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THE BBGKY HIERARCHY
AND ITS EVOLUTION OPERATOR
FOR ONE CLASS OF INTEGRABLE SYSTEMS

- IEPAPXIA BBIKI

TA 11 EBOJIOUIAHANA ONEPATOP
IJISI OTHOIO KJIACY IHTEPOBHUX CUCTEM

The abstract BBGKY hierarchy and its formal cvolution operator arc defined. Existence of the latter is
established in a special Banach space for a system of charged particles with Chern —Simons intcraction,
regularized on small and large distances. An analog of the high-temperature expansion of equilibrium
statistical mechanics is applied.

Busnaueni adctpakTia iepapxis BBIKI ta ii dopmanbuuil eposonifinmii onepatrop. BeraHnonnero
ICHYBaHHS HbOI'O ONEpaTopa B CHCI{iasIbHOMY DAHAXOBOMY MPOCTOPI JIUIA iHTErPOBHOI CHCTEMH 3aps/l-
XKEHHX YaCTHHOK i3 B3aemonieto Yepna-—CaliMonica, sKa peryadapH30Bana Ha MaJHX Ta BEJIMKHX Bif-
cTanax. Ipu HboMYy BUKOPHCTOBYETECS aHAJOT BUCOKOTEMIIEPATYPHOTO KJIAaCTe PHOI'O PO3KJIuly Pib-
HOBaXHOI CTATHCTHUYNOT MCXaliKH.

“Introduction. The states of systems of infinitc number of particles in classical statis-
tical mechanics can be described by the scquence of positive functions (distribution or

correlation of functions) {p(P,,, X, )} mz1- where P,, =(p,.....p.). X, =

223
= (xy, ... ,x,,) are thc momenta and position vectors of m  d-dimensional particles,
respectively [1-3]. These functions dctermine a probability measure on a space of
locally finite infinite particle configurations in 2d-dimensional space {2] if they satisly
certain compatibility conditions. Evolution of the states are governed by the BBGKY
hierarchy {1-3]

d
—p, = Lp,.
a0 P: P:

The hierarchy plays a remarkable role in deriving kinetic equations in statistical
physics [1]. The hierarchy is usually derived from the Liouville cquation for the »-
particle distribution function in different ensembles. The most straightforward deriva-
tion is fulfilled in the grand canonical enscmble, in which a number of particles is not
fixed. Tt suggests the following formal algebraic structure of the cvolution operator of
the hierarchy

where

(dF)(P,n,X,,,)= JF(Pm+l*Xm+1)dpm+]d'\'m+l*

(LF)(P XHI) = (L F)(PIH' le)l)’

M "

L= 3 (3,01)( 20 X0)0, = (2,00)(Ps )3,
i=1

H is a Hamiltonian, 8,», aj are the partial derivatives in momentum and position
vector of the j-th particle, respectively, and the integration is performed over 2d -
dimensional space. This means that p,= U’p, and

[ =L+[dL]+ % (d.1d.L]+....
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Hence, the Cauchy problem for the hierarchy can be reduced to the problem of
prescribing rigorous meanings to the evolution operator and its generator, given in-the
last equality, in Banach spaces.

This approach was initiated in [3] for usual systems of particles interacting through
hard-core potentials.

We shall decal with Banach spaces which are symmectric tensor algebra B,

B, = @ (®B)", IIF|l = max ¢""||F||(op)"

over Banach spaces B = L' (RH®L™(RY), B = L'(RH)®L(RY).
We shall denote the corresponding Banach tensor algebra by By, Bi .

Dense infinite particle systems are described by the space By, v(n) = —nln&.
Gibbs (equilibrium) correlation functions in ordinary systems belong to the space with
this condition [2. 3]. Let %, be a projection operator in the Banach spaces

(iAF)(Pn'Xn)= I—IIXA(-\.j)F(PH‘Xn)’
j=

where ) 4 (x) is the characteristic function of a compact domain A.
The important problem of statistical mechanics is to find a bounded operator U “in
BY, such that

U'din = U'fa. lim |2x(U'F - U'34F)] = o, M

A-R

where K is a compact domain and F € By’ . We call such an operator the evolution
operator of the BBGKY hierarchy or simply the evolution operator in what follows.

