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STOCHASTIC DYNAMICS AND BOLTZMANN HIERARCHY. III
CTOXACTHYHA TUHAMIKA I IEPAPXIA BOJIBIIMAHA. III

Stochastic dynamics corresponding to the Boltzmann hierarchy is constructed. The Liouville—It6 equa-
tions are obtained, from which we derive the Boltzmann hierarchy regarded as an abstract evolution
equation. We construct the semigroup of evolution operators and prove the existence of solutions of the
Boltzmann hierarchy in the space of sequences of integrable and bounded functions. On the basis of
these results, we prove the existence of global solutions of the Boltzmann equation and the existence of
the Boltzmann - Grad limit for an arbitrary time interval.

MoGy/woBania croxacTHyia uiaMika, Aka sinosinae iepapxii Bosisimana. Orpumani pisusuns Jiy-
Binna—ITo, a 3 nMX BHBe/iena iepapxia BosbimMana, aka poariajiaersca AK aberpakie eposoniiie
pisuanus. INobynopana nisipyna eBosNONIAIMX ONEPATOPIB i JIOBEJIEIIO iCHyBalllla PO3B’ A3KiB iepapxii
BoJibliMata B NpoCTOpPi NOCJIIIOBHOCTEH ilITerpoBIMX Ta obMekKenux cynkiii. Ha niil ocniosi jose-
Jleno ictyBannd raodaibiux po3s’A3kis pisnanna boasumana ra icuypanns rpanuni Bosabsnmana—
I'pena na nosinsioMy inrrepsadii yacy.

APPENDIX 1. In this appendix, we give an exact mathematical meaning to the in-
finitesimal operator of the semigroups Sy(—f) and to the derivation of the stochastic
hierarchy.

1. Semigroup S,(¢). Consider the following functional:

($,(1) £, =830 fo.92) =
= MI[SE(I)fE(XL,Xz)_Sg(f)fz(xhxg)] (pz(xl,xg)dxldxg, IEO, (I.I)

where @,(x;,x5) is a test function from the Schwartz space S, f,(x,,x;) is
continuous, 52(:) is the operator of the free evolution, M denotes the operation of

averaging with respect to the random vector 1. Later we show that functional (I.1)
exists and is continuous.

Denote by D_, the set in the phase space that is the collection of the points of the
trajectories

X(-1,91,p1,41,P2), Osts<t, ne S2US2 =52 (1.2)

q, € R?, p|E R ps € e

The set D_, consists of the following points:
(X, %) = (@ —pi%, Pl a1 —P3%.p3), me S2, 0<t<y,
pi =pi-nm-(pi-p2). p;=pr+nn-(pi-p2) (13)

5
(x1,x) = (q,-P1T,P1,91 = P2%.P2), Me S, 0st<t.

Note that the phase points of the set D_, have the following characteristic prop-
erty: the vectors of difference of positions are parallel to the vectors of difference of
momenta

G =pit-q+p3t = (p3-p))T, qi-p1T-q,+p2T = (Po-py)T.

It is obvious that the collection of points (I.3) is of full Lebesgue measure with
respectto T, N, g, Py, P2
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STOCHASTIC DYNAMICS AND BOLTZMANN HIERARCHY. 111 553

The function S,(t) f> (x|, x3) — S? ®) (x|, x) is different from zero in the
set D_,. Really, all points of D_, “interact” at certain time on the interval [O, ¢]
during forward evolution. For t=1 -0, the points (g, — p; T, p/.q,— P3T. P5),
ne Sf, are shifted along the trajectory to the points (g, py.q,, p3); for t=1+0,
they turn into the point (g,,p.q,p2); fortime r, this point turns into the point

(g, +p,(t=1),py,q,+pP2(t=1),p2), 0Z1<t, Mme SE. (1.4)
By analogy the points (g, —p T, P, 4, —-P2T.P2), NE S?, turn into the points

(@ +pi-7.pf.qy+p5(—1),p3), 0=<t<t, Me ol (1.5)

Note that the phase points (I1.4) and (I.5) have the same characteristic property as the
points (I.3) of the set D_,. Namely: the vectors of difference of positions are parallel
to the vectors of difference of momenta. Thus, the hypersurface with this chatacteristic
property is invariant with respect to the stochastic dynamics and function

Sy (1) fo(xp, X2) = S5 (1) fo(x;, xo) is different from zero on the set D_, on this
hypersurface.
Thus, we have

[S2(0) fo(x1,%2) = S3(0) f5.(x1, x2)] @(x;, x3) =
= [Alg+p (=10, pr.g1 + p2(t=7). pa) -
- L@ +pi =0, pf g+ 3 =1), p3)] 9209, =PI T P91 = P37, P3)
at the point (x,x) = (¢, - pi % p{-q1 - p>%, p3) € D_, ne S35
(S, (1) £ (x1. 53) = S3(0) fo(x1, 1)) @(x;, x3) =
= [falg+p{ (=D, P g+ P31 =7), p3) —
- fHlg+pi =0, p1.q + Pt =1), p2)] ©2(q, = P T, P1. g1 — P2 T, P2)

at the point (x;,x;) = (g;-p%,P 1.9, +p2T,p2) € D_, € g2,
Functional (1.1) can be represented in the following form:

(S, (1) £ —Sf_,’(r) f.92) =
- 4—5‘[ dt j dnj dg,dpydpy In-(py = p2)l x

x[fz(fh+P|(f*T);P|"?1"'P:(*"’U»Pz) =
- f(q +Pi*(f—'c),p.‘,q1 +p3(t—1), p3)] ©2(q, - piT. P, g — P37, P3) +

1

g o= 2 drjdnjdq.dmdpz In-(p = p2)l X

X[folgi+pit =D, pl.q +p53(t—1),p3) -

- falgr + =0, pragi + P2t =1, ) 92(q, — 1T Py g — P2 Ts P2)
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—I dt f dnj dq,dp,dp, In-(p) — p2)| %
SZ
x [fo(gq;+pit=1), pi. g+ P2t —7T), p3) -

- flg+p =1, p1, a1+ P2t =1, P2)] ©2(q, = P\ T, P1. @1 = P2T. P2) =

1
= 4—I Idﬂ_qulszdP|dP25(41+P|T 42— P20 In-(py = p2)l X
0

X [fo(gy+piT+p (t=T), p]. g2 + P2T+p3(t—T), p3) -

- fHilar+pit, P g2+ pat, p2)l 02(q1. P1s 92, P2) - (L6)

The interpretation of the last formula is the following: the integral is taken over all

initial phase points that interact during the time interval [0, ¢] and, thus, belong to the
hypersurface g, + p|T = g, + p>T, 0<t<t. This integral is averaged with respect
to the random vectors 1. We also used the fact that the Jacobian of the transformation

(p1,p3) = (p1.p2) isequal toone and M- (p} = p3) = - M- (py — p2)-
Here, we take into account that in the set D_, particles are shifted in direction n

by the distance |1 -(p,-p,)|T andusein D _, variables T, M, g, p,, P2-
(About the factor % see Remark 1 in the end of this section.)

The derivative of functional (I.1), (I.6) at +=0 is equal to

|
mi _[ dﬂ_[ dq, dp, dp, In-(p; _P2)| X
o5

2605 -S20he)| =
t t=0

x [ A (g1, pisa1s P2) = K(qs Py ar Pl 92(q), P a1, P3) +

& Z':-EE J dn [ daydp dp In-(p = p2)l
x[falar pian ) = folar poar P @2(an poar p2). - A7)
Formula (1.7) yields

I dﬂj dgy dp,dp, In-(p, = p2)l X

d - 0
dr(sz(f)fg Ssz)fz“Pz)Lz = 4?‘52

x [f2(q1, Py a1, p3) = f2(qr. prsg1s P2)]192(q1. Pra g1y p2) =

J- dnym) ‘[ dq,dpdp, In-(p, — p2)| %
g%

1
X [fz(m-Pf,fh’ p2) = fr(ayspisars P2)192(gy prsgrsp2),  x(M) = s

(1.8)

Here, we have again used the fact that the Jacobian of the transformation
(p}.p3) = (p1.p2) isequal tooneand n-(p} = p3) = -~ (P~ p2)-
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Formula (I.8) can be represented in the following final form:

%(Sz(f)fz = Sg(t)fz,‘i’z) I =

= I danx(m) _f dq, dq, dp, dp, 8(q, — q3) In-(p, = p2)| 8(=n-(p; = p3)) X
Sz

x [f2(q1, P{s 492, P3) = f2(q1, P1sq92. P2)192(q1, P15 g2, P2). (1.9)

In (1.9) we consider 1 as the random vector on §?% with density ﬁ From (1.9), we

have for a fixed random vector m
d
ACICEACEEEHOFICTEN I

= 8(q1 - q2)In-(pr=p)l6(=m-(p, - p2)) x
x [ f2(q1, PT>q25P3) = f2(q15 P15 92, P2)],
(1.10)

d
342

;S;(:)fz(x,,xz)[ = [ + P2 )fz(xhxz) +
t t=0

d
p]54—|
+ 8(q) —q2) In-(p; = p2)l 6(=m-(p, = p2)) x

x [f2(qy. Pi> a2, P3) — f2(q1, P12 42, P2)].

One should add the boundary condition in the Poisson bracket. The latter formula
(I.10) coincides with (2.8).

Now we show that the stochastic dynamics is obtained from the dynamics of hard
spheres by a specific averaging procedure over the sphere with radius a and the limit
transitions as a — 0 (details of proof will be published in a separate paper).

In order to explain the result of this averaging procedure, we consider the hypersur-
faces (gy,p 1, q1,p2Y and (g,,py,q,-amn,p,) witharbitrary ¢,, p;, p and 1
€ S2. Let us shift them backward at time — T along the stochastic and Hamiltonian tra-
jectories, respectively. We obtain

* * & * %
(g1 -pit. Pl g - pP3T.p3), me Si,

(L37)
(g1-P1% P11 -P2T,P2), TME 5%
for the stochastic dynamics and
(g - p{t P{.q1—an-p3t,.p3), mne S7,
(L11)

(41-P\T.P1.q1—an—pyT.py), mMe S2,
for the Hamiltonian dynamics.

For the Hamiltonian dynamics every point (g,,p,,g,—amn,p,) for fixed T is
associated with the single point (I.11) while for the stochastic dynamics every point
(gy>P1+4,,P2) is associated with the two-dimensional hypersurface (1.2).

