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RICCI SOLITON BIHARMONIC HYPERSURFACES
IN THE EUCLIDEAN SPACE

BITAPMOHIYHI I'MEPITIOBEPXHI COJIITOHIB PIYYI
B EBKJIIIOBOMY INPOCTOPI

We investigate biharmonic Ricci soliton hypersurfaces (M™, g, &, A) whose potential field ¢ satisfies certain conditions.
We obtain a result based on the average scalar curvature of the compact Ricci soliton hypersurface M™ where & is a

general vector field. Then we prove that there are no proper biharmonic Ricci soliton hypersurfaces in the Euclidean space
grad H

|grad H|"

E™! provided that the potential field £ is either a principal vector in grad H+ or £ =

BuBuatotscst GirapMoHiuHi rineprmoBepxHi comitoniB Piuai (M™,g,&, A), mone noreHuiany £ SKUX 3aI0BOJNBHSE HEBHI
ymoBH. OTprMaHHi pe3yibrar 0a3yeThCs Ha CepeiHiil CKaspHiil KpHBHUHI rineprnoBepxHi M ™ KOMIAKTHOTO coniToHy Piuui,
ne £ po3MIAAAEThCS K y3arajlbHEHe BEeKTOpHE moje. [licis nmporo JoBeneHo, M0 He iCHY€e HEeTPHBIaJbHUX OIrapMOHIYHUX
rileproBepXoHs coniToiB Piui B eBkIinoBOMy TIpocTopi E™ !, axuio mone moteHmiany & € aGo rOTOBHEM BEKTOPOM Yy

dH
dH*, a6o ¢ = 820
gra » abo & |grad H|

1. Introduction. The conception of biharmonic maps was introduced by Eells and Lemair [7] in
1983. It is denoted by C°°(M, N) the space of smooth maps ¢: (M, g) — (N, h) between two
Riemannian manifolds. A biharmonic map ¢ € C°°(M,N) is a critical points of the bienergy
functional

1
By CXMN) SR Eae) = 5 [ (o),
M

where 7(p) = trac Vdyp is tension field of ¢. Actually, the Euler—Lagrange equation correlate to
the bienergy is given by the vanishing of the bitension field

() = —A7(p) — trac RN (dip(.), 7())dep(.) = 0,

where R is curvature tensor of N. Infact, bihamonic immersions are special class of biharmonic
maps. An isometric immersion ¢: (M",g) — (N™, h) is called biharmonic if and only if the
mean curvature vector field H satisfies:

0=AH + trac RY (dy(.), ﬁ)dgp()

Additionally, in Euclidean space biharmonic submanifold and biharmonic immersion are coinsided
with each other. Also, it should be noticed that biharmonic submanifold was introduced by B. Y.
Chen in the middle of 1980s. At first, it was proved the biharmonic surfaces in three dimensions
Euclidean space E3 are minimal in 1985 [2]. Later on, others geometer deal with the result and
extended it. Infact, the result was developed by 1. Dimitric [6] and T. Hasanis and T. Vlachos [9].
More precisely, Dimitric got progress on the result where the biharmonic hypersurfaces of £ have
at most two distinct principle curvatures. Also, T. Hasanis and T. Vlachos have extend the result
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when they have proved biharmonic hypersurfaces in £+ are minimal. Consequently, according to the
outcome, a challenging conjecture was made by Chen [3]:

original biharmonic conjecture: “’the only biharmonic submanifolds of Euclidean space are mini-
mal ones”.

Later on, it was proven that biharmonic hypersurfaces in hyperbolic n-space H"(—1) with at
most two distinct principle curvatures are minimal [1]. Hence, according to the result, they made the
following generalization of Chen’s conjecture in [1]. Generalized Chen’s conjecture: ”any biharmonic
submanifold of a Reimannian manifold with nonpositive sectional curvature is minimal. Moreover,
Maeta [11] made another generalized Chen’s conjecture: “the only k-harmonic submanifolds of a
Euclidean space are the minimal ones”.

