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ON THE APPROXIMATE SOLUTION OF NONLINEAR
VOLTERRA -FREDHOLM INTEGRAL EQUATIONS
ON A COMPLEX DOMAIN BY DZYADYX’S METHOD

IIPO HABJTVZKEHE PO3B’SI3YBAHHS HEJITHIINHITX
IHTEI'PAJILHUX PIBHSIHb BOJIbTEPPA — ®PEITOJIBMA
Y KOMIIJIEK CHIM OBJIACTI METOIOM I3SI[TAKA

In 1980-1984, V. K. Dzyadyk suggested and modified an iterative approximation method (IA -method)
for numerical solution of the Cauchy problem y’=f(x, y), y(xg) =xp. Particular cases of nonlinear
mixed Volterra—Fredholm integral equations of the second kind arise in the mathematical simulation of
the space~time development of an epidemic. This paper is concerned with the approximate solution of
integral equations of this type by the Dzyadyk method on complex domains. Finally, we test this method
numerically by four different examples.

Y 19801984 pp. B. K. O3s4K 3anponollynas Ta possHIlys iTepaTHBHO-anpoKcHMauifimi metop (TA-
METOJ1) JIJIH YMCJIOBOI'O po3s’ isysaniis npobsemu Kowi y’ =f(x, y), y(xy) =xy. YacrTuuni Bunagku
neJiinifuux Mimanux inrerpaisuux pisnsins Bosibreppa —®pejirosisMa Ipyroro poyy BHHHKAIOTh Y 3a-
Jlayax MaremMaTHUHOro MOJIeJIIOBANHS YACOBO-NPOCTOPOBOI'0 POSBHTKY enisemit. ¥ wuift craTTi pos-
1JISIHYTO 3ajjauy HabJiHiKeloro poss’ syBanis Takux iirrerpannuux pisnsans, meronom B. K. dasauka
11a KommJiekenit oburacti. Hanpukinni crarri nasesierio pesyJibTaTH YHCEJILHOT NepeBipKH MeToly Ha
YOTHPHOX PislHX NPHKJIa/1ax.

Introduction. One of advantages of the iterative approximation method suggested by
V. K. Dzyadyk is its high accuracy [1—3]. Later, the Dzyadyk’s method was success-
fully applied to the numerical solution of many mathematical problems.

In 1985, by using the Dzyadyk’s method, Karpenko [4] studied some nonlinear in-
tegral equations such as Volterra, Urysohn, and Lyapunov—Lichtenstein equations.

In 1986, Dzyadyk and Romanenko [5] studied the Cauchy, Darboux, and Goursat
hyperbolic partial differential equations. In 1989, Bassov [6] studied the boundary-
value problem for ordinary differential equations of the second order.

In 1991, Dzyadyk, Bassov, and Rizk [7] carried out a comparative analysis of this
method and implicit methods of Runge—Kutta type. They proved that the iterative ap-
proximation method is an (n + 1)-stage implicit method of Runge—Kutta type of order
(n+1). Furthermore, by using counterexamples, they showed that this method is
better than the four-stage implicit Butcher method.

Also, in 1991, Dzyadyk and Vassilenko [8] studied stiff ordinary differential
equations. . :

In this paper, we use the same Dzyadyk method for studying the approximation and
convergence of solutions of nonlinear Volterra—Fredholm integral equations on com-
plex domains.

Finally, we test this method by some counterexamples.

