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ON THE IRREVERSIBILITY OF TIME
FOR AN ELECTROMAGNETIC
HEREDITARY LINEAR SYSTEM *

ITPO HE3BOPOTHICTb YACY 1JI EJJEKTPOMATHITHOI
JIHIMHOI CUCTEMM CIIAIKOBOI'O THILY

We give conditions for an electromagnetic linear system of hereditary type under which the time-reversal
hypothesis does not hold if the relaxation functions of the electromagnetic field have different behavior
at the extremes of the interval of definition. Under the same conditions, it is also possible to prove that
these functions are constant if they have the same behavior at the extremes of the interval of definition.

[na niniinoi cueremu 1copii eJIEK TpoMal e TH3MY CHajIKoBoI'o THNY ¢(pOpMYJIbOBAaHO YMOBH, NpH
HKHX 1'inoresa npo 3Ii0p0ll|il.:l|: Yacy e BHKONyeihed, AKLo peJIaKCallinlla ‘.by!lKlliﬂ eJIeK TpoMar-
OO MO 11E Mae OJIAKOBOT TIOBEJUIIKH 114 KillIMX ilIIepIiHle CHOI'O BH3IIAYEHHA, Y NPOTHBHOMY
pasi NpH THX A€ YMOBAX MOZKIIA JIOBECTH, 11O 1 (DYNIKILT € CTa/IMMK.

1. We formulate conditions for the relaxation functions of an electromagnetic
hereditary linear field inside dielectric dissipative materials that do not conduct electric
current under which it is possible to trace guidelines for studying hereditary
phenomena. An example of the material that is characterized by the properties above is
a holoedric crystal for which there are no interaction effects of an electric field with
magnetic fields and optics phenomena [1].

In a logically well-posed theory that is in agreement with fundamental experiments
[2], it is necessary that memory effects for those electromagnetic materials be
negligible [3] so that they may be considered as hereditary materials of particular type.
Morcover, the time reversibility hypothesis cannot be accepted because it contradicts a
strictly dissipative formulation of the second law of thermodynamic according to which
it is possible to impose the required thermodynamic restrictions [4, 5] when studying
evolution problems of an electromagnetic hereditary ficld.

The time reversibility hypothesis implies other contradictions [6], when one applies
it to demonstrate symmetry properties of the relaxation functions in the problems of
visco-clasticity and hereditary clectromagnetism. On the basis of the paper [7], we
prove that the above problems can be solved with the help of conditions which are
physically and mathematically admissible [8]. Actually, it is possible to prove that the
assumption on the reversibility of time is not valid. Electromagnetic materials with
ncgligible memory effects can be considered as hereditary materials of particular type,
and symmetry property is also valid for electromagnetic rclaxation functions [9].

2. Let us consider the constitutive equations of an electromagnetic hereditary ficld
[10] in a rigid and homogeneous diclectric that does not conduct clectric current. The
following cquations determine the value of clectric displacement D and magnetic
induction B as lincar functions of the histories, of electric E and magnetic H ficlds,
respectively:

4o
D(x.1) = ex.0E@x.n + [ &(x,9)E (x 5)ds,
0

(1)

B(x.1) = pix,0)H(x, 1) + j';,l'(x,s)H'(x, s)ds,
0

" This research is carried out under support of G.N.F.M. of C.N.R. and research groups 40% and 60% of
the ltalian Ministry of University and Scientific and Technological Research M.U.R.S.T.

© G. MATARAZZO. 1998
ISSN 0041-6053. Yip. sam. xvpie, 19948, m. 50, N* | 143



144 G. MATARAZZO

where (x,71)e Qx[0,d]; Qc R? is a domain with sufficiently regular boundary
0Q; the functions E'(x,s) = E(x,r—s) and H'(x,s) = H(x, r—s) for all fixed 7
e € [0, df,] and s € [0, +0o0) are the histories of electric and magnetic fields at time
t, respectively. Here, € and p are the second order tensors defined as follows:

e(x,s) = £(x,0) + [ &'(x,Ddt, p(x,s) = u(x.0) + [ we vdr.
0 0
Suppose that the following conditions are satisfied (below the dependence on x is
omitted to simplify notation) :
e'(s), s€'(s), W (s), sp’(s)e L' (RY), 2,
+oo +oo
e(s) —en=- [ &@dt, () -p.=- [ wrde L'RY,
¥ ¥
where

€., = lim g(s), pH, = lim p(s);

5= +oo 5§ +oo

lim s2¢’(s) = 0, lim s*p’(s) = 0
¥ =3 teoo ]

and forall s € [0, +o0)
e(s) = —g(=s5), WU(s) =-p(=5), €'(s) =¢€'(-s), W(s)=pn'(-5);
a-gga >0 and a-pga > 0 forall ae V\{0}.

