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ONE CLASS OF SOLUTIONS OF YOLTERRA EQUATION
WITH REGULAR SINGULARITY

ITPO O/THH KJIAC PO3B’A3KIB PIBHSIHHS BOJIbTEPPA
3 PEI'YJIAAPHOIO CUHTY JISIPHICTHO

The Volterra integral equation of the second genus with regular singularity is considered. Let the kernel
K (o, £) be areal matrix function of order n x 1 with continuous partial derivatives up to order N + |

inclusively and let X(0, 0) have complex eigenvalues vE il (v > 0). It is shown that if’ v>
>2|[| K|l e=N -1, then two linear independent solutions of a given equation exist.

Poarisijiaersest iirrerpasssiie pinisiis Bosyreppa Jipyroro pojly 3 peryJisipliolo cHinyisipnictio. Y
npunywett, wo sypo K (x, £) — giifcna marpuymostasig QpyuRiis nopsyiey A X n 3 tenepepiivmu
YACTHINTHMHE TOXiiEME Jio nopsyiky N + | prunouno, i K(0, 0) mae xoMmiekeni piacii snavenis
vEip (v>0). [okasano, wo koitn v>2 ||| K||lc=N — 1, roni icuyions piia siniiiiio nesaiesxinx

PO3B’ H3KH JIAI0 PSS,

Investigations in the theory of Volterra integral equations with singularities appeared at
the beginning of this century. Increasing field of its application in 1960s stimulated its

further development.
The theory of linear Volterra integral equations with singularities was substantially
developed in a number of papers by T. Sato, T. Takesada, L. Panov and N. Magnitsky

[1-6].

In recent years, equations with real coefficients with finite smoothness were inves-
tigated al the Voronezh Forest Industry Academy. The equations were considered both
in finite-dimensional spaces and in Banach spaces.

The present paper is devoted to the study of solutions of the Volterra equation with

regular singularity
X
xu(x) = _[K(x, Nu)dr (0<x<T), 0
0

where the kernel K(x, t) is a given real-valued sufficiently smooth matrix-valued func-
tion of order nxn, K(0, 0) has complex eigenvalues, and u(x) is an unknown sum-

mable n-dimensional real-valued vector function.
The structure of a solution of equation (1) substantially depends on the algebraic

properties of the matrix K (0, 0). In the space R", we fix the norm

i = max | |-
“ “]R" |$f$u| fl

This norm induces the operator norm
1
AN = e 3oy

In the space C(IR") of all vector functions W (x) continuous on [0, 7] the norm,
as usual, is determined by the formula

IVle@n = max 1) g

Finally, in the space C consisting of all' n X n matrix functions Q(x, t) continu-
ous in the triangle 0<¢t<x <7, the norm is denoted by
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lellle=max_ o nll

Let the kernel K (x, t) have continuous partial derivatives up to order N+ 1 in-
clusive, let K(0, 0) have an eigenvalue v + |l (v>0) with an eigenvector & = ¢, +
+ie,, where v satisfies the inequalities

v > 2||Klllc-N- L 2

Let us try to find a solution of equation (1) in the form

N N o
u(x) = x"'l[zg;x‘ sin(il Inx) + Zb‘-x’ cos(iLInx) +

i=0 i=0
N+l N N+l
+ apy()x" 7 sin(inx) + by (x)x7 T cos(i lnx)], 3
where a; and b; (i=0,1,...,N) are unknown vector coefficients, and vector func-

tions ¢y, (x), by (x) are continuous on [0, T].
Assume that the kernel K(x, t) can be represented by the Taylor formula

N
Kxnn= Y K%+ ¥ KPP (k0 =k(0,0). @
o+p=0 o+P=N-+1

Substituting (3) and (4) into (1), we get on the left-hand side

N I3 N -
b ( ax' sin(inx) + Y bx' cos(uinx) +
i=0 i=0 .

+ ay ()XY sin(lnx) + by (0)x" cos(u lnx)).

