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GENERALIZED GREEN’S MATRIX FOR LINEAR
PULSE BOUNDARY-VALUE PROBLEMS

Y3ATAJIbHEHA MATPHIA I'PIHA 1JIA
JIHIAHUX IMIYJIbCHUX KPAHOBHX 3AIAY

An algebiaic criterion of solvability and the structure of a general solution are found for a linear
boundary-value problem for systems of differential equations with pulse effects. The generalized
Green'’s matrix is constructed.

Onep:kano anrebpaiyHii KPHTEPIA po3s’ A3HOCTI Ta CTPYKTYPY 3arajibHOro po3s’A3Ky Kpahosol 3ajia-

i 1114 cHeTeM andeper ianbHAX PIBHAKB 3 iMIy 1bcHHM ecpexToM. TloGynopano yzarankLHeHy MaTpH-
wio Ipina.

1. Introduction. We consider the linear system of differential equations

X = A()x + @), telabl, t#71, i#1p, (1)
with pulse effects in the boundary conditions

p+l

I(x) = Y, L&) =h ()
§=1

Here, the n > n-matrix function A(r) is from Cla, b], @ (1) is a first-order dis-
continuous n-vector function for ¢ = T, i = 1, p, ie.,

o) = ¢i(1). telt .t} i=Lp+l, y=a, T,,,=0b.

The linear functionals /;(x;) are defined in the n-vector space of continuously
differentiable functions x;(1) in [t_j,t). i = Lp+1; L;(x)): Clris 1] = R

h is an arbitrary m-vector from E™.

Difference boundary-value problems are obtained in dependence on the concrete
form of the linear functionals. For instance, multipoint boundary-value problems with
p-points of pulse effects can be written by the Stieltjes integral

{I'(xl-) = f ldo-g(s)] CJ‘(“‘.)"-;(SJ‘ i= l‘ P+1‘ tﬂ = a, 1p+! - b‘

Ti-1

where o;(s) = diag [oil(s)...o:,w(s)] are diagonal m X m matrices, elements of
which are functions of bounded variation in [T,_;,T;]; C;(s) are m X n matrices,

elements of which are first-order discontinuous function for ¢ = T, i=1, p.
We consider the problem of finding a first-order discontinuous function

x() = x;(0), te[t_nul i=Lp+l, w=a T4 =b (3)

for t =1, i =1 p+1, sothat the vector differentiable functions x,(r) satisfy
(O, D).

The system (1), (2) is, in particular, considered in [1], where the boundary
conditions are written in the form
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Cix(1,-0)+ Dx(t;+0) =d;, i=1p,
4
p+2 I
> Aux(y) = dyyy B #T, i=1Lp,
k=0
where C;, B, A, are nxn matrices, the pulse points T, lie between the points 7, as
follows:

L, <7 < rk-l'l‘ k= l.p. (5)

The homogeneous multipoint boundary-value problem corresponding to (1), (4). (5)
has a unique zero solution.

In this paper, this problem is solved by using the apparatwus of the half-inverse
matrices and the generalized Green’s matrices. (For half-inverse matrices, see [2]; for
generalized Green’s matrix, see, e.g.. [3 - 5].)

In [6], the same appaiatus is applied to the system (1) with two-point boundary
conditions and with one pulse effect in (5).

2. Principal results. We introduce the following notation: @(7) is a fundamental
matrix of solutions of ¥ = A(t)x with ®(a) =1, (I, are unit n X n matrices);

I(®@)., i=1,p+1, are mxn matrices; M = [1,(D) ... JPH((‘D)] isan mx (p+
+ 1)n matrix; M ~= [N;N, ... Ny, I]T is an arbitrary half-inverse matrix of M,
where N;. i = I, p+1, are nx m matrices.
1. The general solution of (1) has the form
x(1) = ®(t)e + (1), ce E", (6)

with the coordinate representation (Ty = @, T, = b)

xi() = @O (t_)x(t,) + ). te [t .yl j=TLp+l. (D

The function ¥(r) is first-order discontinuous and it is a particular solution of (1),
which we choose in the form

b
(1) = IK(!, s)e(s)ds;  s,telab]: st 21,0 (=1 p, (8)

where

K(1,s) = %fb(r)q)_](s)sign(t—s),

nselabl: ts#1, i=1Lp.