Denote by D% the collection of points (I.11) with ne S2US?, 0<t<r and
consider an analog of functional (1.I), (1.6) for hard spheres. We have
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(S50 f2 = S3 (D f2.9,) =

= _[ [S5(0) f2(x1, x3) = S5 () f(x1, x2)] @5 (xy, x,) dxydx, =
DY,

[

i
= 5[ at [ dn [ dgydpdp, In-(p, - p2)l %
0o s?

X[ f2(q+p t=7), p1.g —an+py(t—1), p3) —
- falg+pf (=1, pi.qy—an+p3(t—1), p3)] x
X @,(q=piT.pl.q —an-p31,p3) +

21
(]
+ -:’ff dt Idﬁj dgy dp dp, In-(py — p2)| %

0 gl
x[fo(q+pit=1),pf.qy—an+p3(t—1), p3) —
- falg +p (1=, p1og —an+ py(t = 1), py)]

X Qy(q, = p1 T p1oq—an—p;y T, py). (1.12)

We have used the variables T, M, g, p, p, inthe domain D¢ . It follows

from (I.12) that the measure of DY, is proportional to a®. ( Concerning the factor

1 I .
E, see Remark 1 at the end of this section. ]

It is obvious that

n‘ag (S f, = S0 f.95) = (S50 f> = SLD) fr.92)

lim
a—

for continuous f, € L, and test functions @,.
This means that functional (I.1), (1.6) is the average of functional (1.12) over the
sphere g, =¢g;—amn as a— 0.

The function S% () f,(x1, x5) = S5(1) f>(x;, x,) is different from zero in the
domain DY ; the function S, (t)f;(x,,x,) — S.E (1) f2(x,, x5) 1is different from
zero in the set D_, which is the collection of the trajectories X(-1,x), g, =¢,, 0<
STt

Analogously, we can consider the semigroups S, (—1?) its infinitesimal operator,
and the set D, as the collection of the points of the trajectories X(T, ¢, p.q.P2).
O<st<t.

Now consider the infinitesimal operator of S5 (r).

It follows from (I1.12) that

d o
~(S30f; - S3(1) f2.95) i B
2
= % j dnj dq,dp,dp, [n-(p) = p2)| %
52 :

x [f2(q), pirqy —an, p2) = f(q). Py.q—an. p3)] ©2(qy. Py, q, —an, p3) +
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STOCHASTIC DYNAMICS AND BOLTZMANN HIERARCHY. 111 557
aZ
T [ dn [ daydpydp, In-(py = p2)I x
52

x [ f2(q1, Pi g1 —an, p3) = f,(q1. P1»q1 —an, p2)] ©2(qy, P1. g1 —amn, p,) =

= a [ dn | dg,dgydp dp, In-(p) - p2)|8(g) - g2 - am) x
s?
X [fZ(thrqu! P;) - fZ(QI!PIaQZs Pz)] lpz(‘i"hPth, p?,) (1'13)
We have from (I.13)

d ga
7G50 L =820 ), x)| =

= @ [ dnln-(p, - p)3(q; — g2 —an) x
5
x [ f2(q1 Pis a2, P3) = 2(q15 P15 a2, P2)] (I.14)
and, finally,

d a 2 0
3;52 (f}fz(x;,x2)|r=0 = 3 Pfa—mfz(xh-’fz) +

i=|
+ @ [ dnn-(p, - py)I8(q; - g2 —an) x
s:
x [ f2(a1, P a2.P5) — f2(ay. pi. a2, P2)]. 1.15)
We have obtained a well-known formula (see [23-25]).

Comparing (1.9), (I.10) and (I1.14) we get

. l d a
alinn e 5(52 O f> = S5 £2) (x5 %3) |f=0 =

d
= ME (01, - ngf)fz)(M-Xz)Lo (L16)

where M means the averaging operation with respect to 1.

Remark 1. The factor % in (I.6) and (1.12) is connected with the following: the
points ¢, =42, pi, P3. 41, g1—an, pf, p3, ne S{, n-(p;-py) 20 are
the states before the collision (for increasing time) as well as the points g, =¢g,, p,,
P2. 41> 41-an, py, p2, N€ S2, M- (p,;-p,) < 0. For the points g, =45, p;,
P3» 41> 91—amn, pi, p; wehave M-(p;{-p3) =-n-(p,-p2) < 0. This
means that the points ¢, =q,, p, p3, 91, 41 —an, p{, p3, N-(py—-p2) 20
are associated with the random vector n € S2, n-(p; - p3) < 0 with respect to the

momenta py, p;.
In functionals (1.6), (1.12) we have taken into account the two identic states before

collision: ¢, =g, Py, P2, 41» 41-an, py, P2, N€ S2, n-(p;-p,) <0 and
41=42, P}, P3.» 41» 4,-an, p{, p3. ne S, n-(p}-p3) <O.
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Two terms in the right-hand side (1.6), (1.7) and (1.12), (I.13) coincide. It becomes
obvious if one uses the momenta p;, p3 as the new variables instead of p,;, p, in
the first terms of the right-hand side (1.6), (1.7) and (1.12), (1.13).

