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APPROXIMATION OF LOCALLY INTEGRABLE FUNCTIONS
ON THE REAL LINE

HABJIV2KEHHSI JIOKAJIBHO IHTEI'POBHUX ®YHKIIIA
HA JIACHIA OCI

We introduce the notion of generalized V -derivatives for functions locally integrable on the real axis
and investigate problems of approximation of the classes of functions determined by these derivatives
with the use of entire functions of exponential type.
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1. Introduction. In the recent paper [1], A. Stepanets investigated the problem of
approximation for the functions that are locally integrable on the real line. In fact,
. Stepanets extended his serious investigation for the periodic functions (see. [2 —5]) to
the case of locally integrable functions. This extension [1] only concerns the so called
(y, B)-derivatives, which are defined via a single function W and a phase translation

B % . At the same time, in the recent papers of Stepanets [6, 7], the concept of (y, B)-

derivative was extended by introducing the notion of 1V -derivative defined via a pair
of functions y{ and y,. :

The aim of the present paper is to extend (, f)-derivatives to \/ -derivatives for
locally integrable functions on the real line and then, correspondingly, extend the
results of [1] to the case of approximation of locally integrable functions that have V -
derivatives on the real line.

First, we recall certain definitions introduced in [1] and [5] with suitable

modifications.
For a function f measurable on R, we define

2r 1/p
lfll; = sup [“_ﬁ(x-l-y)[*"dyJ : x€Ry for 1<p<eo;
0 .

I flle = sup{|f(x)|: xe R}.
We also define the following spaces of functions for 1 <p < ee

f,p = {f is measurable on R: ||f]|ﬁ < oo}

Sometimes we simply write L instead of B
Definition 1. U denotes the set of functions y satisfying the following
conditions:

(a) y(u) =2 0, y(0) = 0, vy is increasing and continuous on [0, 1];

(b) W is convex on [1,e0) and Hli_l)‘n y(u) = 0;

() ¥ (u) := ' (u+0) is bounded on [0, ).
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1550 A. STEPANETS, WANG KUNYANG, ZHANG XIRONG

Definition 2. We set F = {q; elU: J II'(—(f)dr < oo}.
1t

In [5] for suitable  defined on [0, ) and for B € R, the transform \]'!B is
defined as

\E;ﬁ(r)‘= %Tw(u}cos[ur+ﬁ§]dv (1)
0

whenever this integral makes sense. Furthermore, if {I}B € L (R) (this is the case

where y e U), the (y, p)-derivative of a function fe L is defined as a function
¢ € L, satisfying the condition

R
fx) = Ag + lim [ @Gx+n) Y@, 2)
-R

where A is a constant independent of x. We write ¢ = fB‘".

For simplicity, we assume that Wy e . Let y, and y_ be the even and odd
extensions of , respectively. Then by (1) we have

Vg = fp:cosﬁg- + ifp.:sinﬁg, (3)

where ;. and W_ denote the Fourier transforms of y, and _ respectively, in the
original sense, i. e.,

VheL(R) h@) = i_l‘h(x) e ¥t gy @
) R

Now assume that y; € U and y,€ U. Then y;,, Yy,, and Yy, Y, are even
and odd extensions of 4, Y, respectively. For the pair (W, ¥3), we define
Vo=V iy, ®)

The corresponding Fourier transform has the form

~

Vo= {|};+ o iil};—' (6)

We should remember definition (5) (and (6)). It will be used throughout the paper.
Definition 3. Assume that ¥, Y, € U and y = Y, + iY,_. If a function

fe L canbe expressed as
N
f=2 [ feax+oxi
21 -,

with ¢ € L, then we say that ¢ is the \y-derivative of f and denote it as ¢ =

= f¥ or f=I¥(¢).
Note that the convolution “ #” in Definition 3 is defined as usual, i.e., for g, h €
e L(R), we have

(g*m)(x) = [ glx=n)h@®)dt = (h*g)(x).
R
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If he U and Be R and

hy = hcoslﬁ%,. hy 1= —hsinﬁg,

then it follows from (3) that i;ﬁ = hy, + ik, and, hence, by virtue of (5) and (6), for

the pair (hy, hy), we have ho= fzﬁ Hence, we see that Definition 3 is a
generalization of the concept of (\, B)-derivative considered in [1].
Let A\ be a subclass of L. We use the notation