Let us consider the case where an n-particle Hamiltonian system is integrable, i.e..
there exists an invertible operator Zg,, such that

L, {51
e = L()nUOn Z()n ®
where U ('),, is an n-fold tensor product of the evolution operator U (’,1 of a free
particle. Then
Yo o t =1
U' = Z,UyZ; .
where Z; = e"ZO e, Zy, U{) are direct sums of the operators Zg,,. UJ), . respect-

ively. Hence, the problem of construction of U " is reduced to the problem of con-
struction of a bounded invertible operator Z in By, such that

ZHn = ZaXa- \1_1:111?‘1 Pk(ZF = £33 F)| = 0. Fe BY. . (2

In this paper, we solve the problem for a simple integrable system related to the
topological clectrodynamics [4—6] in the space B with v satisfying a certain con-
dition, which means that we deal with a dilute infinite particle system.

The Hamiltonian H (P, X, ) of our system is given by

H(P, %)= 27 3 oy = o))
2

where |[p|| is a Euclidean norm of a d-dimensional vector p, a;(X,)=

\= (aj U)(X”),
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Ux)= Y Y euXe).

¢, are k-particle “topological” potentials, & is the subset of & elements of the set

(1,....n), and g e C(RYY).

For the case of a two-particle interaction, the Hamiltonian can be interpreted as a
regularized Hamiltonian of the system of charged particles with Chern-—-Simons (C-S)
interaction (topological electrodynamics [7]).

In spite of the fact that our result concerns dilute systems, it can be a starting point
for a rigorous derivation of kinetic equations for C —S charged particle systems. This
problem is interesting for physics since quantum topological electrodynamics is be-
lieved to describe a high-temperature superconductivity.

Our idea of construction of the operator 7 in BY is based on the idea of a cluster
expansion originated from a study of the Kirkwood-Salsburg operator which is the
operator on the right-hand side of the equation of the resolvent type for the Gibbs cor-
relation functions. By the cluster expansion for Z,, we call the expansion

i -n* , » 2 n—k Y m—k
Z,= ZO( m) z, ZG = Y (-1 ekt zgamr. 3)
n= M k=0

After a certain redefinition of the right-hand side, we definc the operator Z in B
. and show that it satisfies the basic cqualities (2) (the lemma). Then we define the evol-
ution operator in By,

U' = zubz !,

which satisfies equality (1) (the theorem. Section 2).

Our paper is organized as follows: In Section 1, we formulate our main results (the
lemma, the theorem) and, in Section 2, we give the proofs.

1. The main result. In the system with our Hamiltonian, the functions p j—a j(X )
are the integrals of motion. From this fact and the first part of equations of motion

¥p=pj-a;X,). j=1...n,
we obtain the following solution of the equations:
xj(t) = xj+t(py— a;(X,), pjt) = pi+a;(X,0)-a;(X,).
where the sequence (P ,.X,)=Q, isthe initial data. It is evident that
0.0 = 2,05, 77"

where Z,0, = (P, - A,(X,).X,), A,(X,)={a;(X,)}, je (1.....n), (P,—
-—A,,)j =p;—aj. U(I)HQ,, = (P,, X, +tX,). The transformation Z, induces the ac-
tion of the operator Z;,, on the set of scquences of symetric functions

(Z0uFXNQ,) = F(Z,0,).

It is clear that this operator is bounded in both the spaces Bl. B .

Let us consider the cluster expansion (3) for Z, in Bé.. It follows from the sym-
metry of functions that

(7 ’ & -
Z0F = [ag, Y (-1 Do, ZoDoy, s 4)
{k}e(1...,n)
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where (DQi» F)(Q,,) = F(Q,.01). {n\k} = (1, ....m)\{k}, and the integration

is performed over 2dn-dimensional space.
It follows from the definition of Z; that

(ZdF)(Q’”) ’l"[ dQM z (_l)k F(Zn+m Qm*Q:z)' (5)

nz20 {k}e(l

From equalities (3). (5), we derive equality (5), in which Z, +,,,(Q,,z , Q,’l) appears
- instead of

(Zn+QO’Qt,z) = (Pnz - n+m(X X ) X'/”Q’)

