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MEASURE-VALUED DIFFUSION
MIPO3HA'YYHA JJTU®Y 3151

We consider the class of continuous measure-valued processes {1 ,} on a finite dimensional Euclidian
space X forwhich [ fdyi, is a semimartingale with absolutely continuous characteristics with respect
to ¢ forall f: X — R smooth enough. It is shown that, under some general condition, the Markov

process with this property can be obtained as a weak limit for systems of randomly interacting particles
that are moving in X along the trajectories of a diffusion process in X as the number of particles in-

creases (o infinity.
Poaruisyiaernes kJae nenepepsiux miposnaynux npouecis {1, } na exinvennonumipuomy esxJiigono-
My npoctopi X, juistskoro [ fd|l,— cemiMapTHIIAIl 3 XapaKTEPHCTHKOIO, Lo € aGCoNIOTIO erne-

pepBio Bifinocno [ Ui Beix jocktns rnafkux i X — R. Tlokasaiio, Wio NpH IOCHTE 3ardILHEX
YMOBHX MAPKORCHKHI mporlee 3 11ielo whactunicrio mMoxe By TH orpuManuil Ak ciabka rpanuug i
CHUTEM BHMA/IKOBO B3AEMOJIIIOUHX YaCTHIIOK, L0 PyXaloThed B X Y3/[01X TpaekTopii i ysifnoro
npotiecy B X, KOJIM YHEIO YACTHIIOK 3pocTae JIo neckinvenuocti.

1. Introduction. The theory of measure-valued stochastic processes was founded by
D. A. Dawson [1]. Measure-valued branching processes are the most invesligated class
of measure-valued processes (see E. B. Dynkin [2]). Some limit theorems on the con-
vergence of measure-valued processes generated by systems of randomly interacting
particles were obtained by A. V. Skorokhod [3] and P. Kotelenez [4]. In the article of
R.Ya. Maydaniuk and A. V. Skorokhod, quasidiffusion measure-valued processes and
limit theorems for such processes were considered.

We consider a finite dimensional space X. Let B be its Borelian c-algebra, let
M (X) be the space of finite measures on B, and let C(X) be the space of bounded
continuous functions f: X —R.
We introduce a metric d,, in M(X) with the following properties:
"1) M(X) in this metric is a complete separable locally compact space,
2) d(m,, m)— 0 iff the sequence of measures m, weakly converges to the mea-

sure /m, i.e., J'fa'm”—a dem forall fe C(X).
We use the notation (m,f) = de.’m.

Denote by M the o-algebra of Borelian subsets of M (X). We will investigate a

special class of continuous Markoy processes in the space (M (X), M).
First, we recall the notion of quasidiffusion process introduced in [5].

Definition 1. A continuous Markov process W, in (M(X), M) is called a

quasidiffusion process if there exists a linear subset D C C(X) satisfying the fol-

lowing conditions:
QD1) D isdensein C{X),

QD2) for fe D, the process {f,|,) is a continuous semimartingale (with re-
spect to the filtration UID:»O generated by the Markov process), for which its

compensator, denote it by a(t,f), and the square characteristic of the martingale
m(t,f)=(f, K, )—alt,f), denoteit by b(t,f), are absolutely continuous functions

with respect to t:

{
a(tf) = [ Als.f)ds, m
0
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b(t.f) = [ B(s,f)ds, @)

where A(s,f) and B(s,[f) are nonrandom functions of W .
Definition 2. A quasidiffusion process W, in (M(X), M) is called a diffu-
sion process if D =C2)(X) is the space of twice continuously differentiable func-

tions from C(X) with derivatives that are also from C(X); besides, we assume
that the functions A(s, f) and B(s,f) in relations (1) and (2) are of the form

A(s, ) = Als, Ly 0f) =
= [ [TrAx(s, by, )F7(x) + (A (s 1ty ) F/(2)) + Agls, iy, 2)F ()] L, (dx).(3)
B(s.f) = B(sipyf) =
= [ [(Bals iyux E)F /(0. F/(R)) + (By(s, Wyo 3 B),F (XD F(F) +
+ Bo(s, Ly, x, F)FCOF(X) ] 1y (dx)p, (dE), “4)
where
Ayt RoXMX)XX—L(X), By: R, xM(X)XX>— L(X),
A RoXM(X)XX > X, Byt RyXM(X)xX*— X,
Ag: Ry xMX)xX =R, By R XM(X)XxX*—>R;

these functions are measurable on R, XM (X) and continuous and bounded in x
and X.

The goal of the article is to establish the existence of a process for Ay, A |, A, By,
B, and B, satisfying some additional conditions. The tool of investigation is some
limit theorem for measure-valued continuous processes and processes generated by a
system of randomly moving particles in the space X.

2. Compactness of probability distributions in Cpy 17(M(X)). Here, we con-
sider conditions under which the distributions for a sequence { B,(n,re [0, 1],

n=1,2,..} of continuous measure-valued processes is a compact set in the space
C[D_lj(M{X)) of all continuous functions m: [0, 1]— M(X).

