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DISSIPATIVE DIRAC OPERATOR
WITH GENERAL BOUNDARY CONDITIONS ON TIME SCALES

TVUCUTNATUBHUI OMEPATOP JIIPAKA
13 3ATAJIbHUMHA TPAHUYHIMHA YMOBAMM HA YACOBHX HIKAJIAX

In this paper, we consider the symmetric Dirac operator on bounded time scales. With general boundary conditions, we
describe extensions (dissipative, accumulative, self-adjoint and the other) of such symmetric operators. We construct a
self-adjoint dilation of dissipative operator. Hence, we determine the scattering matrix of dilation. Later, we construct a
functional model of this operator and define its characteristic function. Finally, we prove that all root vectors of this operator
are complete.

Posmsnaetbest cumerpuaHuid oneparop Jlipaka Ha oOMekeHNX 4acoBHX HIKajiax. [Ipy 3aralbHUX rpaHUYHHUX YMOBax OIH-
CaHO PO3IMIHUPEHHS (IMCHUIIATHBHI, aKyMyIATHBHI, CAMOCIIPSDKEHI Ta iHIIN) TaKUX CHUMETPUYHHUX orepaTopiB. [1oOymoBaHO
CaMOCIIPsDKEHE PO3IIMPEHHS JTUCUITATUBHOTO Olleparopa Ta BU3HAYEHO MATPUIIIO po3ciroBaHHs quiatanii. Takox moOymo-
BaHO (DYHKLIOHAJIBHY MOJIEJb [LOTO OIlepaTopa Ta BU3HAYEHO HOro xapakrepuctuyHy ¢QyHKiito. HacamkiHelp 10BEACHO,
1[0 BCi KOPEHEBI BEKTOPHU LIOTO OMNEPaTOpa € MOBHUMH.

1. Introduction. Continuous systems and discrete systems are two important types of the dynamic
systems. The time scale calculus is one of the main approaches in order to unify continuous and
discrete analysis. It was founded by Stefan Hilger in his Ph. D. thesis [15]. Since then it has received
much attention because it has important applications in some mathematical models of real processes
and phenomena studied in physics, chemical technology, population dynamics, biotechnology and
economics, neural networks and social sciences. For more information, we refer the reader to the
references [16—21].

The spectral theory of Sturm — Liouville equations on time scales has been developed extensively
during the past several years. We refer the reader to [26—37]. However, in the literature, there exists
a few research about the Dirac system on time scales [25, 38]. In [25], Gulsen and Yilmaz studied
an eigenvalue problem for the Dirac system with separated boundary conditions on an arbitrary time
scale. They improved the results about the spectral theory of the classical Dirac system, such as the
orthogonality of eigenfunctions and the simplicity of the eigenvalues. In [38], the author gave some
sufficient conditions for the disconjugacy of Dirac systems and obtained a formula about the number
of the eigenvalues of the problem. In this paper, we prove some theorems on the completeness of the
system of root functions of the Dirac system on time scales. Hence, our study could fill an important
gap in the spectral theory of the Dirac system on time scales.

The Dirac system is a cornerstone in the history of physics. It provides a natural description of
the electron spin, predicts the existence of antimatter and is able to reproduce accurately the spectrum
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of the hydrogen atom. Dirac systems describes particles known as fermions, such as electrons. For
more information, we refer the reader to the books [14, 22, 23].

In the operator theory, dissipative operators is one of the important class of operators. When we
study the spectral analysis of dissipative operators, some of the basic methods are resolvent analysis,
Riesz integrals and the theory of dilations with applications of functional models. Using a functional
model of a dissipative operator, spectral properties of such operators were investigated in [3-5, 9—
11]. In this article, we use this method for the one dimensional dissipative Dirac operator on time
scales. Although the Dirac system on the time scale is not a particular example of the known general
theory because A-differentiation is different from ordinary differentiation, the main results of this
time scale version coincide with the general theory.

The paper is organized as follows. In Section 2, some preliminary concepts related to time
scales are presented for the convenience of the reader. In Section 3, we describe all the maximal
dissipative, maximal accumulative, self-adjoint and other extensions of minimal symmetric Dirac
operator derived from the one dimensional Dirac system

Ay +pt)y1 = Ay1, teT,
Ay +7(t)y2 = Ay,

where p(.) and r(.) are real-valued continuous functions defined on bounded time scale T, y5(t) =
=y2 (p(t)) and p(.),r(.) € LL (T). In Section 4, we construct a self-adjoint dilation of dissipative
operator and its incoming and outgoing spectral representations of dilation. Hence, we determine
the scattering matrix of the dilation according to the Lax and Phillips scheme [1, 2]. We construct a
functional model of the maximal dissipative Dirac operator with general boundary conditions, using
incoming spectral representations. Further, we determine characteristic function of this operator.
Finally, in Section 5, we prove that all root vectors of the maximal dissipative Dirac operator are
complete.