Preliminaries. Let [0, #;], [0, h;] be two segments in R, let r|,r, =1 and
H>0 be real numbers, and let D and E, , k=1,2 beregionsin C defined as

follows:

N

L, =B, (b)) = {(I:}’)E[Rz: m— + A 1},

A

2

2 2
Ery = Epy(hy) = {(x,y)e[rgz; x_2+_[3’—112/2] 1}‘

where
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Let Q be a compact subset of C" and let A C(Q) be the Banach space of all
functions f continuous on £ and analytic in int (Q) with the norm
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Consider the following nonlinear Volterra—Fredholm integral equation:

z hy :
“u(z,w) = f(z,w) + J' _[ K(z,T,w,E,u(t,E))dEdt, [¢))

00
where f(z, w) and K(z,T,w, &, u) belongto AC(,) and A C(Q2,), respectively,
Q=E X%E, and Q,=F xXE X E XE XD.
Picard iteration. Let Ky :={u: ue AC(Q,), llullacq,)<H} and define the
mapping (operator) 7 on K as
z hy

(Tu)(z, w) = fz,w) + [ [ K(z,%,w, &, u(t,£)dEdu. @)

00

-

Theorem 1. [f the conditions
(@) |K(z1,2,23,24,25) — K(21, 22,23, 24, 28)| < Alzs — 2],

A=const, Vz,5pe E., Vz3,54€E,, Vzs,2z5€D;

2
© flacany+ a2l Kllaca,) < H

are satisfied, then there exists a unique solution ue€ Ky of (1) given by

®) S:=Ag<1, g= hz[a“!a_];

u(z, w) = i [u[}l-}-ll (z, w) — Y (Z,WJ].,

p=0
where
um(z,w) =0, (3a)
z by
wt iz, w) = fz,w) + [ [ K(z, 7w, &, ul)(z,8)) dE dr, (3b)
00
L=01,2,...,
and

SH

Proof. (i) By (2) and condition (c), if ue ‘J(H and (z,w)e Q, then
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ON THE APPROXIMATE SOLUTION OF NONLINEAR VOLTERRA-FREDHOLM ... 1521

z
[(Tu)(z, W) < [ f@w)| + [ [1K(z 7w, & u(c ©)IdE]Id] <
: 00

h
< flaciay + i|f<:||,.w(nz,ha[a,1 + —1] S .

2
Thus, T Ky < Ky.
(if) By (2) and conditions (a) and (b), if u;, uy € Ky, (z,w)e Qq, then

| (Tup)(z, w) = (Tup)(z, w)| <

|K (2, T, w, & u (7,8)) — K(z,7, w,E, up (7, 8))||dE]|dr| <

g!

o '—-;._‘j'

_<.Aq"u|'—'ﬁzi|xﬂ=S”££|"-H2”xh,, S<1.

It follows from (i) and (ii) that 7 is a contraction mapping on Xy and, according
to the fixed-point theorem [9], there exists a unique element u € X such that Tu =,
which is given by the uniform limit of the sequence

ul®llz,w) = 0, ult*'(z,w) = Tultl(z,w), p=0,1,2,....
(iii) It1is clear from (i) and (ii) that
|ultr Mg < SH[ut = w6, < S Fllacea,) + 21 K llaccay))

and, hence,
| “*H[”]“xﬂ < |l ”[M”‘“[MHKH + Il uI””Lu[”“]l[xH +.o. S

< (Ifllacca,y + gl K llacia)[SH +85* 4+ .. 1 =

sk
= (“f"AC(Q;}+QHKHAC(92))i‘__S; S<1.

Theorem [ is proved.
Algorithm. Let n be an arbitrary natural number and let —1 < §o<§t <.

.<&,<1 benodeson [-1,1]. The Lagrangian interpolation polynomial for a con-
tinuous function g(¢) on [~1,1] constructed by {Ej}i;zo is denoted by L,(g; 1)
and defined as

L(g:ty= D, g&)l, @,

j=0
where [, ;(¢) is called the fundamental Lagrangian polynomial and defined by
b I-—'&- %
L, :(t) = M. | _ @
n.J ;_I—.g tj ” ai :
ie]
RemarleS.: LIl iiv oy IR e o B Mo 2 58
* jm e : :
§j=€j=—cos;=_ j=0,n, G
then 1, ;(z) canbewmten as [3] o L LR U L
¢ R TR WA | 4 F
cvfipe el
L) = L0 = 1+22[ 1) CQS—z;(;)r e IJJHJ u(“)} = T
r=1 :

