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HEKOMYTATHUBHUN AHAJIOT TEOPEM KOEHA

By using weakly primary right ideals, an analog of Cohen theorem is proved for rings of principal right
ideals.

Ha ocHOBI c/1a0K0 NepBHHHHX NMPaBHX ifealip jlose/ieHo aHasor TeopeM Koena ana kiseus ronoBHux
NpaBHX JIcalB.

KoeH noBiB, 0 KOJIH I0BIIbHHE MPOCTHI i1€a/1 KOMYTATHBHOTO KiJIbLIs 3 OIMHHLIEIO
€ rOJIOBHHUM (CKiHYeHHOTIOPOMXKEHHM), TO/1 BCl 1/1ea/Id € rOJIOBHHMH (CKIHYEHHONO-
pomkenumu) [1]. B [2—4] onepxkaHo ysarajibHeHHs UHX pe3yJIbTaTiB s 1yo-
KiJlellb, MATPHYHO JIOKAJIBHHX | HETePOBHX Kijleub. Y AaHiit poboTi 10Be/IgHO aHANnor
TeopeMH KoeHa 1J1s KiJlenb rOJIOBHHX npaBux ifneanis [5-7].

Bci posrnsinysati B po0OTi KifbIs € ACOLIATHBHHMH 3 OJIHHHIICIO, BIAMIHHOIO Bif
nyss. CJoBo ,,inean” o3Havae ABOCTOPOHHIM ineasn. ITpaswuit inean P kinbus R Ha-
3HBAETHCA C/A0KO MEPBHHHHAM MPABHM i/1€aJIOM, AKIIO 3 yMOBH (@ + P)R(b+P)C P,
ae a,be R, 3apxnu BuruiMpae a € P abo be P [8]. Ilpaeuit inean P kinsusa R
HA3HBAETHCH MEPBHHHHM MPAaBUM i/1€AJIOM, AKWO 3 yMOBH aRb CP, ne a.be R,
3aBXK/IH BUNJ/MBAE a € P abo be P [4]. Enement a € R,a # (), nHasuBaerbcsa ayo-
eJieMeHToM, AKWo ak = Ra.

[Toznauumo yepe3 S MHOXKHHY BCiX MpPaBHX ifeastiB Kinbis R, AKI HE € roJioB-
HHUMH ITPABHMH i16aJ1aMH, MH iX Oy/IEMO HA3UBATH HEer0JIOBHHUMH MPABHMH i/1easiaMu.

O3navenns 1. Hezonoenuii npasuii ideaa 1€ S HazeemMo MAKCUMAABHO He 20~
AOBHUM NPABUM 10€aA0M, AKWO O06iabhuii npasuli ideaa 6 R, akuii micmums |,
BAACHUM HUHOM € 20/106HUM NPABUM 10€AA0M.

Muoxxuna S AKA PO3rNAANAETHCA AK YACTKOBO BNOPANKOBAHA MHOMXHHA Bill-
HOCHO BKJIIQUEHHA, € IHIYKOBAHOIO, i HAa OCHOBI JiemH LlopHa MaeMo HacTymnde TBepi-
JKEHHA.

Teepnakennn 1. [JosiavHuli Hezoa06Huil npasuii idean Micmumsc A xoud 6 6 00-
HOMY MAKCUMAABHO HE20A0BHOMY NPABOMY (0eai.

Teeppxennn 2. Hexaii R — kiabye 3 €OUHUM MAKCUMAALHO HEZOAOBHUM NPd-
aum ideasrom N. Todi N — nepeunnuii npasuii ideaa.

/loeedennsa. Hexait B R icuyloTh 1Taki esiementd a¢ N, b N, wo aRb CN.
3aBAsAKH MAKCHMAJIBHOCTI N B MHOXKHHI S ICHY€E esieMeHT ¢ € R Takuid, wo
N + aR = cR. Poarnsauemo npaeuii ineann J={x|cxe N}. Ouesuauo, wo che N,
ToOTO b€ J. 3BiacH, HA OCHOBI TBepmXKeHH:A | 1 YMOB, HAKJTAIEHHUX HA Kinble R,
J = dR — rosioBuunii npasuit ifean, ockinbkn J @N. 3rigHo 3 TaMm, wo N + aR = cR,
MaeMo n+ar=c¢, ne ne N, re R. Tomywo N CcR i aR CcR, 1o ansa no-
BiJIbHOro m € N icHylOTh Taki esiemeHTH [, ke R, wo m=c¢l i a = ck. 3Bijacu
m=cl=nl+arl =nl+ckrl. Jani c(krl)=m—-nle N, atomy krl=dt nns nesxko-
ro te R. Orxke, m=nl+cdt. Ockineku nl € N, To nl=cs, ne, 0O4eBHAHO, S€ J,
T00TO s=dy (ye R). 3Bincu N CcdR. Yepeateuwo 1€ R, 10 c¢de N, Ttobro
cdR CN. Orxe, N=cdR — rosoBHHit NpaBHii ifeast KinblA R, WO CynepeyHTh
BHOOPY npasoro ineasy N. TeBepnskeHHs 10BEEHO.