2. Preliminaries. Let T be a time scale, i.e., a nonempty closed subset of real numbers R. The
forward jump operator o : T — T is defined by

o(t)=inf{seT:s>t}, where teT,
and the backward jump operator p: T — T is defined by
p(t) =sup{s e T:s<t}, where teT.
It is convenient to have graininess operators y, : T — [0,00) and p,: T — (—o00, 0] defined by
o () = o (t) — ¢

and
tp(t) = p(t) — 1,

respectively.
Definition 1. A4 point t € T is left scattered if p,(t) # 0 and left dense if p,(t) = 0. A point
t € T is right scattered if p,(t) # 0 and right dense if p(t) = 0.

ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 5



DISSIPATIVE DIRAC OPERATOR WITH GENERAL BOUNDARY CONDITIONS ON TIME SCALES 585

Now, we introduce the sets T* , Ty which are derived form the time scale T as follows. If T
has a left scattered maximum ¢, then T = T — {¢;}, otherwise T* = T. If T has a right scattered
minimum tg, then Ty, = T — {2}, otherwise Tj = T.

Definition 2. 4 function f on T is said to be A-differentiable at some point t € T" if there is
a number fA(t) such that for every € > 0 there is a neighborhood U C T of t such that

[F(o(t) = f(s) = fR(t)(o(t) — s)| < elo(t) —s|, where s€U. (1)

Analogously, one may define the notion of V -differentiability of some function using the backward
Jump p.

We note the following.

If t € T\T*, then f2(t) is not uniquely defined, since for such a point ¢, small neighborhoods
U of t consist only of ¢, and besides, we have o(t) = t. Therefore, (1) holds for an arbitrary number
FR(t)(see [29]).

One can show (see [29])

O =fY), 7 =1e)

for continuously differentiable functions.
If T =R, then

If T = hZ, h > 0, then

If T = ¢, ¢ > 1, then £ at) - £
qt) —
10 == 5
The product and quotient rules on time scales have the following form: If f,g: T — R, then
(f9)% (1) = F2()g(t) + f(a(8)g™ (1),
(f9)¥ (t) = ¥ (D)g(t) + f(p(t))g" (B),
N2 FAB) — (g™ (1)
(5) o= =
(f> v () = Y t)g(t) — f(£)gV(#)
9(t)g (p(t)) ‘

g
Let f: T — R be a function, and a,b € T. If there exists a function F': T — R such that
FA(t) = f(t) for all t € TF, then F is a A-antiderivative of f. In this case the integral is given by
the formula

b
/f(t)At = F(b) — F(a) for a,beT.

Analogously, one may define the notion of V-antiderivative of some function. If T = R and f is
continuous, then

ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 5



586 B. P. ALLAHVERDIEYV, H. TUNA

/b FOAL = /b F(t)dt.

IfT=hZ, h>0,and a = hx, b = hy, © <y, then

b y—1
/f(t)At =h>_ f(hk).
a k=z

IfT=¢Y%, ¢g>1,and a = ¢%, b= ¢¥, = < y, then

b

/fmAﬁ:@—ngfff@ﬁ.
k=z

a

Let a < b be fixed points in T and a € T*, b € Ty. Let LA (T) be the space of all functions
defined on T such that 1/2

b
1] = /mm%t .

The space LQA(']I‘) is a Hilbert space with the inner product (see [24])

b
mw:/ﬂwmm,ﬁwwwm

Now, we introduce convenient Hilbert space H := L% (T; E) (E := C?) of vector-valued functions

using the inner product
b

umH:/umgmmm.

a

3. All extensions of the symmetric Dirac operators on time scales. In this section, we
construct a space of boundary value for minimal symmetric Dirac operator on time scales and describe
all extensions (maximal dissipative, accumulative, self-adjoint and other) of such operators.

Let us consider the Dirac systems

—Ayf t
My = RO (im) ter @
Ayy + 7(t)y2 Y2

where Af(t) = f2(t), X is a complex eigenvalue parameter, p(.) and r(.) are real-valued continuous
functions defined on bounded time scale T and p(.),r(.) € LL(T).