Recently, authors in [10] have shown that the Hopf biharmonic hypersurfaces in complex
Euclidean space C™*! are minimal. Also, they proved that pseudo Hopf biharmonic hypersurface

1 1
in unit sphere S2"*1 is either a hypersphere S2" <> or a Clifford hypersurface S™ (> X
p. ypersp. V2 yp V2

1
x S™2 (\E), where n; + ny = 2n. Indeed, it was a small progress on the biharmonic conjecture

for hypersurfaces too. In view of the above aspect, studying biharmonic hypersurface with geometric
condition is reasonable. The geometry of Ricci soliton manifolds have been intensively studied by
many geometers, for instance, see the paper was written by Chen— Yen and S. Deshmukh [4]. Indeed,
there was a classification of Ricci solitons on Euclidean hypersurfaces. Furthermore, S. Deshmukh
deal with the geometry of Ricci soliton that to find condition under which it is an Einstein mani-
fold [5].

In this paper, we study about proper biharmonic Ricci soliton hypersurface (M™,g,&,\) in
Euclidean space E™"!, somehow whose potential field ¢ has an important role, to obtain the fol-
lowing result. At first, we got a result about compact Ricci soliton hypersurfaces in Euclidean space

with respect to average scaler curvature S, which is defined Av(S) = 1/vol(M) / Sdv, where
M

Ricci soliton vector field & is general. Then, it was shown that a nonexisting proper biharmonic

Ricci soliton hypersurface (M™, g, &, \), in Euclidean space E™t! where either ¢ is in grad H+ or
~ grad H

&= lgrad H|

2. Preliminaries. In this section, we recall some fundamental definition for the theorem of Ricci

soliton biharmonic hypersurfaces which are immersed in an Euclidean space E"*1.

Let z: M™ — E™! be an isometric immersion of n-dimensional hypersurface (M, g) into
the Euclidean space E"*'. Let V and V stand for Levi-Civita connections on M" and E"+!,
respectively. Let X and Y are tangent vector fields on M also N is considered a locally unit normal
vector field to M in E™!. Then Gauss and Weingarten formulas are

VxY = VxY +h(X,Y),
VxN = —AX,

where A is Weingarten operator and A is the second fundamental form of M. The mean curvature
vector field ﬁ of M™ is defined

1
H= —(trace A)N.
n
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Assume that ﬁ = HN and H implies the mean curvature. One of considerable equation in differen-
tial geometry is Az = —nH, where A Laplace — Beltrame operator is defined /A = —trace V2. An
isometric immersion x: M™ — E™*! is called biharmonic if and only if AH = 0. With respect
to ﬁ = HN we have

0=AH = 2A(grad H) + nHgrad H + (AH + Htrace A?).

So, by identifying the tangent and normal part of above equation, we arrived at necessary and
sufficient condition for M™ to be biharmonic hypersurface in Euclidean space E"*! in following:

AH + Htrace A2 =0,

6]
2A(grad H) + nHgrad H = 0.

Remark 1. Obviously, any minimal immersion, i.e., H = 0, is biharmonic. The nonharmonic
biharmonic immersions are called proper-biharmonic.

The significant type of smooth vector field on a Riemannian manifold (M, g) is the vector field
that defines a Ricci soliton. A smooth vector field £ on a Riemannian manifold (M, g) is called to
define a Ricci soliton if it satisfies

£ (X V) + Ric(X,Y) = \g(X,Y), X,V € x(M), @)
where £¢ denotes the Lie derivative in the direction of the vector field £, Ric is Ricci tensor of
(M, g) and X is a real number. A Ricci soliton manifold is denoted by (M, g,&, A) and say the
vector field ¢ the potential field of the Ricci soliton. Also, the Ricci soliton is named shrinking,
steady or expanding with respect to A > 0, A = 0 or A < 0, respectively. The Ricci soliton is called
trivial when ¢ is Killing or zero, so in each case the metric is Einsteinian. If the potential vector
field ¢ be the gradient of some smooth function f on M, the (M, g,&, ) is called gradient Ricci
soliton such that is denoted by (M, g, f,\) and say the smooth function f the potential function.
The gradient Ricci soliton (M, g, f, A) is named trivial provided that the potential function f be a
constant. Automatically the trivial gradient Ricci solitons are trivial Ricci solitons due to £ = V f.