Theorem 1. The distributions of the processes { K, (£)} form a compact set iff

the following conditions are fulfilled:
1) there exists a continuous function p: X —[1, ) for which p (x)— +e
as |x|— +e and sup,(p. 1, (#)) are uniformly bounded in probability;

2) forany fe C(X) and >0,

lim SUPP{ sup [y () F) = (ua(e) | > 8} = 0.

h—=0 n |t=s|Zh
Proof. The necessity of condition 2) follows from the necessary conditions for
compactness of the distributions of the processes (uﬂ(r),f) in Cro,1y For all fe
e C(X). We prove now the necessity of condition 1).
It follows from the compactness of the distributions of processes w, (:) that, for
any £>0 and 8> 0, there exists r> 0 for which
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460 A.V. SKOROKHOD

P{sup pn(;,X\Br(.opa} <8,  B,0) = {x:|x]<r}
!

forall n. If r, satisfies the inequality

P{st:p WL, (2, X\ B, (0)> EIE} < ZI'Tc
forall n and p(x)<k for |x|<r, then 1) is fulfilled.

To prove the sufficiency of conditions 1) and 2), we consider measures 5 (z) for
which {px(), A-f), where Ae C(X), A(x)=1 for xe B.(0), A (x)=0 for xe
€ X\B,,.(0), A(x)e [0, 1] isvalid.

It is easy to check that the distributions of p}(t), n=1,2,..., form a compact set
of measures because j%(f) are measures on the compact B,,.(0). Using condition 1),
we can choose A in such way that

P{ sup Var(u” (£)— pu* (t)] > a} <8

for given €> 0 and &> 0. This completes the proof.
Corollary. Let {p,(t)} be a sequence of measure-valued diffusion processes

for which their diffusion characteristics A™(s,f) and B"(s,f) are represented by
ormulas (3) and (4) with functions Ab, A', AY and B}, B}, BS instead o
0 1 2 i Z
Ag, A |,Aq and By, By, B,. Assume that the following conditions are fulfilled:
(i) the distributions of |, (0) are compact in M(X);
(ii) there exists a continuous function p: X —[1, e) such that p (x)—> e as
|x|— oo, and p”(x) are continuous and bounded and

J [Tr A5 (s, m, x)p"(x) + (Af(s,m, 2), p7(x)) +
+ Ag(s,m, x)p () lm (dx)m, £) + [[ [(B3(s,m,x 2)pr(x), pr(x)) +
+ (Bf(s,m,x, %), pr(x) p(®) +
+ By (s,m, % D)p(x)p(®) I m (dx)m(dz) < C(m,p)?

Jorall s€ R_ and me M(X); here, C is a constant;

(iti) for any ¢ € C*)(X), there exists a constant C,, for which

[A"s,m, @)| £ Co(m,p),  |B"(s,m, 9)| < Colm, p)>.

Then the distributions of W, (-) are compact in Crq 11(M(X)).

3. Diffusion processes generated by a system of randomly moving particles.
Let x, (), ..., xp(#) be a stochastic continuous X-valued process; we refer to xk(t)

as to the trajectory of the kth particle of a system of N particles that are moving in X.
We assume that x,(t) is a semimartingale:

x,(8) = x,(0) + 0 (1) + m, (2), (5)

where o, (¢) is absolutely continuous with respect to ¢ and the square characteristic
of the martingale m ,(¢), denote it by [,(t), is also absolutely continuous with re-
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spect to £. Note that o, () is an X-valued process and $,(¢) is an L(X)-valued pro-
cess. Denote by Bkj(t) the mutual characteristic of the martingales m, () and mj(t).
We have the relations

t

o (1) = [ Ag(s)ds, ©)
0
t

By = [ By(s)ds; &
0

* the functions A, (s) and Bkj(s) are supposed to be adapted and predictable with re-

spect to some filtration (%) 4.

Introduce the measure u}” determined by relation
N 1< -
(Wi f) = = 2 Flum), ®)
Nz

fe C(X). Using It8’s formula for fe C?(X), we can write

N
Wl f) = =3 [(FGa0) A)) + STe P () B [ar +
k=1
1 N
52( (i (2)), dimy (). ©)
k=1
Denole
Agp= L (G, A®) + STr s () B |
Nk=i &
Then -
m(£0) = () = [ Als, f)ds (10)

is a martingale and its square characteristics is

(m(f, ))‘, = JB(.S‘,f)dS =
0

o —

E]_ Z_ (Bkj(-?)f’(xk(S)),f’(xj(,s))) ds. (11
Assume that

Ayt) = Al pN (@), x(8),

By () = B, wN @), 2 (1), x; @),
where
A: R xMX)XX X,
B: R, xM(X)x X*— L(X).