B
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1522 M. M. RIZK, S.L.ZAHER

where gg=¢,=1/2, g;=1, j=1,n—1, and T,(t)=cos(narccost) is the Cheby-
shev polynomial of degree n.
2. If
2j+Dn e

0 i
= =—cos LT i=0m, 6
=5 W s ¥ “ ©

then 1, J (t) can be written as [3]

byj@®) = Z;J(r) =

1 e r@j+)m e
= —|14+2 ), - cos=———T.(1)|, Jj=0,n.
n+1 z( ) cos 2n+2 - J "

Let n,me N andlet —1<§p<&;<...<§,<1 and —=1S75<1;<... <7, <1
be two nodeson [-1, 1].
Consider the (m + 1) % (m + 1) matrix [a{™]7;_,,

Y
a™ = ag(m,r) = [ by dt, 7
-1
- where [, ;) is the fundamental Lagrangian polynomial constructed by {7;}7-¢,
and the vector matrix {6{"}"_,,

1
b = bi(n, &) = [ Li(2)dt, (8)
-1
where I, ;(¢) is the fundamental Lagrangian polynomial constructed by {§;}{-0
Note that [r:z("”:']f =0 and [6{"17_, depend only on the natural numbers m and
_n and the choice of the nodes {t;}7=o and {§;}{-o, but do not depend on the
Volterra—Fredholm integral equation (1).
Remarks. 3. If {t;}]., is chosen by (5), then the matrix [a("’) ij=0 has the
following explicit form [3] :

;(m) = a;(m,7}) = %[l + 571 + %SEI(S;,Z_D *

ve-1

s S; PVl ‘5;\'-1 vij 2 g Gy SEE—S
G i SRR L Rt , ,j=0,m, 7 *
2;' "W [v-{-l v—1 1) 2 et )

where

g =¢eu=1/2, g=1 i=1ILm-1, §;:= cosj_(m;t)—n.

4. If {E;}7., is chosen by (5), then
6™ = bi(n, &) = a,(n, &), i=0,n. (8%)

5. If {t;}7=o is chosen by (6), then the matrix [cz("")]I "i=0 has the following
exp11c1t form [7] :

ISSN 0041-6053. ¥Yxp. mam. sypn., 1996, m. 49, N2 11
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; | . ] g e
J-(m) = g(m,'l:) = ‘_rn—-i-l[l +Sf|1 "f"ES;’l(Sj‘g—l_) +

m o ST 2 P
+ go | TAVEL TRVl o VL2 ;i
E’z ""(vﬂ -1 T e,
j@m+1-2)7
2m+2 '
6. If {£;}/_o is chosen by (6), then

n
s(n) _ a oo B
bi n ﬂ+1’:1-22 ir 3 jl i=0;n,

r°—1

a L
where S;;:=

where &, =1 if r iseven, and &, =0 if r is odd.

By using matrices (7) and (8), for every n=0,1,2,..., we get a system for the
approximate solution of (1) at the points (x,,y), r=0,m, k=0,n (0<xy<
<x|<...<xyShy, 0Syy<y <..<y,<hy), where x,=h;(1+%,)/2, r=0,m,
and y,=hy(1+&,)/2, k=0, n, by the formulas ‘

uﬂ =0, -":0:’71, k=0,n, ; 9)

W = fx,, yp) + h']'ﬁ 2 Z b{™ (”"K(xr, xj, Y Yo ud),  (10)
f=0j=0

r=0,m, k=0,n.