This coincidence are connected with above mentioned two different representation
of the identic states.

Therefore we used the factor % in (I.6) and (1.12).

Thus, in this section, we have found the rigorous realization of the idea expressed
in the important paper [24] of Cercignani, where he has written: “In order to introduce
irreversibility, one has to consider an averaging process over the details of collisions;
this can be obtained by a limiting process in which the space region, where a single
collision takes place, vanishes and thus determinism is lost”.

Namely, we have showed that the infinitesimal operator of the evolution group of
the stochastic dynamics is the limit of the infinitesimal operator of the evolution group
of the Hamiltonian dynamics of hard spheres, or, more precisely, the limit of the
average of this operator over the spheres as its radius tends to zero. The obtained
Liouville — Ité equation and the stochastic hierarchy are irreversible.

2. Connection between formulas (2.10) and (2.14), Liouville theorem. We start

with the two-particle systems. Consider the functional (S, (1) f, — S,_? ) f>.9,) and

show that it is equal to ( f5, S, (=)@, — S5 (=0)9,).
According to (1.6) we have

(S0 £.92) = (S350 fo.9,) +

l [
+ a_[ dt j dT’I_[ dgydpydgy dp; In-(p; = p2)l 8(q) + p1T—q2 = P2 T) X
0 2

X [Hlg+p1t+pf(t=1),pl, g2+ P21+ p3(t—1),p3) -

- HLl@+pit,praga+pat, )] 02(q1. P1. g2, P2) =

1 1
(2,530 @) + aj‘ dt I dﬂj dqydp dqy dp; [N~ (py — p2)l %
0o s?

X 8(q) = P1T=q2 + P27V) f2(q1, P, 42, P2) ¥
x[@2(q, - P T=pi(t=1), P{.q2 - P2 T—p3(t—-1), p3) -

- 92(q1 =Pt p1,q2 = P2t p2)] =

1 !
(f2, 531 9,) + ZE{ d L dn [ dgy dp da; dpy In-(py = p2)|

'S‘F
x 8(q1~q2 ) f2(q1+ 1T, P1. g2 + P2 T, p2) X
X [@2(q = pf(t=1). pf g2 - p5(t=1),p3) —

= 92(q P (t=71), P1. g2 — P2 (1= 1), P2)]. (1.17)
Formula (1.17) means that

(S, f> — Sg(f)fz»q’z) = (f2, 8-, - Sg(—f}‘Pz)-

Finally we have
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(S2() f2,92) =
= M_[ dx, dx,[ S5 (1) f2(x1, x2)] 92 (x1, x2) =

= M‘[dx;dxzfz(xl,12)[52(—-1)@2(1],12)] = (f2,S2(-D93). (118)
Let put ¢, =1 in (I.18), then we obtain
MJ dxydxy Sy (1) fo(x1, x3) = MI fa(xy, xp) dxydxy = _[ fa(xy, x3) dxy dxy .
For f, =1 one obtains

M_[ dx dx; S5 (~1)9; (x), x3) = MI 92 (xy, xp) dxydx;y =
= Iﬁpz(xlsxz)dxldxz-

This formulas can be considered as the Liouville theorem for the stochastic dynamics.
Now differentiate formulas (1.6), (I.17) with respect to time

d
Zf-( 210 f2,9,) = [Z P;a S'JU)J@"P"J

i=1

1
g i j dﬂj dg,dp,dq, dp, In-(p) = p2)l8(q, = q,) X
L

x [£(ar 1415 P3) = £(q15 Py ars P2)] %
X Qy(q) = Pyt p1.Gs — Pat. py) +

] 3
*4“?;_[ dt j _" dqy dpydgy dpy In-(py = p2)18(q, —gq3) x
0

2

[zp:a fz(fh"'P;(f 1), P1‘CJ2+[J2(I 1), 1’2)_

i=1

= Zp,a Lg+p (6=, piiga + pa(t—1), pa)]

i=1

X @2(q =P\ T, P, g2 = P2T, P2) =

J
(Z p,a—Sﬁ(r)fz ‘Pz}

i=1

1
B [ @n [ dg,dpday dpy In-(py - p2)13(a; + Pyt — a2 — pat) x
S

x [ f2(q, +P1‘»PT'9’2 +pat,py) -

- L(q +pit,psga + pat. p2)192(qy, Prs g2, o) +

1 t
+ 4—nf d [ dn [ dg,dp dg,dp, In-(py = p)I8(g) + pyT—qz = p27) X
0o 2
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Ep;a H(g+p T+ pi(E=T), Py qa+ paT+py(t=1), p3) -

i=1
0
- Zp,a H(g +pit,pr.as + Pat, p2) |92y, P1aga. p2). (119)
i=1

Formula (1.19) is the proof of the equality

d d
E(Sg(r)fz,tpg) = (Esz(f)ff}_,q)g] (1.20)

or

d
% MJ dxydxy [Sy (1) o (xy, x2)]92 (xp, x3) =

d
= M_[ dX|dX2[d—se(f)fz(_x',xz)](pz(x],XZ).
1
From (1.19) it follows that

usz(r]f»(x.,xz) = Z P aa 89 i (s 5] (1.21)

if during the time interval [0, r) the particles with initial phase points (x;, x;) do not
interact, i.e.