Then BV is a measure-valued diffusion process for which
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Agltm,x) = 0, A(tmx)= A(t,mx), Ay(thmx)= B(t,mxx),
‘80([: ml xQ 5:) = 0! B[(r‘l n'lux: i) - Ol Bi(rl m, x} i): B(r!mx: 'f)‘

Under which conditions does there exist a system {x(¢), ..., xN(r)} that satisfies
the required conditions ?
The necessary condition is:

1L B(t,m x %) is a symimetric operator, B(t, m, x, ¥)= B(t,m, %, x), and, for
any z;,...,Zy€ X and x,...,xy€ X,

N
2, (Bltmx,x)z;,2) 2 0. (12)
=1

It follows from (12) that there exists a set of operators A=A (¢, m, x|, ..., Xp),
i, ke I, N, for which ’

w3
i &
A.”c= Akr" A“(A'}U. = B(rs}n:xpxj)'
k=1

We assume that, in addition to condition I, the following condition holds:
I1. There exists &> 0 for which

N
>, (Blnmx,x)z;2) 2 82, (2, 2) (13)

Lisl i=1
forall te R, me M(X), and x,...,xy€ M(X), and the function

N

N
= 1 ,
PR g o sy Bapeps Eipng) = B[I,—Eﬁxk,xNH,xNHJ, (14)
k=1

where &, is the measure for which (Bx,f) =f(x), satisfies the conditions

N+2
a) |t % g s Xy Xy s Xve) || < K[] + Erxkaj, (15)
k=1

where K >0 is aconslant;
b) forany C>0, thereexists [.>0 for which
B3 s X Eppe 3 Xpgn) = FUE Faoves Bgo Bnpas Eva) || =

N+2

< ICZ|xk—§k|, (]6)
k=1

if ]kuSC, k=1,2,... , N+2.
III. The function

01X
Gl B coms X K i 22 A(r,ﬁz,ﬁxk,xm_l] (17)
k=1
satisfies the conditions
N+l
c) PO s e mup i 3] S K[I+ Elxkq, (18)
k=1
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: N+l
D G x s Xy Xy ) = Gl Fyoves By, Eyar) | S Lo D) 1x,— % |- (19)
k=1

if [x,|<C, k=1,2,...,N+1, and X and I are the same as in IL.

It follows from M. Freidlin [6] that, under condition II, the function ALt m,
Bpones » Xp) satisfies the conditions:

e) there exists a constant X , for which

1 N
Aa(r,—ZSxk,xt,,..,xNJ
Nk=l

f) for any C, there exists a constant fc for which

N
< Kl[l-l- Z[m], i,je N, (20)
k=1

N N
1 1 -
AU’[I Ezﬁxk,xh xNJ— Aﬂ(r’ﬁ za—k,xl, ,XN] <
k=1 k=1
— N —_—_—
k=1

if |x,|<C, k=1,2,...,N.

Let wy, ..., wy be independent Wiener processes in 'X, let Ew,(t)=0, and let
E(w, (). 2)%2=|z|? ze X, k=1,...,N.

We consider the system of stochastic differential equations

dx () = G(8,x,(8), .o, Xp(), X, () dt +

N N
1
+ D Ay [fa N 28 M (0, IN(IJJ dwy(2).- (22)
4=l
It follows from conditions ¢), d), &), and f) that system (22) has a unique solution for
any initial condition,

Theorem 2. Let the functions A(t, m,x) and B(t, m,x, ¥) satisfy conditions
I, II, and 111 for any N = 1. Then for any m € M(X), there exists a measure-
valued diffusion process |\, for which

i=1

Ag(t,mx) = By(t,mx, X) = 0,
A(t,mx) = A(t,mx), B ((&myx, X) = 0,
Ay, m, x) = f;'(r, mx,x), By(t,mx X) = B(r, m, x, ).
Proof. We consider the sequence |.L,’.V of measure-valued processes for which

N
(uN.f) = %Ef(x}f(r)),
k=1

where va(r),...,xﬁ(r) is the solution of system (22) with the initial conditions
xY(0),..., xN(0) for which

o1 N N _
h;gnmﬁglf(xk ) = (m,f)
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for fe C(X). It follows from Theorem 1 and the corollary that distributions of {u,‘fv,
N=1,2,... } arecompactin Cq 1(M(X)).
4. Pure birth and death processes. We assume that

w(A) = [ u(t,x)m(dx)
A
and u(¢, x) is arandom function from R, XX to R, satisfying the following condi-
tions:
4.1. u(r,x) is measurable in ¢ and x; itis a continuous semimartingale in f;
4.2. du(t,x) = v(t,x)dt+dw(x, 1),

v, x) = V(& ult,-)x),

w(x, ¢) is a continuous martingale in f, and the mutual square characteristic for w(x,
t) and w(Xx,t) is

T
_[ W (s, u(s, ), x, %)ds.
0

We assume (hat the functions V and W can be represented in the form

V(e ult, ), x) = Ag(et, Jadm, x), Wt u(t, ) x, %) = Bg(r, Judm, x,E),
(23)

where _f udm denotes the measure

judm(C) = Jua’m.
&

It is easy to check that [, is a measure-valued diffusion process for which the
functions A, and B, satisty relation (23) and A | =B, =0, A,=B,=0.

The processes of general forms can be constructed by combination of the processes
considered in Secs. 3 and 4.
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