Lemma 1. The values u,["Lk 1 given by (9), (10) represent the values of the

following function (12) at the points z=x,€ [0, h], r= O,m, w =y € [0, hy],

Tz, w) =0, (11)
z Iy
TW (7, w) = f(z, w) + J f L,[K(z,0,w,-, U™ (c,));pldp do =
: 00

= f(z,w) +

o —_—F

f?m[ (K (2, w,, T¥ (-, ));pls 0] dp do = F(z,w) +

.:12

Z
K(z, x;,w, y;, TH (x; ,y,))f Li@dp [ I j(0)do, (12)
0

u M:: ey

n

here Lﬂ, i denote the transfer of L,, 1, ; from [-1,1] to [0,h,;], and
Ly, by from [-1,1] to [0, k], respectively; in other words,

W = AW (x,,y), pn=0,1,2.., k=0,n, r=0,m. (13)

Proof. For =0, relation (13) obviously follows from (9) and (10). By using
the transformations

5 & %—(l+1:): ol T)sfo. b & T= -1+h3x: [0, = -1, 11,
1

ISSN 0041-6053. Yxp. nam. sypit., 1996, m. 49, W\



1524 M. M. RIZK, S.L.ZAHER

= (1+§) [1,11-[0,h] « &= —-l+gx [0, ] = [-1,1],

we get
g 7 2 hy _
| Li®dE = JJ,,‘,-(HH%—&) I L, (o) dou = E*b,-("}, i=0,n.
0 ]

Similarly,

X Xy

| Bjmde = J'lm,j( n der o jtmj(ﬁ)dﬁ —aj’;‘), j, r=0,m,

0 0

and, by mathematical induction on |, we obtain the required result.
Lemma 1 is proved.
By Lemma 1, (9), and (10), we now get a function on Q. given by

Tz, w) =0, (14)
UM (z,w) = flz,w) +
LR S 1]
-2—2 > b K (z, xj,w, i, )j Injl0)do, p=1,2,... (I5)
o R, .

Remarks. 7. If 1; is chosen by (5), then —[0 J,',;‘j (o) do has the form [10]

£ hye; 1
Inj©do = —L11+ Ti(v) + = S, (T (v) -1
imwac Zm[ () + 2 S (Bm-1) +

= 5* Ly (W) Ty (1) vel 2 T —
— o+ 1 —, 3 = O,m,
Z &v v v+1 V=i 4 v -1 g

where t=-1+2z/h;, S ,J = COoS M, i,j=0,m, and & and T}(T) are the
m

same as in (4%).
8. If Tj is chosen by (6), then _[ U(G) dc has the form [7]

t T _ h’f o 2_
_([lm_j(c)dc ok v [(TH) + 85, (12 -1) +

= o T\-"I'l (T) R—l (T) v+1 2 ] . e B
+ 5 - +HEPE 2 f=Om,
Z J"’[ vo1 V) S0

v+1

o J@m+1-20)m . . —— _
where S ; m:)S——————MH_2 , ,j=0,m, and T=-1+2z/h,.
In the next section, we prove that the function defined by (14) and (15) converges to
a solution of (1) as n, m, and W tend to infinity.
Convergence. If F is a continuous function on [0, i], then it follows from the

Lebesgue theorem [3] that
| Fx) =L, (F 3 )l cro,my S (1+2) Ef(F)cqo,

where A, 1= ||Z,.= ’ z,,_;(x)|”(:w.hJ and E,(F)cpo.p is the functional of the best ap-

proximation of F on C[O0, A]. -
Furthermore, if F is defined and continuous on B, 7 >1, and analytic in

JSSN 0041-6053. Vip. mam. swypit., 1996, m. 49, N® 11



ON THE APPROXIMATE SOLUTION OF NONLINEAR VOLTERRA—~FREDHOLM ... 1525

int E;, then, forany re [1,7), we have the following bound for E,(F)4 ¢z, (by
the Bernshtein theorem [12, p. 73—75]; see also [3, p. 60—62]):

r n
E(Facee,y = ”FllAC(E)an(r]’

r 1
where o, = [;J[l + 12,”2]

Now define the mapping (operator) T on Ky as follows:
I m z
L (Tu)(z,w) = fzow) + Y, Y, K(z, x5, w, y;, u(x; ,y;))_[l,”(p)a’ _f In,j (0) do.
i=0j=0 0
(16)
- Itis clear from (12), (13), (15), and (16) that
aWl = FgW, p=0,1,2,.... an