Using the formulas

. 1 (o B!
_[r cos(BInt)dr = l+(|_3f{o£+l))2 [0’.+] cos(PInr) + 1) sm(B]nr)),
o . 1 tcx+1 . Bta"'l
_[r sin(BInt)dt = YT (a +J sin(Blng) — PR cos(p ]nt)],
we bring the right-hand side to the form
N N Brv+i
af o : 1 x ; . B
{u%‘;o&’ : }x [E,“*:+(M|3+v+;)}z(ﬁ+v+,-5‘“(“ -
- p.xﬂﬂ'ﬁ . J Nb. 1
B+v+i) o) | % ,zzo 14/ B+v+i) »

B+v+i Bt i
x (I cos(it Inx) + 2 — sin( Inx)]]«l»
B+v+i (B+v+i)*

+ K, ) an (N sin( Ing) + by (Y cos( Ing))dr +
.[ )( N+l N+l
0
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+§[ 3 E“E’(x,r)x“tﬁ]x

o+f=N+l

N _ N
% ( a; " sin(uing + Y bY* " cos(uIn r))]dr‘ (5)
i=0 i=0

Equating the coefficients of x"sin(ilnx) and x"cos(itinx) on both sides, we
find equations for determining the coefficients ay and by:

= K Y k%p B
dy 0v2+|.12 0\?2-{-].1.2 ©
by = <K%t KBy .
¢ A p? 0V 412

. It is not difficult to show that relations (6) yield
K%(ag +iby) = (v+in)(ap +iby),

i.e., ag+iby isthe eigenvector for the matrix k% corresponding to the eigenvalue
v+ il Thus, ag=e;, by=e, isasolution of the system of equations (6).
Equating the coefficients of x"**sin(wInx) and x'**cos(uinx) (k=1,2,...
.., N), we find equations for obtaining the coefficients a, and by:

1 1
K*Pg, - +
wiprick  LHW/BHVEDPHVHI

typ =

af, 1 B
£ X & b*1+(w(ﬁ+v+s))2(;3+v+s)2’

a+f+i=k

’ (7
b= — G ¥
¢ u+g‘;‘=k B+v+i)* 1+ W/@+v+D)
1 1
+ K%Pp. )
ctpti=k T/ BHv+D) BV
The system of equations (7) can be rewritten as
1
T+ (W/(v+k) v+k I+ W/ (v+k) (v+k)
(8)
by= ~k%a e ! 00 1 1 c

v 5 2+K by 5 +
(V+ k)" T4+ (L/(v+k) I+ (W/(v+ L) v+k

where §; and C| have the following form:

1 1
= Kaﬁa‘r =
‘u+sz+;=k L+ (/B+v+0) B+v+i

o+pzl

+ Y K% L i

w+Brink T+@/B+v+D)EB+v+D
ozl
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1
: a+;az+,-_k B+ 1+ @/ B+v+D)
a+fzt
+ K*p, : — i ..
o+ Pi=k 1+ @/ B+v+D) B+v+i
a+p=l
Assume that

A) thenumbers (v+k)+ip (k=1,2,...,N) are not eigenvalues for the matiix
K (0, 0).

Let us show that the system of equations (8) has only one solution. If we assume
the contrary, then

o__ V+tk . o0 B
{v+k}g+f . (v+k?:+;f g
v+ v+ .
-K% 3 2 KQG—T_EP
(v+E) +1 (V+h)"+1

Then the system of equations

—K““—"ﬂ‘-—-—f] k% B
[ (v+hk?+p? d OFT AL

k
g B .i_l:[{fm__v".'___;] =0
(v+k)2 +u2f' (\«f—l—!c)3+|.t2 %

®)

. by
has a nonzero solution ;
2
Let us calculate f; + {f, by using relations (9):

v+ k

[ q = K ———— -—-
Fixifs (v + k)2 +p"f ( + k) +p2f°
00 00 E(V'l‘k)
=% (v+k) +u° ]

(v + k)* +p.2f

Then

. - m_ﬂ_ goo_BOVHE o
v+B+imfi+h) = KO ﬂﬁf T

. c. o L i fH(V+k)2j}+
( +k)"+u' (V+E)* + )

(Vi) +u

2

K00 K00 [
(v+k) +uzf2 (v +k}-+u3f1

_ g% I-L(V+k)

— gho ;
vt h2 +l-l7fj = KT(fi +ih).