Here lim e(s) = gy, lim p(s) = py and V is a vector space R’.
=0 s =0

Only for the case where €5 = €, Yo = M., letus assume:

lim Ja[e(r+£)—£w]w4}‘=0,
Hebiesl a »yo
= ' siny — ycosy
lim J a[u (r + 1) - u”] u—u—;———ic{\‘ =0, (2;7)
a— +eo a ¥

where r€ [0, +e), y =a(s—t) and a> 0.

Suppose that €’(s) and p’(s) are continuous and their second derivatives €”(s)
and WL”(s) are piecewise continuous. Hence, €”(s) and W’ (s) satyisfy Dini
condition at each point of discontinuity and they are bounded in a neighborhood of
these points.

Putting E(t) = E(-s) VY te (0,—-c) from the first relation in (1), in virtue of
Young inequality we get:

IDlrw) < € NEW @) + N1E°(s) * E | p ) <
< legl NEM I Lrr)y + NS 2wyl EI"U’(R)’ (3)
DO o gy < leallEMLor) + 1 [€(s) - €)% E' || o (r) <
< e NEM I rw) + 1EEG) = exll vy NEO 2 vy »

where E(1)e H''P(~co, +o) and e(s) — e.e H' ''(coo, +0), p>1.
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To verify that the convolution integral of the functional given by the first relation in
(1) does not contradict the principle of cause effect on (r, +e), we rewrite the first
relation in (1), putting T = ¢ — s, in the following form:

0 1
D(t) = gy E(r) + _[ e(t—-nE(t)dt + _[ e(t—1E(T)dt =
—o 0

0 !
= e E0+ _[ l[e.. — e(t—-D]E(T)dT + J[e(t-—r) —-e_JE(v)dt. (4)
. 0

By Young inequality we get
IO rynerw) < T€oTNEM N rynerr) + 1€ *E@I 2 w)nerw) <
< el NEMN Ly rynerwy + HE N 2 vy NEO L1 RN Lr R ) (5)
IDOL Rnerr) € TEINEO L m)ner®) + e =€ 1*E@I 2 mynerw) <
< e lNEMN 1 rinerw: + le@ = exll ey NE@N 2 )02 ) »

where E(1)e H"'(—m. +o0) and €(t) — € € H"'"{—oo, +e), p21; g’ =

= gf(x, 1) = e(x, t-3).
Having compared (3) and (5) we have

E(t), €(t) — e e H' ''(coo, +00) NH ' P(=00, +0), p21. (6)
Using the method that was already applied we can also show the following:
H(r), (1) -~ poe H' (oo, +00) NH P00, +00), p21. (6,)

Hence, the work of the electromagnetic field
+ oo
L=, +%) = [ [D()-E() + B(n)-H(n)]dr

—-oco

is bounded because the power of the electromagnetic field W(r) satisfies, in virtue of
(3) and (5). the following inequality:

I W(-’)”L':-m_-m) s “D(f)”f,l[—ao_+e=)|"]{,'"{—w_+ooj ||E(f}”!,’”{~m_+mmLF”f""(-m_+m) +
+ B o + o127 (o0, +00) IO 12 (o, 10)1 L7 PD o, 10) - (7
Inequality (7) and conditions (6) imply
€(1) — €un W) — o, E(n). H(t) € H' '(coo, +00) NH ' P(=00, +00),
E(t), H) € H' (oo, 4+00) LY P D (coo, 400), p21. (8)
As 1o physics, it is very interesting to consider (8) for p=2 and p =+, i.e., for
£(1) = €wr W) = P, E@). H(t) € H''(coo, +00) NH (=00, +00),
E(r), H(t) € L7 (o, +20), ©
and
(1) — €mn WD) — Py E(), H() € H'' (oo, +00) NH " (00, +20), (10)

respectively.
Taking conditions (3) into account and integrating by parts, we express constitutive
functionals (1) as follows
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D(r) = e _E() + _[ le(s) — e |E (s)ds,
’ (11)
B(1) = noH®) + [ [M(s) - poJH (x. v)ds.
0