Let us consider the set Dyax consisting of all vector-valued functions y = <‘Zl> € H in which
2

y1 and yo are A-absolutely continuous functions on T and My € H. We define the maximal operator
Amax on the set Dy by the equality Ay = My.
Let Dpin denote the linear set of all vectors y € Dpax satisfying the conditions
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If we restrict the operator Apax to the set Dy, then we obtain the minimal operator Apy,. It is
clear that A* . = Apax, and Apy, is a closed symmetric operator with deficiency indices (2,2). In
fact since T is a bounded time scale, the two linearly independent solutions of the Dirac systems
defined by (2) both lie in LQA(']I‘). Therefore, the deficiency indices of the symmetric operator A,
are (2,2) (see [6]). Now we recall the following definitions.

Definition 3. A linear operator S (with dense domain D (S)) acting on some Hilbert space
H is called dissipative (accumulative) if Tm (Sf, f) > 0 (Im (Sf, f) < 0) forall f € D(S) and
maximal dissipative (maximal accumulative) if it does not have a proper dissipative (accumulative)
extension (see [3—15]).

Definition 4 (space of boundary values). A triplet (H,T1,T>) is called a space of boundary
values of a closed symmetric operator S with equal deficiency numbers on a Hilbert space H if
Ty and Ty are linear maps from D (S*) to H, and such that:

i) for every f,g € D (S*) we have

(S*f,9)g — (f,5"9) g = (T1f, Tag)y — (Taf, T19)y

ii) for any F1, F» € H there is a vector f € D (A*) such that Ty f = F| and To f = F; (see [7]).
Now we have the following lemma.

Lemma 1 (Green’s formula). Let y = <Zl) , 2= (?) € Dmax. Then we have
2 2

(Mya Z) - (y,Mz) = [yvz]b - [y’ Z]a’

where [y, z], := y1(t)25(t) — z1(t)y5(t).
Proof. Let y,z € Dya. Then we obtain

b b
(My,2)g — (y,Mz)y = / (—Ayh +p(t)y1)z1At+/(Ay1 + r(t)y2) Z2At—

a a

b b
/y1 —AzE + p( )zl)At—/yg(Azl +7(t)z2) At =

b b
= /[(AyQ)zl—l—yg Azl At—l—/ (Ay1) z2—|—y1(Az2) At.

Since

and

A (0w () = (AE)m 1) + 0 (A (1) =
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= (AZ5 (1)1 () + 22(t) Ay (t).

Hence, we get

b

b
(My. 2~ (0. M) = - [ A (2080) at+ [ 2 (neF@) At =

a

b
— [ 8 [n®F@) - 208 At = 1. 5), - (5.3,

Lemma 1 is proved.
Let us define by T}, T the linear maps from Dy, to C? by the formula

—yl(a)> (yé’ (a))

Ty = , Ty = . 3
Y ( w) ) T \B0) ©
Now we will prove the following theorem.

Theorem 1. The triplet (CQ, 11, Tg) defined by (3) is a boundary spaces of the operator Ay .
Proof. Let y,z € Dpax. Then we obtain

(Thy, Toz)ce — (Toy, Th2)c2 = —y1(a)25 (a) + Zi(a)ys (a)+
+y1(0)Z5(0) — Z(0)y5 (D).
By using Green’s formula, we get
(Thy, Toz)ce — (Toy, Thz)ez = [y, 2l = [y: 2] -

Hence,
(Amax¥: 2) g — (Ys Amax2) gy = (le,ng)Cz — (Tay, T12)co -

Thus, we prove the first condition of the definition of a space of boundary value.
Now, we will prove the second condition. Let

u = <u1) , U= <v1) e C2
ug V2

)= (1)) = 101 (0) + aa(thn (6) + Ar(Bha(t) + o)),

Then the vector-valued function

where
) = (210) a0 = (2219,
= (310). 0= (320 <
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satisfy the conditions
an(a) = -1, afy(a) = a11(b) = afy(b) =0,
aby(a) =1, azi(a) = an(b) = aby(b) =0,
B1(b) =1, Bula) = Bi5(a) = Bi5(b) = 0,
Bh(b) =1, Ba(a) = Ba1(b) = Bhy(a) = 0,

belong to the set Dy and T1y = u, Thy = v.

Theorem 1 is proved.