Therefore, f; +if, is the eigenvector of the matrix K % corresponding to the
eigenvalue (V+k)+ ip, but this contradicts assumption A). Hence, the coefficients
a, and by (k=1,2,...,N) are uniquely determined by (8).
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For function (3) (o be a solution of equalion (1), il is necessary that vector functions
ane1(x), byyy(x) satisfy the equation

v+N+] Ve N+

ay e (x)x sin(Inx) + by, (x)x cos(Llnx) =

N+v

kg
= [K(x, D{ay NV sin@wing + by (0¥ cos(u In))dr +
0

X N .
e I [ b3 RO (x, x® IB}[%@ M sinquIng) +
0 i=

o+P=N+1

N
E £V cos (. [m))d: +

1 xct+f3+:‘+v
+ k%P, x — sin(i Inx) +
a+BHizN+] 1+ (W/@+v+i)* B+v+i
xu:+13+r‘+v
+ Kuﬁg —s — sin(it Inx) +
o+fiz N+ T+ (/@+v+0)y B+v+i)
oY
+ K%, b B g
arBHEN+I L+ (/B+v+D)" B+v+i)
op xor.+[5+."+v |
+ Kb 0 Inx). 10
o:+|3-§,2N+I !|+(MI(B+V+"'D2B+V+" o) (1

In both integrals, let us make a substitution = xs. After elementary transforma-
tions, we have

veN+| viN+]

gy (X)x sin( Inx) + by, (xX)x cos(i Inx) =

|
= JK(x. xs)(aN+,(xs)r"+N+' s¥*¥ [sin (1t Inx) cos (it Ins) +sin (i Ins) cos (i In x)] +
0

¥ by (x8)xV TV VN [eos (1 In x) cos(u Ins) —sin (1 Inx) sin (i In .s‘)])ds %
!

+I ’: > RO, xs)x“*ﬁ“sﬁ]x
oa+f=N+1

N
x [Ea;x”'"] greed [sin( Inx) cos(W Ins) +sin(p Ins) cos(L Inx)] +
i=0

N
+ Db XV V4T Toos (i Inx) cos (i Ins) — sin (1 In x) sin (1 Ins)]]ds+
i=0

1 LB

+ K°P +
I:cx+ﬁ+er+| [+(liv"(5+\"+f)) B+v+i

o+pHitv

Y afp : il 2} sin (i Inx) +

BN+ T+ @/B+Vv+D): B+v+i)
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+]i Y. K™ - ksl +
wrpimyel  LEWIBHV D BV
O+pEitv
afy X |
! o+PHiz N+ r]+(i~Lf(B+V+f))ZB+V+J cosji Tnx). G4)
v+ N+

Equating the coefficients of x
obtain the equations

sin(lLinx) and x cos(l Inx), we

v+N+1

l
ayy((x) = J.K(x, x5) sV (@41 (x5) cos (i Ins) = by, (xs)sin (1 Ins)]ds +

|
- J [ BB (x, xs)s J (Za xf sV cos(uIns) —
0 “o+f=N+]

- Zb * sV sinu lns)jds +

i=0
[ Kﬂﬁ 1 xa+B+a’-—N—!
+ & p WAL 7
o fizN | I+ (/B+v+D)~ B+v+i
1 ﬂ-!—B'H'—N =
+ K, . ] (12)
APz N+ L+ W/ @+v+D) B+v+i)

|
bys(x) = j K, x8) 5N [ay 4 (xs) sin (1 10) + by (xs) cos (it ns) ] ds +

1 N )
+ J [ RO (x, x.s')sE'J (Za,- X sV sin(uw Ins) +
0 Fo+f=N+! i=0

+ Zb x sV cos(u En.s'))a's +

-1 xoc+B+i—N—l
’ l: E Kuﬁa" N2 3t
oz N+l I+ W/ B+v+0) B+v+i?
+ of ; _rﬁ+l3+r'—N—!‘ i 1 ] %)
aAPHEN +] L+ W/ B+v+i)*B+v+i
Equations (12) and (13) can be written in the operator form
P(x) = AQ(x)+f(x) (14)

where

& ayy1(x) o Si(x)
i) [bN-t-J(x)J, Fx) = (f;(x)]‘
|

f1(x) = J-[ > :’?“B(x,xs)sﬂx
0

oA+P=N+]
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430 S.G. KREIN, 1. V. SAPRONOV

[Ea Ptals cos(iLIns) — Zb %l sV gin (L Ins))a’s +

i=

I x(x+B+F—N-—E
+[ 2 Kuﬁa:' o~y P
Bz N+ I+@/B+v+i)" PHv+i
+h+i-N~1
+ Kaﬁbf 1 2 J-UCDE " 3 }
OB TN+ T+ (W/B+v+i))* B+v+i)
I
Sfalx) = j[ 3 K’“ﬁ(x,xs}sﬁ]x
o+pf=N+1
[Ea Xl V= Ism(;.Lh‘u:)-!- Eb xl sV cos(u lns))d,s‘+
i=0 i=0
+’: “Ba (— }i] oc+£3+r‘ N-I
arpimNel 1HR/BHV ) B+v+i’
O4f+i-N=1
+ Y K%p — ! }
Pz N+ L+ W/ (B+v+D) B+v+i

