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TOPOLOGY OF NON-STATIONARY ATTRACTORS
IN SPACES OF CONTROL PROCESSES
AND A SYNERGETIC MODEL IN FLIGHT DYNAMICS

TOMNOJIOITSA HECTAIHIOHAPHHUX ATPAKTOPIB
Y MMPOCTOPI IPOLIECIB KEPYBAHHS TA OJIHA
CHHEPTETHYHA MO/IEJIB Y JIHHAMILI ITOJILOTY

A definition of non-stationary attractors which can originally exist in spaces of control processes is
given. Topological conditions for an arbitrary set to belong to a class of non-stationary attractors is
fonmulated. A certain synergetic model for the airplane ascent is given.

)—lllt.'l LUA O3IHAMCHIA Hec Elli't(!llilplll-l.\ ilI'pllK'IUpllli. AKQ MOANTE NOYATKORO il‘ﬂ}'l'ﬁ&l'l” ¥ npocropax mnpo-
necis kepypaniaA., HaBojasa ises 1ononorivn vaosH, 31 AKHY JIOBLRHL MIOK M HLACKHTE 10 KAacy
HecTaionapiux arpak ropin, Posriajae i bes e AKa CHICPIe FHYiE MOIeA L Y 3a/1a4 BUBCICHHHA NiTa-
Kin.

Let us assume that motion of an initial dynamical system with control (denote it by
IDS) is described by an indicatrix of velocities f(xv.r.w), where f=(f.....f )€ ¢’
is a vector function, v ={x . .....x,) is a phasc vector, re T'=[14: +eof s time,
W=ty ... ip) is a vector of controls. w=m(He CLs=0.

Denote by

a) x(r. xg), the phase trajectory of IDS corresponding to some admissible control
law w= (1) and starting from the point vy, at the instant . v(ip. v, = X4t

S

b) v, =(x(t.xvy) . 1) the integral curve of 1DS:

¢) z,=(x,. i (1)) the conrol process of 1DS.

In the ficld of designing control algorithms. the major phenomenon of interest is
not only the attracting process of integral curves by attractors cach of which
corresponds to its admissible control. but also the collection ol attractors as a locus in
the given control processes space irrespective of every possible admissible controls.
Suppose that the locus can be approximately described by one functional equation. It
is this circumstance that allows to carry oul the approximate reduction of IDS.
deercasing by onc the order of its system ol differential equations.

Let us impose the constraints on the vector of controls « in the following form

= u(ne U. u = u(t)= ”J‘_fi e U NiiET
¢

and consider the manifold

A+ p+l

Z¢ = {xp=ou(xh ) (u.tye UxT} c RYY,

with the corresponding functions o . AG:

90, (x*.ru) Ao, (¥ 1)

o, B
> ok Frasdon)

) pulrrnun’) = fr(xonu) -

do(xF . ;

g oo/l TR Xy = op(xkwou’):
du

b) Aci(xkru.u’)= op(xkrou u’)—a(xk 1. u), where u’= (uy.....u5),

s+l
o EC A B TR oL B . I e 1
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oy, = sup Ao, (xk,1.u,u'), _
i i ) Y (xktou.u’)e RzkaTxeU'._ o> 0.
—0u = inf AGL(x*,1,u,u")
Now one may form the n + p + 1-dimensional set
EZ) = {xp€ [Ox(xk t, 1) — 0 Op(xh f,u)+ 0] N Ry x TX U.

Definition. The set EZ is called a homogeneous n + p+ 1-dimensional ®-
attractor if the following conditions are 1rue
1) there exists such a n + p + l-dimensional V of E Zf that z,=(x.

7(1) cV V1>t follows from z, € V;
2) if z, € EZ{, then z,c EZ{ Vt>tg;
3) if z, & EZ{, then either z,c V\EZ{ ¥ 1>1q and
zp < {xp=0p(xk tou)— 0} ({xe= Op(xk 1, u) + 0 )
or there is such a time instant { that z,c EZ{ V12 1;

4) the first or the second inequality holds true

d ' &
-&?“z,—-;“ <0 Vi>tg (or Vie [t i) if z, & {xe<oplxht,u)—oul,

it||z,-z+|| <0 Vi>tg (or Vie [tgiD) if z, & {x>0p(xk tou)+ o},

where z,0=(x,c. T(1g)). z¥ is the -limit curve of z,.z; and z; are
orthogonal (relatively to the hyperplane { x;,=0}) projections of =z, on the
manifolds {x,=op(xk t,u)— 0} and {x;=op(xk t.u)+ o}, respectively.