Corollary 1. For any contraction K in C? the restriction of the operator Apyay to the set of
functions y € Dmyax satisfying either

(K—-DITy+i(K+1)Toy=0 “4)
or
(K-DTy—i(K+1)Toy=0 5)

is, respectively, the maximal dissipative and accumulative extension of the operator Anin. Conversely,
every maximal dissipative (accumulative) extension of the operator Ay, is the restriction of Apax
to the set of functions y € Dpax satisfying (4) ((5)), and the extension uniquely determines the
contraction K. Conditions (4) ((5)), in which K is an isometry describe the maximal symmetric
extensions of A in H. If K is unitary, these conditions define self-adjoint extensions. In the latter
case, (4) and (5) are equivalent to the condition

(cos S) Ty — (sin S) Toy = 0,

where S is a self-adjoint operator in C2. The general form of dissipative and accumulative extension
of the operator Ay, is given by the conditions

K (Tvy +iToy) = Twy — iTey, Ty +iTey € D (K), (6)
K (Tvy —iTyy) = Tvy +ilyy, Ty —iThy € D(K), (7)
where K is a linear operator with

KA < WAl feDK).

The general form of symmetric extensions is given by formulae (6) and (7), where K is an isometric
operator. In particular, the boundary conditions

yh(a) — o1yi(a) =0, )
y5(b) + o2y1(b) =0 ©

with Imoy > 0 or 01 = 00, Imog > 0 or 09 = o0 (Imoy = 0 or 01 = o0, Imoy = 0 or
o9 = 00) describe the maximal dissipative (self-adjoint) extensions of Apmin with separated boundary
conditions. Note that if o1 = 00 (09 = o0), then the boundary condition (8) ((9)) should be replaced

by yi(a) =0 (y1(b) = 0).
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Now, we study the maximal dissipative operator A, where K is the strict contraction in C?
generated by the expression M and boundary condition (4). Since K 1is a strict contraction, the
operator K + I must be invertible, and the boundary condition (4) is equivalent to the condition

Toy + GTvy =0, (10)

where G = —i (K + 1 )_1 (K —1), ImnG > 0, and —K is the Cayley transform of the dissipative
operator G. We denote Ag (= Ag) the dissipative operator generated by the expression M and

boundary condition (10).
o 01 0
G= < 0 ag> ’

Let
where Im o1 > 0, Imoa > 0 and C? = 2Im G, C > 0. Then the boundary condition (10) coincides
with the separated boundary conditions (8) and (9).

4. Self-adjoint dilation, incoming and outgoing spectral representations. In this section,
we set up a self-adjoint dilation of the maximal dissipative Dirac operator on time scales and its
incoming and outgoing spectral representations. Later, we determine the scattering matrix of the
dilation according to the Lax and Phillips scheme [1, 2]. Using incoming spectral representations,
we establish a functional model of this operator. Finally, we determine characteristic function of this
operator.

Now, we consider the spaces L?((—o0,0); E) and L?((0,00); E). The orthogonal sum H =
= L%((—00,0); E) @ H ® L?((0,00); E) is called main Hilbert space of the dilation.

In the space H, we define the operator Y on the set D (T), its elements consisting of vectors
w = (n—,y,n+), generated by the expression

dn— d
T<n*7y777+> = <Zn7My72;7g+>7 (11)

n- € Wy ((—00,0);E), 1y €Wy ((0,00);E), y€H,
Toy +GTyy = Cn_(0), Toy+G*Tiy=Cny(0), C?:=2ImG, C>0, (12

where W is the Sobolev space.

Theorem 2. The operator Y is self-adjoint in H.

Proof. We first prove that YT is symmetric in H. Let f,g € D(Y), f = (n—,y,n4+) and
g = (C-,2,(4+). Then we have

(Tf,9)3 = (F; Tg)3 =i (- (0), ¢~ (0)) g = (14 (0), ¢4 (0) p + [y 2]p — [y 2la- (13)

By direct computation, we get

i(n-(0),¢-(0)p —i(n+(0), ¢4 (0) g + [y, 2Jp — [y, 2la = 0.

Thus, ¥ C T*, i.e.,, T is a symmetric operator.

It is easy to check that T and Y* are generated by the same expression (11). Let us describe
the domain of T*. We shall compute the terms outside the integral sign, which are obtained by
integration by parts in bilinear form (Y f, g),,, f € D(Y), g € D (Y*). Their sum is equal to zero,
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[, 2lo = [y, 2la + i (- (0), ¢~ (0)) p — i (4 (0) , ¢+ (0)) g = 0.

Further, solving the boundary conditions (12) for 71y and Ty, we find

Ty = —iC~ ' (n- (0) =11 (0)), Toy = Cn—(0) +iTC" (1 (0) = 1+ (0)).