4, — g, # (py—py)t forall T, 0<t<1t,
If gy — g, = (p,—py)T forsome 1, 0<t<1, ie. (x,x,) € D_,, and the particles

with these initial phase points interact, then from (1.19) we have

d . .
'aT:SZ(I)fz(“"I'IZ) = [fLla+,iT.P1 g2+ P2, p2) -

- L+ P11 P g2 + P2t p2)]8(T=1) +
2
Z fo(q|+P:f+p|(r 1), Pl ga + pat+pi(t—1), p;) (1217)

for fixed m.

Formulas (I.21) coincide with analogous formulas (2.5) - (2.10) obtained in
Section 2.

Now we want to show that

[%Sz(f)fzvq)z) (f": =8, (- r)q:,) (1.22)

For this purpose we represent the last term in (I.19) as follows

{ I
—_[ dt j d"lj dg, dp,dq, dp; In-(py — p2)18(q; —g2)
4n0 52
d * * * L
X{—E[fz(qﬁp. (t=1),pi,q2+p5(t—1),p3) -
= fz((h+P1(f—T),P:»6’2+P2(P—T},P2)]}(P2(‘I|—PITva%‘PzT‘Pz) =

ISSN 0041-6053. Ykp. mam. xypu., 1998, m. 50, N* 4



STOCHASTIC DYNAMICS AND BOLTZMANN HIERARCHY. IlI 561

1
R I dﬂJ dq, dp dqy dp; I - (p1 = p2)18(q1 = g2) %
82

x {[fz(fh +pit Pl g+ Pat,pa) —
- fHla+pit,piag+ pat, p2)19a(qr,. prsg. p2) —
- [f:z(%»Pr»QQ-P;) = fla.Pr-42,P2)102(q) = pit, P g2 — P2t pa) +

t
+ [dtlfala +pi =0, pf a2+ P3 (=), p3) -
0

- Hlg +pi(t=1), p. g2+ pr(t=1), p)] X
d d
X|=pr=— =P |92(q1 = P17, 1. G2 = P27, P2) - (1.23)
9q, 94

Inserting (1.23) into (1.19), we get

%(Sz{f)fz»‘h) = (fza_i P,-%Sg(—r)tpz} +

i=1

1
By J; dn | dgy dp, dgy dp; In-(p, - p2)I8(q) - q2) x

X {fz(*’h + Pt prada "‘sz,Pz)[‘Pz(fIhPr-‘hsP;) = 02(q1, 11,92, P2)] +

1
o Idffz(m"'f’ﬂ’ P1»42 + P2T, p2) X
0

L a * a * * * #
= [(”Pl S P'J?]‘Pz(éﬂ - t=10,p g2 =Py (t=7), p3) -
2

- (—m - P2 i}‘?z(fﬂ -pt—=1), 1,92 _Pz(-’—T)spz)] =
aqw 3‘12

= (£.25:600,). (124)

Equality (1.22) is proved.
From (1.24) we obtain the following formula

(£5:052.92) =

= I dq, dp, dg, dp, {fz(‘h +pit, i g2 + pat. pa) +

1
+ —

= f dnd(g,+pt=g2 = P20 In-(p) = p2)l x

52

O ey
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x[fH(g+p T+ P;(‘—T},PT'Qz"'sz"'P;(t—"-’),P;) =

J 0
- Al +pit.p1gr + P2t p2) | =P 5s— = P25 |92(q15 P15 92, P2) +
691 3‘12

1
+ [ daidpyday dpy o [ dnin-(p1 = p2)I8(a1 — 42)
52

X [fa(g1+pit. P{- 92 + P2t, P3) —

- f(g+pit. P g2+ P2t p2)102(q1, P1. 492, P2).- (1.25)

Formula (1.25) can be interpretated in the sense of the generalized functions as
follows

d
Esz(t}fz(xpxz) = ( + py aa )Sz(t)fz(x,,xgx

'3,
x 0 (-n-(p, =) 8 [ fo(q) +pit. py.as+Prt.p3) —

- f(q1 +pit, p1oga + pat, pa)l.

Formula (I.25) can be considered as justification of formulas (2.6), (2.9), (2.10).
Now consider the following test function

02(x1,x2) = @(x)) + 9,(x2)
and consider again (1.25). Using symmetricity of S,(#)f,(x;, xo) with respect to
permutation (f5(x;, %) = f2(x3, %), S2(2) f2(x1, x3) = S5(1)f5(x3,x;)) we obtain

d d
E(Sz(t)fz"h) = [Esa(f)fz,‘i’z) =

= ZJ dq, dp«dq; dp, {fz(ﬂi’l"'Plf’PnGz"'szst) +

i
Lg;.[dt J dand(q;+pit—g —p2v) In-(p, - p2)l x
0o 2

x[fo(g+p 1T+ P (t=T), Py g2 + P2 T+ py(t=1), py) -
d
- fz(fh+P|fsP|s92+P2I,P2)}{ P|a ¢,(qy, P|)]