But equality (5) is obtained then by a trivial change of the momentum variables P, —
A (X,..X,)—> P,
Assumc now that all the potentials ¢, are equal to zero if I x =X >R for some
J. k.
Let B,(x;) be the ball with radius » centered in x;. and B,(g;) = RYxB MUDR
q=(p,x),

nt
n

Br(Qm) = UlBr((Ij)’ Bil( m) - (XB (Qm)) »
j=

where X is the Cartesian product.
Let us also consider the one parameter family of opcrators Z%
1 ’, C ’
(z¢F)Q.) = > = | a0 2 ( DA F(Z%0,0,.00). (6

t
nz0 B’ (()m) {k}e(l...

where Z m+u Qm = ( m aAn+nz(Xm X ) Xm)'
Lemma. If

max m"exp {vim) - vin+m)} < (n1)". y<1, (7D

H
then Z% is the group of bounded operators in By for which equalities (2) hold

and (ZOL)_1 =z~
Theorem. [f v satisfies the condition of the lemma, then the evolution operator
U’ satisfying equalities (1) is given by
U'= zulzt.
where Z=7".
Remark. The simplest example of v satistying (7) is v = n>.
2. Proofs. The proof of the first equality (2) follows from the equality

Z(—) /u(n A)‘ =0

k=

Let us prove the boundedness of Z%.

exp{vim)} [ [(2*F)(Q,.)|dP, <
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< ¥ —i [ ax'[|r(e,.0;)|ap,ap; <

n20 ! 13" Qm)

<iiFll 3 2

n20

£ ”F”v 2 (Il!)l_'Y(lerl)n < oo,

n20

- m)ncxp {v(m) - v(n+m)} <

where |B, | is the volume of the ball with radius R. The norm of the operators Z¢ is

given by the sum in the last inequality. Let us prove the group property of Z%. Let

K(’)=x: |x-x’] €7, x’e K, and let K be a compact domain in a -dimensional
space. Then it is not difficult to check that

A ~ ~

Ik Z% = AxZ%%n. KT'CA. ®)
This equality yields

~

- . . Lo+ 3 - 3
ix(292P3p= 2520 = 253, = 2P 3, ) = Xk 2P,
Butif K"' < (A") C A, then
i 292P3n= 2000 2P Rn = 2000 2P = 2°2°).

These two equalities imply the group property. Equality (8) follows from the evident
relation

max B_([ )(1 - xa())dy =0, B,(v)e K¢ A
Ne:

The lemma is proved because equality (8) implies the second equality (2).

Let us proceed to prove the theorem and put K’ C A, A’V c A7, A7)
C A. It follows from the equalities

iKZ(l_ i/\') = 0, iA”Z(l — 2,\) = O.
that
A U(1=Fa)) = ZRAUG(L = %ar)Z7 (1 = Za)-

Now let us enlarge A, A” to the whole spacc. Then the theorem will be proved if we
prove the following proposition.

Proposition. U}, is a group of isometric operators in By and
lim [%xUL(1 = %A)F] =
A, "/(K o XA) "v
Proof. The set of functions ¥(Q,,) = 2}. Vi(P,)o;j(X,). where y; hasa

compact support is a dense setin L1 (RY™)®L~(RY™). Let K be a union of hyper-

cubes K . Assume that the functxon W ; is a sum of the characteristic functions
of the hypercubes Then
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\P(Qm) = Z XJ(PNI) (p(s)(Xm) = Z Xs ( m)[(p(s)( m) - (pE;;(Xm)] =
= lP+(Qm) - l}-}—(Qm)~

where (p(‘:()') = max (0, +(-)¢ (J)). The set of such functions is also a dense set. As
a result,

|wee)(en)] < Tu(r)

+ “(p(_s)". Hence, the following inequality holds on the

where o] = "‘P?:)

dense set in L' ®@L": “Uf) ‘P" <|lwll, and it holds on the whole space. It follows
from the group property that the semigroup is isometric. Now we have to estimate the
integral

xx(X.) [ (1= 2a(X, +1P,)) F(Q,) P,
Let us split the integral into two parts: the integral over the domain
Ag =P, [P, <py
and its complement A, For given ¢, we can find Po such that

mal)((" .HF » [d . < E.

We can also choose a domain A. depending on &, such that x;+1P;e A if
|P,|< po. The integral taken over A is equal to zero. Thus, for arbitrary small € we

can find a domain A such that the estimated integral is less than €. The proposition is
proved.
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