Y = {fel: fYen}
asin [1]. For AL = L, we also simply write LY instead of LY L. Denote (see [5])

Lg.n: = {fELQE: Jf(l.‘)df=0}, I)ZI!TE = {felyy: fWEI‘QTt}

where fW is the VW -derivative of f defined in [5]. In this notation, the following
statement is true:

Proposition 1. Suppose that \Jy,Y,€ U, ¥ = Yy, + iy, . Then
LY Do = L.
Proof. If fe fq’Lgn, then
f=Ag+o*y
with Age R and ¢ € Lg,r. We see that f is 2m-periodic, ie,, fe Loy .

Furthermore, by virtue of the definition of f-"? introduced in [6], we see that fW

coincides with f¥ defined here. This means LY L3, = LY .
Next we define for 0=c<o

1, o<t ge,
Aoett) = { 2=l ccp<o,
0, o <,
and for Yy, Yy, U
Age (®), [l € [0, c1 N [c, =),
Moc () = 1 [t] = ¢ w(ssign(t}),- c<li]<o.
c-c  y@®

We see that these are just the even extensions of the corresponding functions A 5. and

Ny defined in [1]. The we construct the operators F,. and Fy. asin[1], i.e., as
follows:
Definition 4. Let 0<c <G <oo and ¥y, Yo € U. For fe LY,

s 4 0
Foulf) = f¥#¥ho + Eg_jnf(t) d,
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* - 1 %
Foe(f) = fFY*yky, + EE_L f(o)de.

2. The class of entire functions of exponential type. Denote by %; the class of
entire functions of exponential type o (o > 0). We refer to [8] for the basic
knowledge on %. Let '

2
w2 = €%,.: I—(-Eml—-dt(oo :
= {(P - £l+f2

‘We now give a generalization of Proposition 2 of [1].
Theorem 1. Suppose that 1, y,€ U, fe LY :

(@ If 0<t<c<c and f¥e W? then
Fod = fi Foelh) =F;
(b) If fe Ly and o>¢=0, then
Fol Y@ = Y. hgs(® (e,

k<o

Foe(N)(®) = 3, Noe(k) e (f)e™,

lkl<ao

where
1 f ik
)= o= | f@e™ax, kel;
=T

(c) If y'e Ly(0,a) Va>0, c>c=0.and

FMOlE -
}l; 1T ]t|2 dt <

then Fo(f)e W2, Fy.(f) e W2.
Proof. By the basic result in Fourier analysis, we have

e — ———

W"\'oc == ‘I’*A'crc! Wx::c = {I}*x:sc'

Then we get
Foolf) = Ag + fY*(F*hgy) = Ag + (fY +Xo0)*,
B (f) = Ag + fY*(Uaig) = Ay + (F¥*Xo0) + V.

Generally for any ¢ € WTZ and 0 <t<ec<o, wehave

@*Age = Q*Ag. = @,

which is just a consequence of the Wiener — Paley theorem [8]. So, by the definition of

\-derivative we get conclusion (a).
In the case where fe L,,, we can easily check
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APPROXIMATION OF LOCALLY INTEGRABLE FUNCTIONS ... 1553
1 % — : 1 ™ . —
= [ (P *he)me™ar = [| = [ ffr—ne ™ dx |Ag (9 dt =
21 “x R 2n —

= Ck(fw)J‘ Ao () e ™™ dt = Mg l=k) cp(fY).
But ?LU,_. is even and, therefore,

(f“’*xw)(x) = Y hge(B) e (FY) 5%,

lkl<o

Hence,

(FY ¥ he W) = 3 lcc(k)ckcf"’)J e 0y ar =

lkl<a
= 3 Aee(® e (YW (h e
lkl<a
By Definition 3, for k%0,
wlf) = 5= I (f f‘”(x—rwcr)df] e *dx =

= (M) [ ¥®e™dt = o (fNwEk).
R
Therefore,

(F¥* R ) = 3 (B (e

O<|k|l<o

which implies that

Fcc(f) (x)

1]

> Agell) e (F) €~

lk|<a
The same argument yields

F5e (f)(x)

Y Nge (k) e (f) ™™

lk|<o
Conclusion (b) is proved.