+ 'ZJ dfhdmd%dpz = _[ ann-(p, = p2)I8(q, —q2) %
R 52

x [f(q)+pit, Py a2+ P2t p3) -
- (g +pit.p1. g2+ pat, p2)l01(qy, 1) =

d
= IdQIdPIFi(I"?I’pI)("PI §éT¢l(QIaPI)] +
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+ _[ dqy dp, L _[ dﬂf dgydpy In-(py — P2)18(g) - 42) %
4r i =

x [B(t, g1, P1.q2. P2) — B(t. 91, P1. 92, P2)] 01 (41, P)) - (1.26)
Here,

Fi(t,x) = Fi(t,p),q,) = ZJ dg, dp, {fz(fh + Pt p1sqy + pat, pa) +

+ dt | dnd(q, +pt—g2—p27) In-(p; = p2)l x

s

1
4n

S —

| te

X[ f(gy+pit+p E=1),pl.qa+PrT+p3(t—1), p3) —
- Ll +pit.p1hq2 +P2f,Pz)]}, (1.27)

Fy(t,xp,x0) = Fa(t,q1,p1s 42, p2) = 285:(8) f2(xy, x2),
(5:()f2.93) = (Fi(1),9)) = Idmdﬁl E(t, g, p)9(q,.p)-

The function F,(¢,x;) and F,(¢,x,, x,) are the one-particle and two-particle
distribution functions correspondingly.

Taking into account (1.26), relation (1.27) can be represented as equation
connecting F, (¢, x;) and F,(t, x;, x,). Namely, we have, in the sense of generalized
functions,

d J
é‘;F](fal]) = Pip, IF(f X )

+ — J' a‘T]_[ dg, dp, [n- (Pi P2)02(q, —q,) X

x [K(t. 91, p).a2.P3) = B(t.qy, p1.q2, P2)],

d Jd
éf‘z(-’,)ﬁ-l‘g) = [Pla_qi + Pzé‘(iz]ﬁ(fsx|vx2) +

+ 8(q, —q2)0(=m-(p; = p2)) Im-(p, = p2)l x

x [ (t.q,, Pl 492, P2) — B(t.q,. 1,492, P2)]. (1.28)

Note that expression for F, (¢, x;) consists from two terms: the first one is the
one-particle distribution function of the free two- parnc!e system, the second one is
contribution of the difference

0
S, (0) fo(xy, x3) = S5 (1) fo(x1, x2)
which is different from zero on the hyperplane g, — g, = 1(p; —p;), 0<1<1t.
The contribution is equal to the integral over this hyperplane with the measure |1 -
- (p, = p,2)| and the averaging procedure with respect to the random vector 1 is

performed. The contribution was determined through the limit of average over sphere
as diameter a tends to zero. The definition of the one-particle distribution function is
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based on the taking into account the contribution from the hyperplane ¢, — ¢, = T(p,
—ps), 0< <t <t This circumstance is crucial in the definition of the one-particle
distribution function, because in the classical statistical mechanics the sets of lower
dimension than phase space are neglected.

Now consider N-particle systems. We have the following representation for an
infinitesimal ¢, continuous fp(x;, ..., xy), and test function Qp(x, ..., xp)

(S fxs@n) = (ng(f)fN»(PN) +

N !
|
+ Y ‘—_[ dt _[ dn;jdx)...dxy In;-(p; = pj)18(q; —q;) %
i:j:l4n0 52

X[ fvlgr+p =), prseenq; +pi(t=71), pis...,
4+ Pt =1, pjres gy + PN =T PN) -
= Inla +p =1, pyseee g + pi (0= ), pisees
q;+pi(t=1), pj,-sqn + PNt = 1), ppy)l ¥
X On(a—p1%P1s v g — Pi T, Piveres@i = PiTs Pjres 4N~ PNT PN)-
(1.29)

Unfortunately we have not yet the representation of the functional (Sy (1) fy. @ x)

for arbitrary ¢.
From representation (1.29) it follows that

Sy® fy.on) = (fn-SnE=D@y),
(L.30)

d d i
E(SN(r)st(PN)Lzu = ((};SN(I) fN»‘PNJ

=0

_ ;j%(fN$SN(—r}(PN)‘.«=0 = [fN»‘%SN(—f)(PNJL:U.

These formulas are the analog of formulas (I.18). (1.20), (1.22) for two-particle
syslems.
Finally, we have

d
E(SN(r}fN'(pN)L:o =

N a
— J-dx]...dXNfN(X],,..,XN)lf—z,-'_J,-;]—;—I(pN(,ﬂ.....IN) +
\N"i=1 f

N
* 2 _[ dn,; J dxy...dxy |r|;_';"(i’; - !’_;)'8(0’; = (i;') X

i<j=1g2
X [fN(QIs Prse--s s p:}—qu_j‘p:"'-'QN‘ !’N) g
Z fN(‘?I'f’lv---vQ:vp.-'!---»qjsP_;‘s---s(JNvPN)] X
X ON(G)s Prio-eesis Piseees Qs PjseesdN> PN)- (L31)

if

ISSN 004 1-6053. Yip. mam. xypn., 1998, m. 50, N* 4



STOCHASTIC DYNAMICS AND BOLTZMANN HIERARCHY:. III 565

{PN(X|,,xN) = z (pl‘].(xi'l,...,x‘;.‘),

i <iy<...<ig

then we obtain from (1.31)

(S fua@x) = S NN =D..(N =5+ D(Sy ) S, 9,) =
= lN(N—;}...{N—Hl)j dx,...dx, %
s!