The domain of definition, a < ¢, s < b, of the functions K (¢, s) is decomposed
into subdomains sothat (j = I, p+1)

K/t 5) = Lomo s, 0= L2.....j=Ljl1 in i<}/
K(t,s) = _ 2 1
K/(1,5) = ~E$(f]$_l(.c), i=j2.j+1....p+1 in i<}

If i =j, then j takes the values j1 and j2 corresponding to the parts under and over
the diagonal of the square T, | <¢<7T;, T;_; <s<7T; The form of K(t, s) in the
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1 \
subdomains determined by the pulse effect implies the coordinate representation of (8)

b 7 1,
50 = [K@.9esds = [ KNL)@)ds + [ K21 59)9,()ds +

T

t
+ st ‘[

Ti-1

LT} )
K/'(t,9)9,(s)ds + [ K21, )@(s)ds +... +
t

b
+ [KPP99,0)ds, te [t.g) i=Tp+l. (9)

Tp

W e substitute (6) into the boundary conditions (2) and obtain the algebraic system
with the solutions x;(T;_y), i = L p+1
M@ (@)x (@)@ (1)xa(Ty) .. @7 (T, (T =
pt+ 1
= h- Y k(%) (10)
i=1

where M isthe m x (p+ 1)n matrix introduced above,
The necessary and sufficient condition of existence of a solution of (10) is

p+||
(7,, - MM™) (h -y 1‘-(.?‘-)} = 0. (11)
i=1
We denote by
Py =1-MMp+1)nx(p+1)n

the matrix projector of R?*1" on the space N(M) of M, ie.. Pj: R7*V"
— N(M). Then the general solution of (10) has the form

L0~ (@)x (@)@ (1)) x2(T)) .. D7 (1,01 (7] =
p+1
= M‘(h -y f,-(f,)] + Pyu, (12)
i=1
where u is an arbitrary (p + 1)n x 1 vector, the elements of which are numbers.
We represent the matrix Py; in a hypermatrix form
P} = [P,J,P,(‘;...Pg”]r.

where P;,, i = Lp+1l, are nx(p+1)n matrices. Then, by (12), we obiain
Xie 1 (T
ptl .
Xj41(T)) = ®(T)N; [h -y 1,-()?‘-)] + d)(tj-)Pﬂ{,“u, i=0p, =a (13)
1=]

Now we substitute (13) and (9) in (7) and, after some transformations, we obtain

b
(1) = DO Py + DON;jh + [ Goj(t,5)@(s)ds. 1€ [y_.tl j= Lp+l,

(14)
where
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p+l
Goi(t.s) = Ki(1.s) = ®N; Y 1K(.9), j= Lp+l. (15)
=1

In this case, it is necessary to keep in mind that

h T '
I(}(,q(l.s}(p(.s‘)ds —] _[G,',q(!.s)tpl{s)ds +..+ I Gg;(r.s)(pq(s}ds +
a a Te-1

T; b
+ J-foj(r..v)(pq(s}ds +.+ J(}{f;l(r. NP ()ds. ¢ = Lp+l, (16)
! tf‘

and

p+|

Goy(1.5) = Ky(t.5) = DN, Y LK(.5). 1€ [T,,.7,].
il

(17)
¢ = Lp+l. =2 Li2veoq = Ligligeg # Lisonp ¥ 1,
Lemma 1. The matrix function
Gy(t,s) = K(t.s) — DONIK(-. 5). (18)
where
Go(t,s) = Gou(t.s). telt, .1l selabl g=Tp+1. (19)
and |

Gf,q(r.s). ) R N IR TR () O fe[tq_,.‘tq].
Gnq(.’, .';) = (20)
Goglt.s). s>1. 1 =q2.q+L....p+L teft,_;.1,])

is n x n-dimensional generalized Green's matrix for the pulse boundary-value
problem (1), (2).