Having compared (1) and (11) one can evaluate the dissipation of the
clectromagnetic field

+ oo

[0- €L ]E() = — [ d{[e(») - e.]E' ()},
0

[Ho-HoIE® = = [ d{ln(s) - noJE ()}
0

The given hypotheses imply microscopic irreversibility and agree with the strictly
dissipative formulation of the second law of thermodynamics. Using the hypotheses
presented above and the method used in [7], [8], we obtain the following result:

Theorem 1. Under hypotherses (3) and €q # €... Wy # W, it is not possible to
formulate, in general, the hypothesi of time reversibility according to which the work
of the electromagnetic field along the whole closed circuit is invariant with respect to
an inversion of the orientation of the time scale:

e ! . .
_[ j [E()-e(t=5)E’(s) + H(t) u(r-s)H'(s)] dsdt =
+oo
= [ [[E®) - e¢-5)E ) + Huy-pi—s)H ()] dsdr,
where E(t) = E(-1), H(r) = H(-1).

Proof. It follows from (9) or (10) that the functions €(s) — €., €(s) — €, and
P(s) = o, W(s) — Mg are primitive functions of €°(s) and pn’(s), respectively,
and, in general, have properties different from regularity when s — +eo. Therefore,
the functions €(s) — €_ and u(s) — W. can be regarded as functions summable on

R”. Thus, in general, this property cannot be formulated for £(s) — €y, u(s) = Hg if
€9 # €., Mg # MU.. The inversion of the orientation of the time scale implies different

behavior of functions €(s) and p(s) atinfinity. This observation and hypotheses (9)
or (10) finally imply the statement of the theorem.
Theorem 2. Only for the case where € = €., Wy = W, and under hypotheses

(2), the functions €(s) and W (s) are constant for all s € [0, +e). Hence, the
electromagnetic field in the considered dielectric is characterized by the following
constitutive equations:

D(t) = egE(r), B(r) = poH(). 1€[0,7,.], (12)
where T, is called the critical time of memory.

Proof. By the admitted hypotheses, we obtain
EL(w) = wé (w), E.(w) = —we.(w), (13)

where £.(w), €.(w) denote, respectively, the Fourier cosine-transforms of the
functions €’(s) and €, - €., whereas €,(w), &,(w) denote, respectively, Fourier
sine-transforms of the functions €(s) and €,-¢.,.
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Multiplying the first relation in (13) and the second relation in (13) by coswr and
sinwt, respectively, where =0, and integrating with respect to w, we obtain

a

[ (&) = we  (w)] coswrdw = 0, (14)
0
J1&,00) + we,om]sinwrdw = 0. (15)

0

Under hypotheses (2) it is possible to change the order of integration of the

variables s and w in (14) and (15). Summing (14) and (15), we come to the
following formula:

+eo Q' ( .
I E’(.\‘)Mdﬁ =

y=1r
Y]
= [ le@) - Hne D : a(:); Dsin(s—1) (16)
0 L

Formula (16) can also be written as follows:

o | 4 o= <
siny |, v ik sSInyY — yCOosy
b [; o '-)ff_\- = | a[s (r + 'u) - e,,} —2 0y, (D
¥ a a v
=il —ar
where y = a(s—1).
Passing here to the limit as @ — + e, we obtain the following integro-differential
equation:
+oo )
, . v siny — ycosy
ne’(r) = lim J a[e[r+'—j—ﬁm] '\—.,'}—J-d_r. (18)
4= i 7 a Al
=l
Taking into account formula (1), and the fact that the zero function €(tr) — €4 =
= ¢g(r) — €, =0, r=0, is the unique nonsingular solution ol equation (18) under the
admitted hypotheses we get the first relation in (12).
Applying the already used method. onc can show that the function p(s) is also
constant.
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