X {[ @1+ Pt D1 s @+ Pty Pys@yats Postsoons s PN) dX gy oodiy} X
X @ (q1s Proeer dge Py) +

+ L] N(N-1..,AN-s+ l)j dx)...dx, %
5! '

¥ 1 t
x _[ Z —‘J‘d’f_[dmjm,}‘(P;‘_Pj)’S(Q;*‘P;T‘G;—PjT)X
L LA 3 :
i<j=1 0 5=
X[fv(ai+pit. proen i+ pit4 pi (6=T), Py
QP T+ P (=), Pjreees @+ Pyt PysGyats Postoor AN PN) —

- fvla+put, prs--- g + pity Pis e
G+ Pt Pjsees Qs+ Pyl PysQysts Pysrs--rdns Ph)) dXgyoodxy b %
X Qu(qrs Py Ps) +
1
+ = N(N=1)..(N=s+1) | dx,...dx, X
5.
i1 Mis+1-(Pi = Pse)I18(q; + PiT— Gyu) — Py T) X

X[ fy(gy+pit,prsec,qi+pit+pi(t=1),pi,...
s Gyt F Pyt TH Pyt (E=T), PiyisGsizs Pysas--rGNs PN) —

- fuvl(q +P L PG TP Py
coor Gyat F Pyt b Pas 11 Q12 Pyr2o-oon ANy PN dxgypodxy ¢ X

X Q(q1. P12 G50 Py) =

1
;j e T o B YD C s B (1.32)

The s-particle distribution function F(z, x|, ..., x,) defined according to (1.32)
does not depend on any random vectors. The s-particle distribution function which
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depends on the random vector of the s-particle subsystem has the following
representation (we preserve for it the same denotation)

Fo(t,x), .. %)= N(N=1...(N-s+1) x

|
X ;I S.‘.(r,xl,...,x_‘.)fN(x],...,xl\.,le.W,xN)dx“.Hmde +

z J I dt I dNjsi |T]n+l (P; Pwl)la(‘i'.- + PTGy = Py T) X
=: 0

X [fn (@i +pits s @i+ PiT+ P (t=T), PisQist + Pisits Pigis -
= *
"‘qsi—i+p.\'+i1:+l').!'+l(r_1)‘p_r+l"¥.\'+?.‘p.\'+2"“‘ QN'pN) =

- fvlar+pitproeiqi 4 pits pis -
Qyst F Pysits Pos1rQya2s Pysas-ordns PN pdagyy.day. (1.33)

Remark that the distribution functions F;(f, x,). ..., F(t,x. ..., x,), ... used in
this Appendix differ from those defined in Section 3 by (-t). For the sake of
simplicity we preserve the same denotation as in Section 3.

APPENDIX II. In this appendix, we give a rigorous justification of derivation of
relations (6.6) — (6.8).

In order to give mathematical meaning to derivative (6.7), (6.77), it is necessary 10
prove that the integrand on the right-hand side of (6.77) is well defined and the integral
exists. It was shown in Section 2 that the integrand is a bounded function with com-

pact support if f,,,c LEH . Moreover, il is continuous with respect to time ¢ and
@ o Tt I o |q_‘”:q'_ on the intervals between collisions. Thus, the integral on
the right-hand side of (6.77) exists and relations (6.7), (6.7) are proved.

In the general case, the expression

I L

[dy [a j j df,,{S(.',)ﬁIS(—r]),.,S(f,,)HS(-.*,,)f}I‘_(.n,,,.,,\"‘.) (IL1)

0
is equal to the sum of the following integrals (for details, see [4, 5]):

J dn ir dr, .. J dt,, J dny .. j dn, J‘ dp,., . J dpg,, %
0 0 52 52

x T]l( (II \+]) T]”'(P,”(f”—.'”_l)"p_‘.,_”)x

[T B TR

B X(J+l)("2 — I, X“.}("l “J) Q’I ("i" ) p\ti) )

";Qi,,_[(rn—l Ly—as-- ) Ps+n- I) QI’ ( Ly —Iy- I"")’P.Hu)]' (1L.2)

* f;'l+”(X(l‘.+")(_"M’ X‘N+H-I)(IH = fu—!! X(\I"”—?'J(f

Here, X% = (X,....,X,, 0. i1.....0i,c (1,....s), and some numbers i, ...

.., i, may coincide.

n
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In order to prove that integral (II.2) exists, we show that the integrand is a bounded

function with compact support and that it is continuous with respect to ¢, ..., ¢,

Nis--->Np G1s--->G5sP1s ---» Pss P54+ ON the intervals between pair collisions. We
suppose that f ., c L_“)H.

It was shown in Section 2 that the integrand is a bounded function with compact
support for f,, | c LEH.