Bpaxosyious, 0 B MPaBOMY JIAHLIOMOBOMY KiJIbLli He GiJiblie OQHOI0 MAKCHMAJTh-
HO HErOJIOBHOTO MPABOr0 ifleally, MaEMO TaKe TBEP/KEHHA.

Teopema 1. IIpaee aanyioeoee Kiavle € KiavljeM 20A068HUX npaeux idenie mooi i
miAbKu Moodl, KOAU KOXHUI nepeunHuil npasuii 10ean € 20A108HUM NPABUM [DedtoM.

Teopema 2. Skwo Koxnuii cAabKo nepeunnuii npasuii idea Kiabya € 20106HUM
npasum ideasom, mo mooi 0osinbhuii npasuii idean € 20A08HUM NPABUM (Bearom.
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Hoeedenns. Tpunyctumo cynpotusde. Toai B Kisibili R iCHYIOTh MakCHMaJlb-
HO HeroJIOBHi npaei imeanu. Hexait N — [OBiJIEHHI MAKCHMAJILHO HErOJIOBHHIA Mpa-
BHH inean kisibig R. Topi 3rigHo 3 npunyweHHsMH Ha R maemo, mo N nHe €
C/1a6K0 NePBHHHHM MPABHM i1easioM, TO6To B R icHYIOTh enemeHTH a, b & N Taki,
wo (a+N)R(b+N) CN. 3riaso 3 Bubopom N maemo n +aR=cR, c € R. Po3-
raanemo npasuit inean J = {x|cxe N}. ockisieku aRN CN, to ¢RN CN, a or-
xe, N CJ. Binbm toro, be J i be N. Orxe, J=dR i, 30kpema, cd € N. Ocki-
aekH N CcR, 1o nns noeineHOro me N iCHye esieMeHT x € R Takwif, WO m = cxX.
3siacu, oueBunno, x € J. Otrxke, .x=dy, ye R, i m=cdy. To6ro N C cdR.
Ockinbkn cd€ N, 10 cdR CN. Orxe, N = cdR, w0 cynepeuuts BHOOPY MpaBoro
ineamy N. Teopema nosenena.

O3navenns 2. [lpaeuii ideanr P kiabya R HazueaemvbcA Maiixe npocmum npa-
eum idearom, akuwo 3 ymoe abe P, de b — dyo-eaemenm R, 3aexou eunaueae
ae P a6o be P. ldean R, axuii 3a00601bHA€ Yi yMOBU, HAUBAEMBCA MAliKe
npocmum idearom R.

Teepaxkenasa 3. Makcumanwvnuii dsocmoponniii ideaa R € maiixe npocmum
ideanom.

[oeedenns. Texah M — MakCHManbHHH NBOCTOPOHHIH ifean R (ToOTO imean
TAKHIA, [0 AJIs AOBINEHOro igeanmy N 3Toro,mwo M CN, N =M, 3aBXH BHIJIHBAE
N =R). Hexait M ne € maitke npoctuM. Toai icaye enemenT a € R\M, b € R\M,
ae b — pyo-eneMeHT Takuil, mo ab € M. 3aBasAKH MakCUMaJbLHOCTI M Maemo
M + bR =R iTOMy icHYIOTE TaKi efleMeHTd me M, r€ R, mo m+ br=1. 3Bincu
am + abr = a€ M. OpepxaHO Cynepe4yHiCTh 3 BHDOPOM eJieMeHTa a, Lo i JOBO-
[HTH TBEPAXKEHHA.