Denote by [A“-*=] the class of homogeneous ®-attraclors.
Consider a smooth function p,(y) generating the smooth map ®;: R"™ —S,=

={qr=p;(»).y € R™} with the O-submanifold SO = {y,=0, (35}, where ®,
belongs to the class [cok}A and y=(y ... .y,) It signifies that
0g: {{yk< oM} = SE. 5 = S {ye> oyh} - St )

where S; (S;) is the stratum of the manifold S .satisfying the inequality ¢,>0

(g4<0).
Theorem. Let a smooth function @,(x,1, u.u’) generate the smooth map

gt REXTXUXU >Z, =
= {qk—(Pk(.l tuu), (x.tu,u)e RExTxUxU'}e [mk]
with the 0-level submanifold

Z; = {x,=of(xX t,u,u’), (x4, 0. u)e R 'xTxUxU'}.
Then EZ{ € [A®-hom]
A small enough value of o, often aIlows to carry out the approximate reduction of

the initial dynamical system with control by replacing the differential equation
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! dxy
= = fr(x. z.‘zt)
with the functional one
' ' x;, = Op(xk 1 u).

The distance between phase trajectories of these systems can be estimated by some
real value €>0 over a finite interval of ¢ [1]. Thus we deal with the reduction of
degrees of freedom, which leads to the hierarchy of simplified systems with control.
This is a typical situation in synergetics when the cenlers of self-organization processes
are non-slationary, attractors [2]. A specific example of such a synergetic model in
flight dynamics is presented below.

Consider the motion of an aeroplane executing the lif(-accelerate manoeuvre with
the slip’ angle being equal to zero; we neglect atmospheric disturbances, cross-wind
force. The differential equations of the motion with an additional constraint on the
atmospheric flight path and on conditions that cos o= 1—0,502 are written in the
Wind-Body coordinate system as

do 1,25 : o .
= m({!’ sina + CygSa]cosy

2

V-— -

~4-103_c038[ S -
“ 8 R+%-5-10°

]] = Q(F.G.ﬁ;}’,:&

dy . 1,25 o T
== —m([f’sma—kc}. qSo:]sm'\(I+
. 4'_103?5;“?300320’ o ] . o
R+%-5.10° 80°¥)
aq 5-10° sinycled am . L85
dh ~ R+h-5100 VT UR T Vsme
dy 5-10° cosyetgs, AL = - 5-10°
R (R+h-5-10%)coso dh ~ Vsin®'
. ([ V av 05
P-G, gS—4-10° 9[—_-{-—_+ ) -
. Oq msin 510 h

0.5P + AgS

where V =V(h) is an additional constraint on the atmospheric flight péth,
d e — -

—=V(h)>0 ¥V h e [hy; hq].
77 (h) [hgs 1]

It is denoted here: 7 =m-2,5-10% — reduced mass of the aeroplane,
m e [my; Mal: h =h-2-10~% — reduced altitude of flight: R — Earth radius:
g=g (k) — free-fall acceleration; V — flight speed of the aeroplane; © — trajectory
angle: Wy — course angle; ¢ — gcographical latitude of the aeroplane; % —
geographical longitude of the aeroplane: o — angle of attack; y — bank angle;
P =P (k. u) —engine thrust: G =G (k,u)— fuel flow rate; 1 — time; C,, Cy'. A
— aerodynamic coefficients; ¢ — dynamic pressure; § — aerodynamic reference
area; i — engine control.

Let sino = o in the first differential equation of the system (1). It turns out that
the set
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EZE = {8e [—aa+arcsince(l?. A u):ae+arcsince(}?. m. Y, u)l}

which is constructed by using the 0-level submanifold z,? = {0 =arcsinoy( A
u)} of the map

oy = {helh:m)melm;mlyel-1;¥lue [uiu,]} -
- Zg={q=0(h.0.m.v,u)}e [0]4

belongs to [A®-*m], where

0,5
_ B, cos? cos?y(B? cos?y - B
SR = 22 1 Skl 2)+1
m m .
vV oav
—_—+ P+C.qgS
. [5 5.10° dh 3)( yas)
1 3 7
1%
8.10%#(0,5P + AgS)| g — —————
. 1 (‘g R+h-5-103]

(P - CxuqS)(P + C_S(q.S)2

7 v? )
1,6-10 (0.5P+AqS}(g R+5-5‘l(}3]

It should be noted that a4 takes values in the interval [1073;1073] and critically
depends on the lift-to-drag ratio, dynamic pressure. propulsion mode. Very small
value of 0. allows to identify the set E Zg with the manifold Zé’ and to carry out
the approximate reduction of the system (1) having replaced its first d1ffcrenual
equation with the functional equation 6 = arcsmcsa(h Ly, ).
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