Therefore, using (3), we find that (13) is equivalent to the equality

i(n+(0),¢+(0)p —i(n-(0),¢-(0))p =
=y, 2lo — v, 2o = (Thy, T22)p — (T2y, Th2)p =
=—i (C7H (- (0) = 1+ (0)), To2) , — (Cn— (0), T12) p —
—i (TC™" (- (0) = 14 (0)) , T12) -

Since the values 14 (0) can be arbitrary vectors, a comparison of the coefficients of 7;+ (0), i = 1,2,
on the left and right of the last equality proves that the vector g = ((_, z, (4 ) satisfies the boundary
conditions (12), Thz + GT1z = C(_ (0), Toz + G*T1z = C(4 (0). Therefore, D (Y*) C D (T),
and, hence, T = T*.

Theorem 2 is proved.

Note that the self-adjoint operator Y generates a unitary group Uy = exp (iYt), t € R, on H.
Let denote by P: H — H and P;: H — ‘H the mapping acting according to the formulae P :
(n—,y,n+) — yand Py:y — (0,y,0). Let Z; := PUP;, t > 0, by using U;. The family {Z,},
t > 0 of operators is a strongly continuous semigroup of completely nonunitary contraction on H.

Ty —
ty — Y . The domain of B

Let us denote by B the generator of this semigroup: By = lims, ¢

consists of all the vectors for which the limit exists. The operator B is dissipative. The operator T
is called the self-adjoint dilation of B. Then we have the following theorem.
Theorem 3. The operator Y is a self-adjoint dilation of the operator Ag (= Ak).

Proof. We will show that B = Ag, hence T is self-adjoint dilation of B. If we prove that the
equality

P(Y=A)"'"Piy=Ag—-A)"'y, yeH ImA<O0,
the assertion follows (see [8]). For this purpose, we set (Y — AI) "' Piy = g = (C_, z,(4) implies
that (Y — AI) g = P1y, and, hence, Mz — Xz =y, ¢_ (£) = ¢_ (0) e~ and ¢y (€) = ¢y (0) e,
Since g € D (Y), then (_ € W}((—00,0); E), it follows that (_ (0) = 0, and consequently 2
satisfies the boundary condition Tz + GT1z = 0. Therefore, z € D (Ag), and since point A\ with
Im A < 0 cannot be an eigenvalue of dissipative operator, then z = (Ag — A\I )71 y. Thus,

(T =AD" Pry = (0,(Ag — M) Ly, 7Y (Toy + G*Tyy) %)

for y € H and Im A < 0. On applying the mapping P, we get
Ag—=A)"P=P (XY =XI)' P = —iP / Use ™M dtPy, =
0
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o
= —i/Zte_i/\tdt =(B-A)"', Imi<o,
0

i.e., AG =B

Theorem 3 is proved.

On the other hand, the unitary group {U;} has an important property which makes it possible
to apply it to the Lax — Phillips theory (see [1]). It has orthogonal incoming and outgoing subspaces
D_ = (L*((—00,0); E),0,0) and D, = (0,0, L?((0,0); E)) and they have following properties.

Lemma2. U,D_CD_,t<0,and UDy C Dy, t>0.

Proof. We will just prove for D, since the proof for D_ is similar. Set Ry = (T — AI )71
Then, for all A, with Im A < 0, we have

3
Raf = <0,0, —z‘e‘”f/e“sm () ds>, f=10,0,ny) € Dy.

0

Hence, we have Ry f € Dy. If ¢ L D, then we get

o0

0= (Rxf9)y z/e At (Utf,g)y dt, ImA<O.
0

Thus, we obtain (U;f,g),, =0 forall t > 0, i.e., UsDy C D, fort > 0.

Lemma 2 is proved.

Lemma 3. ﬂtgo U,D_ = ﬂtzo U;D, = {0}.

Proof. Let us define the mappings P+ : H — L? ((0,00); E) and P; : L2 ((0,00); E) — D
as follows P*: (n_,7,m+) — ny and P;": n — (0,0,n), respectively. We take into consider that
the semigroup of isometries U,” := PTU,;P;", t > 0, is a one-sided shift in L? ((0, 00); E) . Indeed,
the generator of the semigroup of the one-sided shift V; in L2 ((0,00); E) is the differential operator

d
zd—g with the boundary condition 7 (0) = 0. On the other hand, the generator S of the semigroup of

isometries U,", t > 0, is the operator

dn\ _ .dn
Sn=PtYPn="PrY(0,0,7) =P (0,0,i— —
n 7) 731 n 7) < ) 77l> 7) ) df d€
where 7 € W} ((0,00); E) and 7 (0) = 0. Since a semigroup is uniquely determined by its generator,
it follows that U{r = V4, and, therefore, we obtain

(\U:D+ = (0,0, ViL? ((0,00); E)) = {0} .

t>0 t<0

Lemma 3 is proved.