OckinbKH AOBIJIBHHI NEPBHHHHI NPaBHI i1ea € MaiKe MPOCTHM MpaBHM inea-
JIOM, TO, OYEBH/IHO, CNIPABE/IJTHBHI TAKHH pPe3yJIbTar.,

Trepnxennsa 4. Makcumanvruii npaeuii ideaa Kiablya € maiixe npocmum npa-
8uUM (DearoMm.

Teepnxenns 5. B o6aacmi, de 0osiabHuil idean € 20108HUM NpaABUM i0eanoM,
006 AbHULE HEHYALOBULE MAliKe NPOCMULL I0ean € MAKCUMANBHUM [0eanoM.

Hoeedenns. Hexait P — MaiKe MPOCTHH HeHYJIbOBHIA BJIACHHH ifleasn, AKHHA He
€ MakcHMaJIbHUM. Tofi icHye Tak#ii MakCHMAJIbHHA inean M Kinsus R, wWo
P CM #R. 3rigHo 3 2u3HayeHHssM R P=pR, M=mR. 3Bincu p=rm, me¢ P, i
ToMy re€ P, to6t0o, r=ps, s€ R. Orxe, p=psm i m =1, mo HEMOXKJIHBO.
TeepaskeHHA NOBeeHO.

3ayBa>KHMO, AKILO B KiJIbLli HEMA€ HETPHBIAJILHHUX (HE OJIHHHIIL) yO-eJIeMEHTIB,
TO/i, OUEBH/IHO, KOXKHHI MPABHI ifeall € Maii>Ke MPOCTHM MPAaBHM i/1€aJIOM.

Teopema 3. /l1a o6aacmi R nacmynui yMosu eKeiéareHmHi:

1) 8 R dosiabHuii idean € 20A108HUM AK NPABUM, MAK | Ai8UM [0eaA0M;

2) 8 R koxnuii nepeunnuli ideaa € 20106HUM AK NpABUM, MAak i Aieum idearom,

3) 8 R Kkoxnuii maiixe npocmuil i0ean € 20A08HUM AK NPABUM, MAK i Aieum ioe-
AAOM.

Hoeedenns. 3aBnAKH NONEpeHIM 3ayBa’KeHHAM HAM JOCHTHL MOKA3aTH IMIJIi-
Kamito 2) = 1).

Hexait B R icHYIOTH HEroJioBHi IBOCTOPOHHI ifeanmd. 3rigno 3 nemoio Lopua B R
icHye inean N, AKHI € MAaKCHMAJIbHHM cepell Takux igeasis. 3rigHo 3 ymoBoo N
HEe € MePBHHHHUM i[1eaJioM, TOOTO B R icHyIOTh esitementd @ € R\N, be R\N Taki,
wo aRb CN. 3riano 3 pus"ayeHdsM N + RaR = ¢R = Rc — rosioBuuit igean R.
Oueuano, wo J={x|cxe N} — inean R. 3a pusnavennsm N maemo N CJ,
npuuomy N #J, ockineku b e J. 3sinen J =dR=Rd. Tomy mo N CcR,
RaR C ¢cR, 10 a=cl, | € R, inosincHui etemedT me N nonaerscs y BHrJALI
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m=ct,t€ R. Yepes te wo N + RaR = cR, icuylors enementd ne N, r,. s5;€ R,
i=1,2, ...,k Taki, wo

k
r+ Y ras; =c

3Bincu

&
m = nt + Z roels;t = nt + cr,
r=1

ne re J, Tooro r=ds. s€ R. Tom m=nt+cds. Ockinbku nt=c¢z, 10 z € J,
z=dx, xe R. Tomi nt=cd:z. 3sincu N CedR. [ romy wo de J, 1€ R, 10
cdR C N. Aorxe, N=cdR =Rcd.

OpnepxaHo cynepeuHicTs 3 BHOOpoM N, WO # I0BOAUTL TEOPEMY.

HacTynHa TeopeMa MoKasye, WO MpH AeAKHX 0OMEXEHHAX HA-KIJblEe 10CTATHBO
BHMAraTH yMOBH Oy TH rOJIOBHHM /IJ1A MAKCHMANBHHX i1€aiB,

Teopema 4. [Jas mozo wo6 8 bbaacmi R Oosiavnuii ideaa 6ys8 20408HUM AK
npasum, max i Aieum 10earom, 00CMAMHbO, OO BUKOHYBAAUCA YMOBU !