~ M A . % a2
If the vector function @(x) is continuous on [0, T] and its values are in E~",
then the operator A acts according (o the formula

]
Ap(x) = Jf{_{x, $)sV Vo (x, 5)ds,
0

where
Rex sy = K(x, xs)cos(pIng) —K(x, xs)sin(l Ins)
(9) = [K(.‘\', xs)sin(pIns)  K(x, xs) cos(i Ins) J

Let us estimate the norm of the operator A in the space of continuous vector func-

. . . 2
tions with values in IR, We have

|
_[ K(x, x9) sV Vo (xs)ds
i

”A(-P"C{Rzn) = ( 1)
ClR i
|
= k—* X N+v <
Joax _{[ (x, x8)s” " @ (xs)ds "
|

1A

< Jpax. _{[ | K x, 598N *Vp (x5 | g2n s

!
b7 N+ —
< max f WK e, xs) s o (xs) p2nds =

i

N+v
= max | max s x8) lpds <
ns‘rs’!‘-[ IS7s2n § El "I 9 Gxs) I
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I

< max 2 | max Ky | sV o (xs) gz ds =
0=x<T QISESJIZ| il 19 Ces) I

|
= jmax 2 i DK"Y 19 (xs)lgends <

< 20Klle 5o 1o legen).

Then, according to (2),

Al < ; —_—
) Alleqmany s c(ra) < 2WKlg 7 < 1

Hence, equation (14) can.be uniquely solved by the method of successive approﬁ
_ malions.
We can give one more solution v (x) of equation (1) in the form (3) 1f we taks H

vector: f = i€ =—e,+ie; instead of the vector & =&+ ie,.
Then u(x) and v(x) are linearly independent. Let us show this. Let

Ciu(x)+ Cyu(x) = 0,

or

G ¥ ]:Za xsin(uInx) + zb x'cos(uInx) +
i=0 i=0

+ Ay ) xNH sin(u lnx) + byl (x)xNH cos(pt]nx)} +

: N
+ Cyx¥” [Z x'sin (W Inx) + Zb X cos(p.lnx) +
i=0 i=0

+ Aypy DN sin(Inx) + By ) xV ! cos(u Inx)} =0.

Therefore,

M=

Il

N .
Cl[z.fx,-_x' + aN+|(x)xN+'J - C—{ ax' + ENH(x)xNH] = 0,
i=0 i=0

N N
Q{Zf’rxf + bN+1(x)IN+'J [Zb_fx + By (1) X" ] = 0.
$=0 b7

“Thus; *
{C}C‘IU = C_zan = O, {C]gl -+ C2(~82) = 0,
Clbo + C_J.Eb = 0, ) Ciez + Cgel = .
Let e;# 0. Then _
qzel + G}el = 0, (Cf.+q2)8| = (.
Thus, C;=0 and C;=0.
We arrive at the following statement:
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432 5. G. KREIN, 1. V. SAPRONOV

Theorem. Suppose thar the kernel K(x,t) has continuous partial derivatives up
to order N + 1 inclusive, K(0,0) has complex eigenvalues vE£ip (v > 0),
where Vv satisfies inequalities (2), and condition A) is satisfied. Then equation (1)
has two linearly independent solutions of the form (3).

Example. Consider the equation

xu(x) = [Kuod,
0

(5
K = ,
I3
This matrix has two complex eigenvalues 2+ 2i (v =2, 0 =2). The eigenvector
corresponding to the eigenvalue 2+ 2/ is

- _I . 2
peervieg= ()02

Therefore, the equation has following two solutions u(x) and v(x):

where

u(x) = xv_l[ ag sin (i Inx) + bgeos(i Inx)] =

= x""'[ g sin(iInx) + e;cos(Inx)] =

—1 2

= x[( i ]sin(z 1nx)+[0]ccs(21nx):],
L (=2), (1
f-:e—(0]+£(l),

v(x) = x"_'[cTo sin(it Inx) + Bycos(it Inx)] =

= x7'[ (~e)sin( Inx) + ¢ cos (it Inx)] =

x[: ( —Ozjsin(il Inx) + (_11 J cos(2 lnx)].
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