Definition 5. The linear operator T acting in the Hilbert space H is called simple if there is no
subspace N # {0} invariant for T such that N N\ D(T) = N and the restriction of T to N N D(T)
is self-adjoint on N.

Lemma 4. The operator Ag is simple.
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Proof. Let H' C H be a nontrivial subspace in which A induces a self-adjoint operator Ay,
with domain D (Ay;) = H' N D (Ag). If f € D(Ay), then f € D (Af;) and

% (eiAth, eiAgtf)H —

= -2 (Im GT ey, TleiAth)E .

d %
0= Llleetfh =

Consequently, we obtain T;e* ¢t f = 0. For eigenvectors y € H' of the operator Ag we get
T1y = 0. By using this result with boundary condition Toy + G711y = 0, we have Toy = 0, i.e., y =
= 0. Since all solutions of My = Ay belong to L2 ((0,a); E) , from this it can be concluded that the
resolvent Ry (A¢) is a compact operator, and the spectrum of A¢ is purely discrete. Consequently, by
the theorem on expansion in the eigenvectors of the self-adjoint operator Ay, we obtain H' = {0} .
Hence, the operator Ag is simple.

Lemma 4 is proved.

Now, we set H_ = Ut>0 UD_, Hy = Ut<0 U¢ D . Then we have the following lemma.

Lemma 5. The equality H_ + H, = H holds.

Proof. From Lemma 2, it is easy to show that the subspace H' = H © (H_ + H. ) is invariant
relative to the group {U,} and has the form H' = (0, H',0), where H' is a subspace in H. Therefore,
if the subspace #H' (and also H') were nontrivial, then the unitary group {U/} restricted to this
subspace would be a unitary part of the group {U;}, and, hence, the restriction Ay, of Ag to H'
would be a self-adjoint operator in H’. Since the operator A is simple, it follows that H' = {0} .

Lemma 5 is proved.

Assume that y(A) and w(\) are solutions of My = Ay satisfying the conditions

X1 (CL, )‘) =0, Xg (CL, )‘) =-1, w (aa A) =1, w2p (CL, )‘) =0.
We denote by m(\) the matrix-valued function satisfying the conditions
m(NTix =Tex, mA)Tw = Thw;

m(A) is a meromorphic function on the complex plane C with a countable number of poles on the
real axis. Further, it is possible to show that the function m(\) possesses the following properties:
Im m(A) < 0 for all Im A # 0, and m*(X\) = m () for all X € C, except the real poles m(\).

We denote by ¢; (z,A) and 75 (z,\), j = 1,2, the solutions of system My = Ay which satisfy
the conditions

Tigj = (m(\) + Q)" Cej, Timy = (m(N) +G*) " Cej, j=1,2,

where e; and ey are an orthonormal basis for E.
We set

U)TJ (-T’ 57 P) = <6_i>\£€jv §j(.’E, )‘>v C_l (m + G*) (m + G)il Ce_w\pej% Jj=12.

We note that the vectors U \j (x,&,p), 7 =1,2, for real A do not belong to the space H. However,
U N (x,&,p), j = 1,2, satisfies the equation YU = AU and the corresponding boundary conditions
for the operator Y.
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By means of vector Uy, (x,&,p), j = 1,2, we define the transformation F_ : f — f,()\) by

2
FoD ) = () 1= — =2 (U
] 1

on the vectors f = (n_,y,n4+) in which n_, ny, y are smooth, compactly supported functions.
Lemma 6. The transformation F_ isometrically maps H_ onto L? (R;E). For all vectors
f,9 € H_ the Parseval equality and the inversion formulae hold:

(frohn = (Frg Lzzfzf] 500

Lo d=1

1<~
- = _/OO ; Fie (O UsgdA,

where - (X) = (F_f) (\) and §-(X) = (F-g) (V).
Proof. By Paley — Wiener theorem, we get

fi-(n) = —5= (1, U%)y

3H

0

_ 1 —ME
o (77—

—00

i) A€ H(E), j=1,2,

v

where f = (n-,0,0), g = ((+,0,0) € D_. If we will use the Parseval equality for Fourier integrals,
then we obtain