1) dosiabhuii maxcumanvhuii ideas obaacmi R 6ye :0108HUM AK hpaseum, mak i
Aleum idearom;

2) daa dosiavhozo Makcumanbhozo ideaay N obaacmi R euxonysaaaca ymosa

ﬁ M* = (0).

k=1

Jloeedenns. Hexail B R iCHYIOTB ijleaJiH, sIKi HE € rOJIOBHHMH AK NMPaBHMH, TaK
i JIiBUMH ifeanamu; Toi B R iCHYE€ MAKCHMAJIbHUIA i1ean N 3 TakoOIO K BJIACTHBIC-
Ti0. Hexail M — Takui MaKcHMasbHHi inean, wmo N C M i M=mR. Toni nns no-
BIJILHOIO HEHYJTLOBOTO enieMenTa n € N mMaemo n=a;m. OcKisibku m & N, TO 3a
TBEP/UKEHHAM 5 @ € N, a OorXe, a;=da,m, ne a, € N i rak nani. 3sincu
ne n:=1 M*, rto6ro n=0, wo cynepeunTh BHOOpPY enementa n. Teopema
NoBeaeHa.

Teopema 5. Kiavye € npasum nemeposum Kiaviem modi | miasku mooi, Koau
KOXHUII Maiixe npocmuii npasuii idean € CKiHieHHONOPOAKEeHUM NPABUM I0edAoM.

[loeedenns. [JoseneHo TeopeMy Bijl cynpoTuBuoro. Hexaii B R iCHye mpaBHii
inean, AKHHA He € CKIHYEHHOMOPOJXKEHUM NPABHM ineasioM. JIerko nepekoHaTHCs,
O MHOZKHHA TAKHX ['IpaBHX J1eaMB € IHAYKOBAHOIO BYTHOCHO NOPAJKY BKJIIOYEHHA,
3a niemoto LopHa icHye npasuit ifean N, MakCHMAaJIbHHI B MHOKHHI TAKHX i/1eaJTiB.
3riano 3 npunymeHaayM N He € MaiiXe MPOCTUM MpaBuM ieanom, Todro s R iciy-
10Th eJieMeHTH @ € R\N, be R\N, ne b — nyo-esemenT Takuii, wo ab e N. To-
ni N+ bR — cKiHYEHHOMOPO/UKeHHH npaBHii igeast, To6To

k
N+ bR = 2 (n,+br)R.
i=1
Ouesnino, maoxuna J = {x|xb € N} — npasnii inean R, i N CJ. N #J. 3sincu
k . ;
J = Z;:I s;R. Ockineku N C N + bR, 10 njist noBisibHoro me N maemo
k

& k
m = Z (n,+br)x; = Z nx;+b z rLXG

i=1 i=1 i=1
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3BijcH
k k
m — Z nx;=cbeN, b 2 rix; €N,
i=1 i=1
TOOTO
k k
m= Y nx;+ 3 sby,.
i=1 i=1
3BYIKH
k k
N C Z n‘-R + Z §;bR.
i=1 i=1

Tomy wo s;e J, j=1,2,....1, TO

k k
Y nR+ Y s;bR =N
i=1 i=]

— CKIHYEeHHONMOPO/KeHHH npasuii inean. OnepxaHa cyuepevHicTs 3 sBudbopom N
NOBOAMTL TEOPEMY.
AHAJONIYHMMH MIPKYBaHHAMH O/IEP>KYEMO HACTYIHHIA pe3yJIbTaT.

Teopema 6. Skuo 6 Kiavyi KoxHuii Maiixe npocmuii idean € CKiH4eHHONOPOAKe-
HUM Apasum ideasom, mo Josiabhuii i0ean Kiablid € CKIHYeHHONOPOOKEHUM NPAGUM
10eanom.

SIK HAC/IIIOK MAeMO HACTYMNHI pe3yJsibTaTH.

Teopema 7. Kiaoye ckinueHHONOPOOKEHUX (0A0BHUX NPABUX [Dednl8 € KiableM, 6
AKOMY Q0BLABHUIT Idean € 20406HUM NPABUM [dedaom MOOL | Miabku modi, Koau do-
SLAbHULI Malixe NpocIlli [0ean € 0A0BHUM NPABUM IDearoMm.

Teopema 8. Kiabye cKindeHHONOPOOKEHUX 20A0BHUX NPABUX ideanie € Kiavlem
20A0BHIX NPABLUX [Deanie modi | miabku modi, Koau dosiabHull Matixe npocmuii idean
€ 20A06HUNM NPABUM !"(-)f?(bl'(),\l.
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