In the case of Y’ e L,(0,c), wewrite ¥ = WAge OF ¥ = WAy, . Thensuppyc
< [-0,0] and vy is absolutely continuous on [-o,c], yv'€ L,(—0, o). Applying
the result of [8, p. 228] we have g#*7 € W2 whenever g satisfies

J lg®l® ,, .
1+ [¢]?
So we get conclusion (¢) and complete the proof.

3. Approximation by Fg.. Assume that y;, y,€ U, 0<c <o <o, and fe

e LY. We define

Poc(f) = f=Fse(f)s Podf) = f= Fsdf). @)

We write
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1554 A. STEPANETS, WANG KUNYANG, ZHANG XIRONG

0, 0<el<e,
Fodt) = W= Moe¥® = { L=y (osign@), c<l<o, @
(L), o<t
Then, by Definitions 3 and 4, we get
Poc(f) = f¥ *To . ®

By Theorem 1, forany ue W2 and 0<t1<c<o wehave u*7,, = 0. Hence,
Poc(f) = (F¥—w*Tse .
This implies that, for 1 <p <ee anf fe LY f,P, we get

s (DIl < Ec(F¥) 5 I75c s (10)
where
. . — -
E.(R)y = inf{llh-ulls: ueW?}, ool = [ 17 @)l de.
R
By the definition of Fourier transform (4), we have

B L y(-0)e®)ds +

Toe () = El;zuj rse(s)e ™ ds =
R

zi (W)™ + y(-s)e™)ds.

Cl‘—-s

By (5),
W(s)e ™ + y(-s)e™ = 2(y(s)cosst + Yy(s) sinst).
‘We write

Ry(8) = ¥1(0)

—~ cosstds + lJ- W (s) cosst ds, (11)
—c T2

“
|
o

Rz(t) = Va2 (G)

sinstds + lj W5 (s)sinst ds . (12)
T a

We see
Toe () = Ry(t) + Ry(2). (13)
Asin [1], we denote by F; the following subclass of U :
= {ye U: sup{n(y,1): 121} < =},
where 1 (y, t) = \p"l (%w(f)), t=1, isintroduced by Stepanets [5].

Similarly, we keep the notation Uy, U,, and U, as introduced in [1]. We know
from [1] that

’dc U'Um CFD'
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APPROXIMATION OF LOCALLY INTEGRABLE FUNCTIONS ... 1555

For Yy, Wy € U, by (5), we conclude that
vl = (Wt +vio)?

is decreasing on [0, ==). Hence, we may assume that |y (¢)] > 0 forall te [1, ).
Next for simlicity we assume that 0 <c= o — 1 and write r; instead of r; 5_4.

In this case, by (11) and (12), we have

o
2 sin — oo
Ri(t) = —2y1(0)sin ([c - %] r) - %I?J ) (s) sinst ds, 119
[s3
2sin% 1 1% .
Ry(t) = o Y5 (C) cos ([0’ - E) tj + EJ' Yo (s) cosst ds . (12%)
[+2

3.1. The case Y, Y, € Fy. We define
ax Ewl, B

T](Wj: I) i ""’
sup {n (. 0): 21} = K;
Theorem 2. Suppose that \f 1, 5 € Fy. If there exist constants A =B > 0

j=1,2.

such that
Visd A DMn=ts 5 (14)
ﬂ(qu»f) =1
then

lislly = 51wl (log" (n(o) = 0) + O)

as o — e, where
c=1.

n(c) = min (M ¥y, 6), N(¥2, ),

Proof. We write
2n >1

T @ -0’

o+2n/|t|

< | wids

By the monotonicity of ; and the periodicity of cos, we have

a

J W1 (s) cosst ds
a

and, hence,
™ o (o+2nfo o+2m/t
[ ] wis)cosstds|dt < 2[{ |+ le(s)dsdf <
ltl<alo 0 g o+2n/o
< dmyy(0) + 4 Y8 el o
2n/o
‘We note that
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1556 A. STEPANETS, WANG KUNYANG, ZHANG XIRONG

