential equation (3).
Proof. By vd -transformation

(x,t) . > Jx, )= (y.1),
equation (3) is transformed to the following one:

&
5 =800, 5

By assumption, the solution x =0 of equation (3) is stable, which means that
lim sup [lx(t;x)]l =0 < lim  sup v[x(t;x)] = 0.

e=0" Ixlise e-0" y(xy)se
IZI() lzln
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If the solution y =0 of (5) is unstable, then

lim  sup v[y(@ y)] > 0.
£e=—0 u(yo)SQ
£t -

This means that there exists a positive number § such that

3{n,}<E:n,—0, 3{t,}cR*: 4,24, VneN:

vyt m,)] 2 8. (6)
Since v[x(t,;&,)] = 0 as n— o, where (,.%,) = J ' (M, t,), one cansay
v[x(,;€,)] <8 VneN. @)

From (6), (7) and d;) we conclude that
|d {vlx ;€] vy i n)IH = d{oly(taina)l, vlx(,: €01 >
> d{8,v[x(t,;&,)]} = + as n-— oo,
Consequently,

sup |d {v[x(t,:Ex)), o[ (x(ts EIH = +oo,

neN

which contradicts the definition of J.
Regular system.
Definition. A transformation J € L satisfying the condition

d{vMm),v[J(MI} = o(r) as t—o+eo

forall ne H * is called vd-transformation.
Definition. A transformation y = L(t)x is a generalized Lyapunov one if

x[LM] = x[L7' ()] = 0, 8)

where x[L(t)] := lim iln L@ is called the characteristic exponent of L(t).
t=—)

By definition, we immediately have following remarks:
Remark 1. Generalized Lyapunov transformations preserve Lyapunov expo-
nents [6].
Remark 2. ‘A generalized Lyapunov transformation is a generalized vd-
transfotmation if
v = llall donm = L,
2

and J is hemogeneously linear for x (here, J(x,t) = (L(t)x,t)).
We consider the following linear differential system:

dx
T A(t)x, 9

where xe R", A(t)e £ (R", R") and is real and continuous for all te R, and
sup[A@I} < o=
t

Let X(¢) be a normal fundamental matrix of (9) and let 6y = z;":l n, o, be the
sum of all its exponent numbers [6].
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Definition [6]. The linear system (9) is said to be regular iff

t
oy = lim ij SpA(T) dr.

oo 1,

We know the following proposition (6] :
Lemma. A necessary and sufficient condition for system (9) to be regular one is
that there exists a generalized Lyapunov transformation that reduces system (9) to

the system with constant matrix Be Z(R", R"):

dy
— = By. 10
4 y (10)
Definition. A linear differential system
dx
Z=A ,
a (t)x (11)

where A(t)e £ (E, E) and is continuous for all te R and supl]A(®)|| < =, is
t

said to be a regular one iff there is a generalized Lyapunov transformation y = L(t)x
that reduces it to a linear differential equation with constant operator:

dy
— = By. 12
dt Y (12)
We now present the main theorem for regular differential equations on Banach
spaces. - o
Consider the differential equatio
X = A5 + ) (13)

where A(f)e L(E, E), sup |[A@)|| < =, fe C"EXR), £(0,¢)= 0, and

teR /

ol s wollxli”, m>1, xlw@n)] = 0.
Under these conditions, the following theorem is true:
Theorem. If equation (11) is regular and all its characteristic exponents are not
larger than -\ < 0, the trivial solution x = 0 of equation (13) is exponentially
stable [7], i.e., there exist N>0 and A >0 such that

Hx®ll s 4™ [ xe) |

for all solutions x(t) of (13).

Proof. We denote by X(¢) (X(ty) = Jdg) the Cauchy operator of equation (11)
(7, p. 147].

1. First, we estimate the resolvent operator K(¢,1) = X (t)X'] (7), TpS TS,

By virtue of the regularity of equation (11), there is a generalized Lyapunov
transformation y = L(x)x that reduces equation (11) to equation (12).

The operator Y(¢) = L(t)X(t) is the resolvent operator of equation (12).

If we put H(z,t) = Y(£) Y~ (1), then K(¢,7) = L(ODH(t, 1)L (7).

Assume that all characteristic exponents of equation (11) are not larger than o.

Hence, all characteristic exponents of equation (12) are not larger than «, i.e., for
every solution y(z) = Y(t)y, and €>0, there exists ¢ >0 such that
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Ny®ll € ce®D Vg,

Then, the operator family { e (**¥2'y(1), t24,} is point-bounded. By virtue
of the Banach - Stenhauss theorem, there exists ¢, 20 such that

" e—(a+e/2)r Y(t)" < c & " Y(t)" < Cle(a+a/2)t

Therefore, || H(z, 0| = || Y(t =) € ¢, “*¥DU= for the equation with

constant operator (12).
On the other hand,

-l LN < cye¥'2,
2L =x[LT' D] =0 &
N Ol € c3e5/2.

It follows that
k@Dl ILONIAE DL (0] <

(a+g)(1-1)

(ot+g)(1-1) est = C(€° to) e )

S cye
where ¢ = ¢jcyc3.

Since K(t, t9) = X(¢), we have [[X(5)]] € ce@*®",
In the case where o <0, there exists a positive number &£ such that o + ¢ < 0,
whence

K, Ol € ce,
Xl < c.

2. We now prove the theorem. Denoting y = x e™'~'®, where vy is a positive

number such that 0 < y< A, we transform equation (13) to the form

D By +5(ty) (14)
with B(t) = A(t) + vJdg
g(t,y) = exp (Y(t=10)) f(t, y e 10)), (15)
Let us show that the equation
2 = B (16)

is regular. Indeed, by virtue of the regularity of (11), there is a generalized Lyapunov
transformation z = L(¢)& that reduces (11) to an equation witn constant operator

dz
— C »
dt %

where C = L'())L™"(¢) + L(YA()L™'(1).
The transformation & = L(¢)1 implies the following:

% = [LOL™ (1) + LOBOL™ (D]E = (C + 1/ dp)E.
The regularity of (16) is proved.
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-Y(t-tq)

— We denote by n(¢) asolution of (16) and then e Nn(t) is a solution of (11).

This yields
wn@e] <A =

= ] < x[7) + xInMe7 0T < 4y <0
By virtue of the estimation of the resolvent operator, the following inequality is
true:
1K@ Ol € Ne®r, f<t<e,

where K(t, 1) is the resolvent operator of (11).
Now considering the solution of (14)

t
y(1) = K(t.1) y(to) + [ K(1,7) g(x, y(0)) dr,
fo

we have

t
Iyl < Ike oyl + [ ke olllgty@)lidr <

fo

t
< Nelly@ll + [ NP0 y@lly@)lime ™ dr <

fo

.
S Nyl + [ N el ety ()i de =

fo

t
= qllyll + | ey el?= DY)y ) m ar,
o

~2€t
where ¢; = Ne®®, ¢; = cNe™ ™"

Hence,
t

Iyl < qllyell + [ e, @)™z,

fo

where & = (m-1)y - 2¢.
Let us find a positive number € such that 3> 0.
Since

11 50—ty 1
= -—=¢ < =,

5 & )
there is A >0 such that

t
N = (m-1cj My li™™! I cze—s(t_"’)d‘c <1,
]

provided that
yeoll < A.
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We apply here the Bihari lemma [8] and find

allyell  _ - a
ly@ll < = N]7mD = Allyw)ll., A= Ty R

= |Ix@ £ AT 2@ DY x() = y(t)s

Which means the exponential stability of the solution x =0 of (13), and the proof of
the theorem is completed.
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