In order to show the significant role of Ricci soliton vector field in our principal theorem, we
ended this section with following proposition, where & is general.

Proposition 1. Let (M",g,£,\) be a compact Ricci soliton hypersurface in Euclidean space
E™*L. Then the Ricci soliton hypersurface is expanding, steady or shrinking provided that the ave-
rage scaler curvature Av(S) of M™ be positive, zero or negative, respectively.

Proof. Suppose that {e;} be an appropriate orthogonal frame field on M™ that the Weingarten
operator takes form Ae; = u;e; for 1 < ¢ < n. Let H be mean curvature vector field of M™ in
E™1 too. Now, by applying the equation (2) we have

g(ei, Ve, ) = Ag(es, e) — Ricci (e5,€5) =
= A+ nHpui — i’

it yields that
n n
Zg(ei, Ve,) =nA+n*H? — Zuf,
i i
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divé = n\+n?H? — |h2 =n)\+ S,
where |h|? and S = n2H? — |h|? are square of second fundamental form length and scaler curvature

of M™, respectively. For a Riemannian manifold (), g) we have that average scaler curvature S

of M as Av(S) = 1/vol (M) / sdv. Then, from the last equation and take to account that M™ is
M

compact, we get

0= /divfdu =n\ / dv + / Sdv = nAvol (M™) + Av(S)vol (M"),

Mm Mn Mm

andAz—ALS)

n
soliton hypersurfaces in Euclidean space as an expanding, steady or shrinking one.

. As it was claimed average scaler curvature, determined the type of compact Ricci

Proposition 1 is proved.
In this short note, it will be shown how potential field ¢ is used in order to get a little progress
on Chen’s conjecture.

3. Ricci soliton biharmonic hypersurface in Euclidean space E™T1. In this section, we are

going to show that a proper biharmonic Ricci soliton connected hypersurfaces (M™, g, &, A) in E™HL

. . . dH
can not be existing, where the potential vector field ¢ is either in grad H or specially ¢ = |gra7dH|.
gra

Now we suppose that the mean curvature is non constant. Taking it to account that, if we have
gradH = 0, so H = constant. Then, according to the first condition of biharmonicity in equation
(1) and due to M™ is a proper biharmonic hypersurface, that is, H # 0. Hence, it implies that
M™ is a totally geodesic hypersurface in Euclidean space. Then it is a part of hyperplane in E"*1.
Consequently, we obtained that M™ is a steady Ricci soliton biharmonic hypersurface in this case.
Nevertheless, there exists a point p € M, where grad H # 0 at p. So, there is a open subset U of
M™ such that grad H # 0 on U. Actually, the second view of biharmonic condition recall that grad H
is an eigenvector corresponding to eigenvalue %HH . The Weingarten operator A takes following

form in the appropriate local frame field {ej,...,e,}:

A
A= , 3)

An

where J; is eigenvalue of shape operator A corresponding to eigenvector e;. Without loss of genera-
lity, we suppose that e; in the direction of grad H. Assume that grad H is given by

grad H = Z ei(H)e;.
i=1

It 1s followed that

Also, it is written
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n
Ve,ej = wajek, 4)
k=1

where wfj is called Cartan coefficient. Then computing the compatibility conditions
Ve (eiej) =0,
that denotes
Wi =0, i=], 5)
Wi twk; =0,  i#j  ijk=1..,n (6)
Moreover, from the Codazzi equation we have
(Ve A)ei = (Ve Aey,
Ve, Aei — AV, e; = Ve, Aey, — AV, ey,
Now take the above equation, (3), (4) and we get
ex(Ai)ei + (N = Njwizes = eiA)er + (A — Aj)wiype;
We multiply both side of above equation to e;, then we arrived at following equation:
ei(A\) = (i = A, (7)
(N — Awls = (A — M), (8)

for distinct ¢, j, k=1,...,n. From \; = —%H and (4), we obtain

e1(A1) #0, ei(M)=0, i=2,...,n, 9)
and
[ei, e5]A1 =0, 2<i,j<n, 1#}],
which implies
wz-lj = wjl-v (10)
for distinct 4, j = 2,...,n. It is claimed that \; # A\ for j = 2,...,n [8]. Since, if \; = Ay for
j # 1, utilize (7) and put ¢ = 1. Then