Proof. We prove Lemma 1 by direct verification of the conditions (see. e.g., [3]):

:fd? Go(t,5) = A()Go(1.5), selab). t2s=1. i=1p.

1Gy(-s) = (1, - MM™)I¥%(. 5),
t=a, t=b t=1, selab)l. s=1. (21)
Gy(s+0,5) - Gy(s-0,5) =1,, 1=5#T,

i

2. Let D beasquare (p+ 1)nx(p+ 1)n square matrix

b p+l T
D = J-.l'(‘; (f).l'{](f)(” = Z j .rg;(f).l'(“'{f)df.. t‘] =a, tp+] = b, (22)
a i=1 Ti-1

where x,(t)u = ®(1)P  u is the general solution of the boundary-value system & =
="ARE 1x)=0.
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Lemma 2. Let detD # 0. Then the matrix-function

b
G(1,s) = Go(t,5) - ®(1)P, D" ng(r)Go(r,s)df. (23)
where
. b
G(1,5) = Gi(t,5) = Gyj(t,5) - DO PID™! [ x{ (1)Gy(1,5)d1,
’ 24)
telt .yl j=Lp+l. y=a, T,,,=b selab]
and

51 j ]

B G;@t,5), for s<t,1=12,...,j-1 jk ’G[TJ—I‘TJ]’

(Jr;-(ffs) = 2
AGiws), for >0 0= 2 j+ L prLireft 1)

b
};(!.s) = Gf]j(t.s) — O(t)P{D" J X (DG (1, 5)dt,

is the unigue Green's matrix-function for pulse system (1), (2) orthogonal to an
arbitrary solution of the correspondent homogeneous system.

Proof. Since G (t,5) (from (23)—(25)) is expressed in terms of Gy (1, s) (from

(18)—-(20)) and, for G(t, s), Lemma 1 is true, we directly verity conditions (21). It
remains to verify the additional orthogonal condition

b
‘[,xﬂ‘(r)(}(r.s)dr =0 at selabl s#1. j=1p.

a

Indeed, (/ isaunit (p+1)nx(p+1)n matrix)

b b b
_[xg(r)(}(l,s)dt - J'x;f(r)[(}n(r. 5) = (1) Py D! J.rg(t)(}(,(t. $)dt |dt =
b b b
= J_r{; (1)Go(1,s)dr - Jx{, ()®(1)Pydt D J.rg(t)(}(,(‘t.s)dt =

b b ;
- {: ~ jx,ﬁ‘(:)xﬂ(r)mo-'} [ ¥ (WG, (1, 5)dt =

a a

= [1-DD '] fx}{(t)(;n(r.s)d»r = 0.

Theorem. Let condition (11) be satisfied. If detD # 0, then the general
solution of (1), (2) x (i, u) from the set of first-order discontinuous functions
defined on |a, b| has the form

x(t,u) = xo(Du + x*(1), ue Eiiyn (26)

Here, x o(1)u = ®(1)Pyu is a general solution of the associated homogeneous

system % = A(t)x, [(x) = 0; X*(t) is the unique particular solution of (1), (2).
satisfying the orthogonal condition
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b
[ @ x(t,u)dr = 0 @

a

and having the form

o5
¥*1) = j G(1,8)0(s)ds + H(t), 1, s€ [a b],
’ 28)
[F b :
H(1) = ®(1) lN - PMD—‘j xg(:)mwd:]h.