(f. o) = / (- (€) ¢ (€)) e = / (FoO0). - (A = (F_f, Fg) 12

where H3? denote the Hardy classes in L? (R; E) consisting of the functions analytically extendible
to the upper and lower half-planes, respectively. We now extend to the Parseval equality to the
whole of H_. We consider in H_ the dense set of H' of the vectors obtained as follows from
the smooth, compactly supported functions in D_: f € H" if f = Ur fo, fo = (n-,0,0),
n- € C§°((—00,0); E), where T = T} is a nonnegative number depending on f. If f,g € H',
then, for 7" > Ty and T' > T,, we have U_rf, U_rg € D_, moreover, the first components of
these vectors belong to C§° ((—o00,0); E) . Therefore, since the operators Uy, t € R, are unitary, by
the equality

2
1
FUf = — § (Urf, Uxj)qy 65 = €MF_f,
J=1

we have

(f,9n=U-r1f,U.rg)yy=(F-Ur1f,F-U.rg)2=
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= (e F_ e F g) o = (f,9) 12

By taking the closure, we obtain the Parseval equality for the space H_. The inversion formula is
obtained from the Parseval equality if all integrals in it are considered as limits in the of integrals
over finite intervals. Finally, we obtain desired result

F.H =|JFUD_=|JeMH? = L*(R; E).
t>0 t>0

Lemma 6 is proved.
Now, we set

US; (,6,p) = (Sa (V) e™ej, 71 (2, 0) e Nej),  j=1,2,
where
Sa(\) =C 1 (m(M) +G) (m(\) +G*) ' C. (14)

We note that the vectors U ;rj (z,€, p) for real A do not belong to the space H. However, U ;\FJ (z,&,p)
satisfies the equation YU = AU and the corresponding boundary conditions for the operator Y. With
the help of vector U;“j (x,&, p), we define the transformation F, : f — fi(\) by

N 2 12
(FLf) W) = f+(N) =) fi+(Nej = —= ) (L.UY;)_ e
+ + Jz; + m;( A )’H

on the vectors f = (n_,y,n4+) in which _, n4 and y are smooth, compactly supported functions.
Lemma 7. The transformation F, isometrically maps H, onto L? (R;E). For all vectors
f,9 € Hy the Parseval equality and the inversion formula hold:

2
9 = (Fria)ie = / S T T OV,

Lo d=1
1 [~
- L (NUTAN,
f m/;f]"r( ) Aj

where f1.(X) = (F1.f) (A) and g (X) = (F1g) (A).

Proof. The proof is similar to Lemma 4.

It is clear that the matrix-valued function Si(\) is meromorphic in C and all poles are in the
lower half-plane. From (14), we obtain || Sg(A)|] <1 for Im A > 0; and S¢ (A) is the unitary matrix
for all A € R. Therefore, we have

2
U =Y Sin(WUs, 4 =1,2, (15)
k=1

where Sji, j, k = 1,2, are elements of the matrix Sg(A). From Lemmas 4 and 5, we get H_ = H_.
With Lemma 5 this shows that H_ = H; = H, therefore we obtain been proved the following
lemma for the incoming and outgoing subspaces (for D_ and D).
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Lemma 8. UtZO UD_ = Ut§0 UDy =H.

Lemma9. D_ 1 D,.

Proof. 1t is clear.

Thus, the transformation F_ isometrically maps H_ onto L? (R) with the subspace D_ mapped
onto H? and the operators U; are transformed into the operators of multiplication by e‘!. This
means that F_ is the incoming spectral representation for the group {U;}. Similarly, F, is the
outgoing spectral representation for the group {U,} . It follows from (15) that the passage from the
JF_ representation of an element f € 7 to its F representation is accomplished as fi (\) =
= Sél(/\)f_()\). Consequently, according to [1], we have proved the following theorem.

Theorem 4. The function S&l()\) is the scattering matrix of the group {U,} (of the self-adjoint
operator Y).

Now, we recall the following definition.

Definition 6 [2]. The analytic matrix-valued function S(\) on the upper half-plane C is called
inner function on Co if ||S(N)|| < 1 for all X\ € C4 and S(N\) is a unitary matrix for almost all
AeR.

Let S(A) be an arbitrary nonconstant inner function on the upper half-plane. Let us define K by
the formula K = H? © SH?2. It is clear that K # {0} is a subspace of the Hilbert space H?. We
consider the semigroup of operators Z; (¢ > 0) acting in K according to the formula

Zyp = PleMy], ©=p()\) €K,

where P is the orthogonal projection from H JQF onto K. The generator of the semigroup {Z;} is

denoted by
Z _
7¢:m<ﬂew>
t—+0 1t

which T" is a maximal dissipative operator acting in K and with the domain D(T) consisting of
all functions ¢ € K, such that the limit exists. The operator T' is called a model dissipative
operator. This model dissipative operator is a special case of a more general model dissipative
operator constructed by Nagy and Foiag [2], which is associated with the names of Lax — Phillips [1].
Here, the basic assertion is that S()) is the characteristic function of the operator 7.