o ny,,0)-oc o
[ owErs, ( w ] Jm_zd
5 §

2n/o n(e)-o ny;.0)-o
where, by assumption (14),

ﬂ(W:aC‘J—leI (G +5)

s

ds < yq(c)log(l+A).
n(e)-o

On the other hand, it is known from [2, p. 134] that, for y; € Fy,

Wi 019 Jo (i sup {N'(y1,1): £21}) y1(0).
ny;,o)-o s

Hence, we have

[ wi(s)cosstds|dt < Cy, (o), (15)
a

ltl< o

where C >0 isa constant independent of ¢ = 1. By the same argument, we have

T\pz(s)sinsrds dt < Cyy(o). (16)

ltl]<alo

‘We may assume that y(c) > 0 and write

0 = arc tauHZ_(EE.
V1 (o)
We define
Ry(t) = |‘“T(EG)1 T (s—o+1)cos(st — 0)ds. 17)
o-1 _
Then, by (11)—(13),
75(t) = Rg(t) + %J- (w1 (s)cos st + o (s)sinst) ds . (18)
a

It is obvious that
|R3()| < |w(o)].
So,if o<1, then, by (15)—(18), we have

| 17@lde < Cly(o)l. (19)

ltlso

If 1<, then

[ 1s@lde < Cly@)+ [ [Rs@)lat.

[t]<e 1<|tl<a
By (17), we get
@)l . Zhp(ol... b 1
Ri(t) = l—q%-t-—lsm(ct - 0) - %—lsmasm[(o‘—a)r - B:l‘
Thus,
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| sin (ct

| IRl < = |q;(g)|+|w(0)| |

i<l<a 1<|t|<a

S fflw(c)lflf)ga +:5)s

In order to consider the case |#| > o, we use (11°) and (127) to get
ZSin% 1
s () = —|y(c si G———t—B)-i-
o) = ~Iy(0)|—z2sin((o-1)

+ %J. (=1 (s)sin st + 5 (s) cos st) ds .
Ty :

By virtue of the monotonicity of Wi and the periodicity of sin, we have

< (o) - [0 + ﬁ)

J 1 (s) sinst ds
a

Hence,

2rfo
dr < 2 J l]jl(c)—:‘ljl(c'i-t)dt <
0

oo

J 1 (s)sinst ds

i

lel

(v, o) '
< 2 J Y1 (G) -V (f) At .
= t—C

It is also known from [2, p. 134] that, for v, € Fy,

n(y, o)
J Yy (o) = Il-(‘lt)dr < sup{n(wq,t): t21}yq(0).

Therefore,
[ L] wisinseds|dr < Cyy(0).
|r|>a] | o
The same argument yields
L[y
J' = sz(s) cosstds|dt £ Cyo(0T).
]zl:-ntIri ]

By these estimates, we derive from (21) that

e)ldr <

2sin£sin((c~l) t — EIJ
2 2

_[ | @) dt < Cly(o)] + [y (9] J’ i
I HEX
If =1, then

;

lt]>a

2sin£sin([c—i): - e)lx'zdr L.
2 2
If oo <1, then
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?.sinisin[(c—-l-)r - Bjrt_za'f <
o<lt<1 2 2

. 1
sm[(o‘~-)£~9]
< 2 a < 2glsc.
t T oo

a<lt<1

This and (21) show that

4. 1 .
4 —+c) f o<l
(nz g ly(o)| if a<

| 15@lae < (22)
le]>a C |y (o)] if a>1.
Combining (19), (20), and (22), we complete the proof.

Theorem 3. If there exist constants €>0 and ty=1 such that

ny,t)—t= 2(K1+3)(Tl(\|’2, t) —t) (23)
forall t=1y, then, for =1, we have
P 4

lislls < = w1(0) (log" (¥, 0) = ©) + g (24)

Proof. Using the method from the proof of Theorem 2, we can derive
IR, < & log* G), feie
il = ?WJ(G)(DE; (M(y;,0)—0) +C), j=1,2.

Under assumption (23), we apply the properties of the functions in F; and get

Va(t) € APV Vi,
where

o i= inf{—-—:t—w—-: 1;21}>0, Ag = Wz(fn)es>0
- Ny, — 7T vy (t)

Thus, we have
W2(0) log* (N5, 0) = 0) < Ayo™Pyy(0) log(m’—s—);g 6] <

< Cyq (o), o=z21.
Theorem 3 is proved.