Lemma 2. [f f‘if(H c Ky, then
- 1- S
”L{[}L}'—U[P‘]”x” < ST:?, L= O, 1, 2, AR
where ulMl is given by (3a), (3b), UM by (14), (15), S by condition (a) of
Theorem 1, and

8= sup [ITu—Tullg,.
vekX y
Progf. Lemma 2 can be proved by mathematical induction on [ with the use of

step (ii) in the proof of Theorem 1, (3a), (3b), and (17).
Theorem 2. Let 7, % >1, H>0, Q= E; X E,, and let Q, = Ey X E X
x E_.—.z XE—,.Z X D. Suppose that f(z,w)e AC{Q[} and K(zy,2,23,24,25) €
€ AC(L,) satisfy the following conditions:
(@) |K(z, 29,23, 24.25) — K(21, 29,23, 24,25)| < Alzs—z5],
A=const, Vz,5e %, Vz,4eE, Vazs,z5€D;

' h,)
S:=A 1, ¢q= $ =L
(b) g < q h’Z(an 2

(c) forsome €>0, we have M(1 + €) < H, where

M = max {(IIfllacca,y+ 2N Kllac,)s 2 1Kllac@,y) }-
Then the Volterra—Fredholm integral equation (1) has a unique solution u(z,w)

(from Theorem 1), and the functions M (z,w) approximate u(z,w) in the
sense that, forany rpe [1,7), k=1,2, and all n and m such that

m n
8, = (1+7Lm)a5,13(;] + (1+M) A, ocm[~ J < E,
Ty | 1)

by 1 y 1
where am = : 1+ and o = 1+ , the fol-
Fl -n ]_]2:7:4—2 n }—_2 -n }'22”+2 f

lowing inequality holds:

Nu—u® e, < (171 + qlKlnccar) e + UK llace s Sum -
=y = acapt aiifllaccy) 75 + 2ifllac@,) Om T3

ISSN 0041-6053. Ykp. sam. sypit., 1996, m. 49, N? 1]



1526 M. M. RIZK, S.L.ZAHER
Proof. 1. Forall (z,w)e Q, and ue Ky, it follows from (2) and (16) that

z Iy
[(Tu)z, w) = Tw)zw) < [ [|K(z 7 w,E u(r,8) -
00

— Y, K(z,xj, w, &, u(x;,8) I, ; (¥)||dE] |d7| +
j=0 .

=

2 m

J K(z, x;,w, &, u(x;,8) -
0

z
+ |
0

j=0

- _%K(z. x5 W, Yy (X, 31)) b i )| 10 (D] 14E] | dT] <

< (1+7"m)E (K)AC(.Qz)q 4+
+ (1+7Lm)q7hm max E”(K(z xj, w, &, u(x;,£)))

x5
55w AC(@y)

m ) 7
."] n2
" (1+7»m)IIKJIAc<ﬁ,)0£5:?[;J q + (1+xn)%quIKIIAC(ﬁg)aL?’(;] <
| 2

< glKllac@,)Smn - (18)

I If ue Ky, (,w)e &, then it follows from from step (i) in the proof of
Theorem 1 and (18) that

[(Tw)z, w)| £ |(Tu)(z, w)| + |(Tu)z, w) — (Tu)(z, w)| <

< (I lacan+ gl Kllaca,) + 2 1Kllac@,)) {(1 +xm)a(”[r ] P
1

n
+ lm(l+?u”)0t(2)( ] } < (1+e)M < H.
)

Thus, T%X X
II. By virtue of (18) and Lemma 2, we get
- SH
[]-l]_ﬁ[}i] < 'k _;T" <
u < su u—Tu <
[ Iy < s 7w~ T, T
] —s*
s q"K”AC'(Qg)anm 1=5