The trajectories

X(JH!)("IH’ X(I“!_l)({n 1 X(J“!_z)('rn—l 250 X(H”(fz =, XU)(IP x{”);
Qf'l (‘Iu x(‘g))- Ps+1 )' );- .y Qf’n_l (rn-l Y PR )’ ps+n-—l); Qiﬂ (I" Iy }-‘--)’ Ps+n) ’

: (I1.3)
xED(e, - g, X9 (5, x); o, (1, ) i)
X(”(t] , x{s})

are continuous with respect to time and the initial phase points lying outside the hyper-
planes that define pair collisions in systems of s+ n, s+n-1,..., s particles

Qi(t,) - 0;(r,) = 0, G.Hec(,...,s+n);

Qity=1,1) = Qty=t,) = 0, (L, ), s+n=1);
(11.4)

Qi(t) - Qi(r) = 0, o (i) &y S):

The corresponding initial phase points are indicated in (II.2) and in (II.3); but in
(I1.4), they are omitted for the sake of simplicity.

We show that the dimensionality of all these hyperplanes is lower than dimension-
ality of the subspace of the initial phase points (g, ..., g P1s-o-s Pgs Psits - s Psan)
and the random vectors 1.

For this purpose, we consider hyperplanes (I1.4) for fixed ¢, ..., g, in the spaces
of the corresponding initial momenta

Pr'(ru'_fn—i)v i=1,...,5+n,
(IL5)
Pt, 1 —th—2), i=1,...,s+n=-1,..., py,--.,pPs-
It is obvious that the dimensionality of hyperplanes (I1.4) is lower than the dimension-

ality of the space of the corresponding initial momenta (IL.5) for their fixed initial posi-
tions

Q"(f"‘—t”_]), i=l,...,5+n,
Qr—(fﬂ_| —f"_z), i=1,...,5+n-1, ... G145
Indeed, the hyperplanes (I1.4) can be represented in the form
Qi(tn - rJ'r—l) + Pf(rﬂ —tn—l)rrl -
- Qj(ru “rn-l) - Fj,—(f" -—I,,_])I" =0, (f,j)C(l,...,S +ﬂ);

Qr'(tn—l - r.‘:—2) =5 'ﬁ(rn—l - rn—Z)(fﬂ _ In—l) =
= Qi(tyoy—th2) = Bty =1, 2)(t, —2,_) =0, (i, )=(l,....s+n-1);

gi+pity—q;i—pity =0, (. e85,

[}

(1I1.6)
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if we have the first pair collisions in each system (the general case can be considered
analogously).

Hyperplanes (I1.6) considered in the space of momenta for fixed positions define
the unique sequence of differences of vectors

Pr’('[n'“ f,,._1) - Pj(‘tu_ tﬂ-l)’ Pr’(rn—l _ru—-Z) - Pj(ru—l - rli——?)’ s Pi—Pje
(IL7)

.0

Their components perpendicular to the differences

Qi(fn_ 'rfr-]) - Qj(rn_ In—l)’ Qi(rn—l _rn—Z) - Qj(ru—l _ru—i)! vQJ_Qj
. (I1.8)

are equal zero, i.e., vectors (I1.7) are parallel to the corresponding vectors (IL.8).
For given times of collisions 1,, T, ;,...,T;, the components parallel to vectors
(I1.8) are defined as follows:

Q,'(f,, —f"_]) - QJ-(f" ~ I‘a'i—l) Q;' (fi'i—] _tﬂ—2) - Qj(‘rn—l - 1"_2) 4i — 4;

Tu Tu-1 T

The momenta P;(t,~t, (), i = 1,...,s+n, Pi{t, 1 =t,2), i = 1,...
..,s+n-=1,..., are obtained from the momenta

P;'(I”__I—r”_i), f= ],‘”,34‘”,
(11.9)
P;(f”__z—f”_";), = I,...,S+Jl—|,...,

respectively, by a linear transformation with Jacobian equal to unity. Therefore,
hyperplanes of lower dimensionality with respect to the momenta P;(t,—t, ), i =
=1,...,s+n, P(t,_,—t,»), i =1,...,s+n-1,..., arealso hyperplanes of lower
dimensionality with respect to the momenta P, (f,_;~1,,)., i = l....,s+n,
Pi(tys—t,3),i=1..,5+4n~1,....

If momenta (I1.7) are expressed by linear transformation (2.1) in terms of momenta
fixed at previous collisions, then hyperplanes (11.6) define a set of lower dimensionality
with respect to the random vectors 1.

Repeating these considerations, we establish that the dimensionality of hyperplanes
(I1.4) is lower than the dimensionality of the momenta p, ..., p,,, and the random
vectors 1M for fixed g, ..., g,.

Outside hyperplanes (11.4), trajectories (I1.3) are continuous functions of r,..., 1,
GiveoosGgs Plo-oosPssPssls -+ s Psan @nd the random vectors m that correspond to
pair collisions. Hyperplanes (IL.4) define times of collisions for fixed initial phase
points and fixed random vectors 1.

Note that, for fixed positions g, ..., g,, the times of collisions are defined and
finite only on the set of lower dimensionality in the space of momenta p |, ..., P,
and the random vectors 1. Outside this set, the integrand is a continuous function with
respect to the momenta p, ..., p,,,, random vectors 1, and variables ¢,,...,1,.

If some particles have the same initial positions (I1.8) and different momenta, then
they do not collide with each other until they collide with other particles.

Therefore, the obtained result means that the integrand in (11.2) is continuous
with respect to the variables t|,...,t,, P ... Ps:Psspr-->Pssew N o0n the

intervals between collisions for fixed ¢, ..., q,.
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