0= (M = M\)wh =e1()) = er(M),
which contradicts to (9). For j = 1 and k, i # 1, from (8), we get
(N = Awig = (A = A Jwi,
which together with (10) yield
w =0, i£ G, 4,j=2,...,n. (11)
Combining (11) with equation (6), we obtain w{l =0,1#%j,4,j=2,...,n.

Taking all the information in to account and summarizing them, we have the following lemma.
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Lemma 1. Suppose that M be a biharmonic hypersurface in Euclidean space E™' with non-
constant mean curvature, whose Weingarten operator is given by (3) with respect to an orthogonal
Sframe {ei,...,en}. Then

Ve, € =0, 1<i<n,

1 .
Ve, €1 = —wy;eq, 1=2,...,m,

n
k
Vel- € = E Wi €k,
k=1,i£k

n
_ k
Ve,e5 = E W€k,
k=2

where V denote Livi— Civita connection on M and wfj satisfies the equation (4).

Generally, a biharmonic hypersurface in Euclidean space E"*! satisfies the equation (1), where
grad H is an eigenvector of Wiengarten operator.

We are going to prove the following theorem according to the significant point that M is a proper
biharmonic hypersurface in E"+1,

Theorem 1. [n Euclidean space E™1 does not exist a proper biharmonic Ricci soliton hyper-
surface (M™, g, €, \) provided that the potential field ¢ either be a principal vector in grad H+, or

. grad H
SpeClally 5 = m
Proof. Let at a point p € M"™ we have gradH # 0. So, there exists an open subset U C M"
which grad H # 0 there. Suppose that {ej,e2,...,e,} be an appropriate orthonormal local frame
field at p suchdt?;lt Wiengarten operator A takes form (3). According to equation (1) it can be let
gra

that e; = Now, by applying the equation (2), we have

grad H|'
(£eg)(eis ei) = Aglei,ei) — Ric (ei,€i) = g(Ve,€, ).
From above equation we obtain
9(Vgrad vE, grad H) = Ag(grad H, grad H) — Ric (grad H, grad H).
According to assumption grad H = |grad H ey, it yields
9(Ve,&,e1)|grad H? = (Ag(e1, e1) — Ric (e1, 1)) grad H|?,

3n2H?
4

also Ric (ej,e1) = — . Hence, we arrived at

3n2H2>

gler et = (A4 2

(12)

Now we have two following cases.

H
Case 1. The potential field £ = grad

lgrad H|
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Obviously, g(e1, Ve, &) = 0, where £ = e; by applying Lemma 1 that V. & = 0. Then,
according to the right-hand side of equation (12), we obtained a contradiction due to grad H # 0 and
A is constant. Therefore, the theorem was proven as it was claimed in special case.

Case2. The potential field ¢ is in grad H.

Suppose that potential field ¢ is in grad H. With respect to the assumption gradH is an

principal vector corresponding to eigenvalue —§H . Then, using equation (2), where we suppose

£ = Z?ﬂ aye;. On the one hand, rewrite the left-hand side of equation (2) and apply Lemma 1, we
arrived at

n

g|ei, Ve Zatet =9 6172(61(04t)€t+(04t)velet) =

t=2 t=2

n n
=g lend elae | +glen,d aVee | =0.
t=2 t=2

On the other hand, it is observed that the left-hand side of above equation is equal to <)\ +

3n?H?
+ 4
H is not constant. Consequently, we obtained that proper biharmonic Ricci soliton hypersurfaces
(M™, g,€, ) in Euclidean space are not existing whenever the potential field ¢ is in grad .
Theorem 1 is proved.

= 0 according to equation (12), which yields it is impossible, where the mean curvature
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