IV. Finally, it follows from step III and Theorem 1 that
lu—TM g, < Nlu—utg, + llu-THg, <

1—SH

SH
< ("f”.»qc,‘(n])‘l‘QHK“AC(QZJ)m i CIHK"AC(fzz)Smﬁ-

Theorem 2 is proved.
Remarks. 9. If §; is chosen by (5), then [3]

n =

zln(n—l) 2 k=N, 5 Linml.
T T

ISSN 0041-6053. Yxp. mam. xypi., 1996, m. 49, N° 11



ON THE APPROXIMATE SOLUTION OF NONLINEAR VOLTERRA-FREDHOLM ... 1527
10. If &; is chosen by (6), then [3]
Z g 2
Eln (n=1) SsA,=%, £ ;ln(n—l) + 1.
1L If ry=r,=1 (ie, & =[0,R] and E, =[0,h,]), then

2
W T
?‘I'_'l ?'2—1

m n
. [lJ b 0 A [:1-}
-1 B—1l7

r iz

12. If =22 and 2 =1, then al <2, th,z) <2, and

i 2
1+X Ay, L+A,)
8"’" = ( 2!71"'?1 + mzﬁ.‘l n )'

Examples. The examples presented below, which have known analytic solutions,
were solved with a PC 286AT with respect to each of nodes (5) and (6) by using
functions (14) and (15).

Table gives the errors e,:= ¢} (with respect to nodes (5)) and e,:=e; (with
respect to nodes (6)) at the last point x=~hy, y=h,, h; = hy =1, for different values
of n (n=3,5,7,911), ie,

ey = ey(h ) = [TW(hy, hy) — u(hy, )|,

‘where L is the number of iterations.
Example 1.

and

,nm = (l+lm)

_ xt g H(wE)
u(t, x)= ln(l " 1+t2J 8(1+t)(1+t ) ££(1+r)(1+'c e Il vt

" Its exact solution is u(f,x) = —In (1 + 1122 ]

Example 2.

u(t,x) = sin (t+x) + (x+t2)sin(t+1) — t*sint — xsin (1) +

t 1
+ (x+8) [cos(t+1) — cost — cos(1) + 1] + [ [ (¢v+xE) u(z, &) dE dr.
00

Its exact solution is u (¢, x)= sin (f +x).
Example 3.
sin¢ +

u(t,x) = 1 + sin(tx) + sint — e T cos (T€) cosT e“(T'E)dé dt.

O —
o —

Its exact solution is u(#, x)= sin (£x).
Example 4.
£
u(t,x)=1+ t(l+x) —e' + J I 'z:e”“mdﬁdfc
00

ISSN 0041-6053. Ykp. smam. xypH., 1996, m. 49, N® 11



528

“te exact solution is u(t, x)=tx.

M. M. RIZK, S.L.ZAHER

i Example

| K 2 1 3 H 4 u
|

24 | 09 3,62538E-04 | 05 1,92854E-04 | 07 1,06 140E-04 06
| 206 | 03 | T.36132E05 | 16 | 6,81741E-06 | 13 1,64719E-05 06
mrTnrtEQT | 05 1,48619E-07 11 2,08536E-06 12 4,51354E-08 12
LOED8 | 05 5.40094E-08 | 09 | 4,06230E-07 | 06 7,33962E-09 09
B5E-08 | 05 7.36690E- 1 12 1,19734E-08 | 08 2,36468E-11 12
ol1E-08 | 00 1L23691E40 | 14 | 2.64708E-08 | 11 2,18279E41 12
T82E09 | 09 1,27329E4 | 13 1,18234E10 12 8,18545E12 13
. +956E40 | 06 7,27596E-12 | 13 1,85537E40 10 1,81899E-12 13
S2121E42 | 07 8,18545E-12 14 9,09494E43 12 2,72848E-12 12
W22915E-1] 09 9,09495E413 13 1,81899E-2 11 9,.09495E-3 12
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