Let K = (0, H,0), so that H =D_ & K @& D,. From the explicit form of the unitary transfor-
mation F_ under the mapping F_, we obtain

H— L2 (R;E), f—f-(\)=(F_f)N),

D_ — H2(E), Dy — SgHI(E),

(16)
K — Hi (E)© ScHY (B),

Uy — (F_UF )N = eMf_(N).

Formulae (16) show that operator A (Af) is a unitarily equivalent to the model dissipative ope-
rator with the characteristic function S (). Since the characteristic functions of unitary equivalent
dissipative operator coincide (see [2]), we have thus proved the following theorem.

Theorem 5. The function Sg(\) defined (14) coincides with the characteristic function of the
maximal dissipative operator Ag (Ak).
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5. Completeness of root vectors of the maximal dissipative Dirac operator on time scales. In
this section, we prove that all root vectors of the maximal dissipative Dirac operator on time scales are
complete. we will prove the characteristic function Si(\) is a Blaschke —Potapov product. Because
we know that the absence of the singular factor in the factorization of the characteristic function is
guarantee the completeness of the system of root vectors of maximal dissipative operators [2, 12].

Lemma 10 [4]. The characteristic function Sk (N\)of the operator Ak has the form

Skc(N) 1= Sa(N) = X1 (I - K1 K7)'2 (01 (§) — ) (T - K0 (€)™ (1 - Ky k)2 X,

where K1 = —K is the Cayley transformation of the dissipative operator G, and © (§) is the Cayley
transformation of the matrix-valued function m(\),

E=M—i)A+i)*
and
Xy = (ImG)™ (I = K1) 7 (I - K K7)'?,
Xy = (I - K{Fy) 2 (I = K1) (Im G)'/2,

| det X1|| det Xo| = 1.

Recall that the inner matrix-valued function Sa (A) is a Blaschke —Potapov product if and only
if det S(A) is a Blaschke product (see [2, 12]). By Lemma 10, the characteristic function Si(\) is
a Blaschke — Potapov product if and only if the matrix-valued function

X (&) = (I - KiK' (0 (¢) - K1) (I - K{O (€)™ (I - K1K{)'?

is a Blaschke — Potapov product in the unit disk.

Definition 7 [13]. Let E be an n-dimensional (n <o0). In E we fix an orthonormal basis
€1,€2,...,e, anddenote by Ey,, k = 1,2, ... n, the linear span of vectors ey, e, ..., ep. If L C Ey,
then the population of © € Ej_, with the property

Cap{A: AeC,(x+ Xex) CL}>0

will be shown by I'y_1 L (Cap G is the inner logarithmic capacity of a set G C C). The I'-capacity
of a set L C E is a number

I'—=Cap L :=supCap {A: ey C I'1I'y...T,, 1L},

where supremum is taken with respect to all orthonormal basis in E.

It is known that every set L C E of zero I'-capacity has zero 2n?-dimensional Lebesque measure,
however the converse is not true.

Denote by [E] the set of all linear operators in E. To convert [E] into an 4-dimensional Hilbert
space, we give the inner product (T, S) = tr S*T for T, S € [E] (tr S*T is the trace of the operators
S*T). Hence we may give the ['-capacity of a set in F.

We use the following result of [12].

ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 5



598 B. P. ALLAHVERDIEYV, H. TUNA

Lemma 11. Let X (£), || < 1, be a analytic function with the values to be contractive opera-
tors in [E] (|| X (§)|| < 1). Then for T-quasievery strictly contractive operators (i.e., for all strictly
contractive K € [E] possible with the exception of a set of T' of zero capacity) the inner part of the
contractive function

Xg (&) = (I — KiK'V (X (€) — K1) (I — K{X (€)1 (I — K K})Y?

is a Blaschke — Potapov product.

By summing all obtained result for the dissipative operator Ax (Ag), we have proved the fol-
lowing theorem.

Theorem 6. For I'-quasievery strictly contractive K € [E| the characteristic function S K(A) of
the dissipative operator N is a Blaschke— Potapov product and spectrum of A is purely discrete
and belongs to the open upper half-plane. For I'-quasievery strictly contractive K € [E| the
operator Ng has an countable number of isolated eigenvalues with finite multiplicity and limit
points at infinity, and the system of eigenvectors and associated vectors (or root vectors) of this
operators is complete in H.
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