Proof. By using the coordinate representation (14), we obtain the general solution
of (1), (2) in the form
x(tu) = xo(u+ %(1), ue Egipym (29)

where
b
Xo(u = ®(NPyu and  Ty(1) = ®ONh + [ Go(1,5)@(s)ds

are a general solution of the homogenecous system ¥ = A(f)x, /(x) =0 and a
particular solution of (1), (2), respectively. We substitute x(z, ) from (29) into (27)
and finda (p+ 1)nx1 vector u from the algebraic system

Du = B, (30)

where D is the matrix from (22), and the (p + 1)n % I matrix B has the form

b b b b
B = —I xo (1) Xy (1)dt = —_f xe (1) ®(1)Nhdr —j I,xg(r)GG(r.s)tp(s)dsdr.

a a

Since detD # 0, relation (30) has the unique solution u = DB, which we
substitute in (29). By means of Lemmas 1 and 2, the general solution of (1), (2) is
obtained in form (26), where the unique particular solution is ¥*(¢) from (28) with
the coordinate representuion at 1€ [1,_y, T/

b T
) = [ G 9)9)ds + Hj(t) = [ Gt 5)gy(s)ds + ... +

t . ti .
+ ] 6fw9ejds + [ G2 99,(ds + .. +
T 5
b
+ .[Gf““’ DPQpe(s)ds + H;(), 31)

T

b
H(t) = m(r){Ni—P;;D“ng(f}m(f)Ndr h.

3. Example. We consider the two-point boundary-value problem with one pulse
effect
=090, 9= [g) ‘-'Pz(‘)]T° x =[x “‘2]?-- (32)
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[1 =1]x(a) + [1 =1]x(7,-0) + [1/2 1/2]x(7,+0) +
+[=1/2 1/2]x(b) = h. (33)
Here,
O() =1, © ') =1, L(®) =[2 -2]. L(®) = [0 0],
M= [1,(®) L(®)] =[2 -200]

For half-inverse matrix of M. we choose the matrix M~ = [1 -1/2 0 0]”. By
computing, we find 1, -MM~ = 0,

-1 =2 0 0

_ -1 0 0 0

Py =1, -MM = 0 0 10
0 0 0 1

We have
-1 =2 0 0

w389 ) -1

Therefore, the function K (¢, s) and the expression (%) +/(¥,) have the form

» (o0 10 ~
P-”‘[o 00 1]' Ny =

l I, 158
K(t.s) = { e
—712. 1<3s.,
S 3 h 1 h 4
W(%) +h(%) = —';J‘qu(-‘)ﬂ'-f :;jfpzzi-'i]d-"
T =

Since I, —Muwi~ = 0. condition (11) is always satisfied. By means of (1) =

= P;;. (1) = Pff for D. we have

2t —a) 2T -d) O 0

2t -a) 41-a) O 0
D =

I 0 0 b-1 0

|_ 0 0 0  b-x)

As a consequence of detD = 4(b-1,)2(1,-a)? # 0. we get

( (t,—a)™! —%(t, —a)”! 0 0

o o -—%(‘t]—a)_’ L -a) 0 0

) 0 0 (b-1)"! 0
0 0 0 (b-tw)')

In this case. for (33). by relation (17). we obtain
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4 2
Golt.s) = b, Gii.9) = -3, Gha.s) = },[4 _1]’

Goa(t. s) = %12. St s) = %12, GH(1.5) = —ijz.

By applying relation (31), we get
Hy) = [2h w]", Hy)=1[0 o]

M) = [1 - - : a} %
-
T

' b
(T N S ) 11 "3} [cpz.(s)] , [2]
'[ [_‘PIZ{SJ(L‘ J-[fplzfs)jlds ki 4[—3 4 I P22(5) sl il

a f T

T ] b -
= L[1- 1 P11(s) [&pzits)] - [cpms) ,
T = 2 [1 b_Tl] ‘[ [¢12{5):rds N I P22(5) - }[ ‘Pzz(s)J =

a T

Therefore, the general solution of (32), (33) is

Wy < b1 .
x(0) =[—I - 0}[115 uy uy ug] + X0,

00 10 y
.1'2(1) = [ :|[H] Uy iy N4]r =+ Tg*(f}-

00 0 1
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