3.2. The case where Yy € Uy and Y, € U,. We recall that y; € U, means
that

SUP{u(w;,r): t21} = M; < o,
t

vy ( v0) -t

Furthermore, we know that [5, p. 118]

“(Wj,f)= j=1)2‘

Voxl olyj©)l £ (1+M)y;o).
Theorem 4. If 1, o€ Uy, then, for 6= 1,
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”';0'“1 = |W(0)[(T;i2 logo + C) +%J‘ Yo () dr .

Proof. Following the technique of [1], we first prove that, for ¢ e (O,EE],
c
17 . 7t ) cos (Gt)
= tds 2 — | —/——= 2 0.
nl LB W2(2r] ot
Indeed, for t e [O,E-], we have
20
L[ vy ()sinstds =
L a
1 T ° s
(wz(c)cos(cr) +-[ J‘ + J J (—)cossa's =
t t
at /2
n,fz
[Wz (o) cos(ot) + - f q!z( )cos.s ds] >
ot ¥
/2
1 1% (s [n)cos(cr)
= — t)- - B P
= (Wz(c) cos(ot) + cos(o )t (;[, LEY ( p ) ds} A2 = =
In order to estimate ||7 ||, we start from (18).
It now follows from (18) and (25) that
A T
[ Iold < Zly@l+ | J\pl(s)cos(st) ds|dt +
ltl<n/20 - ltl<m/20 1o
i n/20
+ =2 wz(s)( | singso) d:J ds =
5 0

: T'q!l(s) cos(st) ds|dt

a

s
+=ly@l+ |

ltle /20

It is obvious that
o cos (s . )
J wal)——=292ds = O (w(0)).
a
Integrating by parts, we get
T 1 . TE o
| wi(s)cos(st)ds = ~2V1(0)sin(o?) —-;j W4 () sin(st) ds .
o ' o

Since — 1 is decreasing and positive, for >0 we have
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—T V1 (o)sin(st) ds — TEWE (s)sin(st)ds = 0.
Hence, i ’
[ viysin(sryds < ~L=08(00 iy
Let ’
E = {:e(o, eo): T Y1 (s)sin(st) ds > 0}.
W? see that ’
T %‘T y1(s)sin(st) ds|dt =
0l's
e T %T Vi(s)sin(st)dsdt + ZJ %[T sin(st) dstr <
0'c E\c
< 2f |Wi(0)|£—_—%92§£0'—0dr + T (—q:;(s))nfs'i—n@drds.
Noting that ’ ’ ’
Slyi©)l < (1 + M)yi(o), T@d‘ = Tii?«—ta‘r € R,
we get ’ ’
;f% Iwi(s)sin&st)ds dt < Cy (o).
Then
| Tq!l(s)cos(sr)ds dt = 0(y (o).
ltlern/20 g
Therefore,

.[ ]?c(tJldt < C]q!(c)[ + %]"wz“)ds.

ltl<n/20

By (117) and (127), we have

_[ %@ de < _[ W(—f)l ZSin%sin[(c-—-zl-]r - Gjydt +

w/20<|t] w/2c <|t|<n/2 L
+ |w(o)]| + j lj_(—\pi(s) sin(st) + Y5 (s) cos(st)) ds| dt .
/20 <t Tt 5

It is easy to see that
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APPROXIMATION OF LOCALLY INTEGRABLE FUNCTIONS ... : 1561

1
AT )

5 0t & 1 4
25111-2-3111([6—5): - BJ dt < F(]ogc + C).

:t,r‘20<|:]a:,!2m .

By virtue of the monotonicity of w1, j = 1, 2, and periodicity of trigonometric
functions, we have

o+2n/]¢]

Jwi(s)sin(st)dv‘ < | Ivields = %lwi(c)l,
a a

o o+2m/|¢| o

| whs)cos(snyds| < [ |ws(o)lds = pphveel.
a [+ .

Then

T (=1 (s)sin(st) + W5 (s)cos(st)) ds|dt <

[+

1
| i

lt]>m/20

: < (v + lwa @) o < Cly(o)l.

Combining the above estimates, we complete the proof of Theorem 4.
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