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HANDLE DECOMPOSITIONS OF SIMPLY-CONNECTED
FIVE-MANIFOLDS. IIT*

We prove the existence of the exact handle decomposition of a simply-connected smooth or PL 5-
manifold with a standard simply-connected boundary of signature 0, the triviality of a 5-dimensional
h-cobordism with the ends of such type and the uniqueness, up to diffeomorphism (PL-isomorphism), of
a smooth (or PL) h-cobordism between the given simply-connected 4-manifold and the corresponding
standard manifold.

[loBeneHo icHyBaHHA TOYHOTO PO3KJajly Ha PYYKH OJHO3B A3HOIO rJ1afkoro abo KYCKOBO-JliHiHHOTO
n'ATHBHMIPHOr0 MHOTOBH/IA i3 CTAHAAPTHOIO OJIHO3B'A3HOI0 rpaHKLelo cHrHaTypH 0, TpHBianeHicTs
IT ATHBHMIpHOIo fi-KOBOPAH3MY 3 KiHLIAMH TAKOIro THITY, @ TAKOX €NHHICTH ryaakoro (abo Kyckoso-
JIiHIAHOTO h-KoBGOpAH3MY MIXK 3alaHHM OHO3B'A3HHM YOTHPHBHMIPHHM MHOTOBHIOM i BiANOBiAHHM
CTaHaPTHHM MHOTOBH/IOM 3 TOYHICTIO 10 AHdxpeomopdismy (KyckoBo-niHifiHOro isomopdimy).

A 1-connected 4-manifold is called standard if it is diffeomorphic to kS? x S%#
#5257,

The principal results of this paper are Theorems 2—4 and Corollary 3.

1. Some technical facts. Consider a finitely generated free Z-module F of rank
r and a nondegenerate integral symmetric bilinear form @® on F; ®(x, y) will be
denoted by x - y.

Anelement ye F is called basic if it generates a free summand of F. It is obvious

that y e F is basic iff it is indivisible, i.e., it follows from y = ox that || = 1.

Statement 1. Let {y, z,...., z,} be a basis of F. Then there exist a basic
element x€ F suchthat x-y = 1,x-z;=0, i=2, ...,r.

To prove Statement 1, we define a homomorphism ¢@: F — Z as follows:
() =1, @(z;)=0, i=2,...,r. Since the form @ is nondegenerate, there is
xe F such that @(z) = x-z forevery ze F [1]. Since x-y = 1, we conclude that
x is indivisible and, hence, basic.

Statement 2. Let a set {yy, ..., Ym} Of independent basic elements of F with
m<|[r/2] and y;-y;=0, i, j=1,..,m, be given. Then there exist an

orthogonal decomposition U® Ut and a set {xy,...,x,} C U such that { x,,
Yis eee s X Y } I8 @ basis of U, for which

qa|U=kG (1}]@1(? (l}),k+f=m. )
If r=2m, then U* is trivial.
Proof. Let us construct an arbitrary basis of F containing {y ..., y,}. By

Statement 1, there exist a basic element x{ € F suchthat x{ -y; = 1 and x{ -z =0

for each other element z of the basis. Then x; = x{ —[x{/2, x{]y, satisfies the
same conditions as x{ and o = x; - x; iseither 0 or 1. The restriction of @ to the
submodule (x;,y;) can be represented by the matrix

(§ o)

Since it is nondegenerate on the submodule {xj, y;), we may consider an orthogonal
decomposition F = (x, y;)®F". Since y,-y;=0, i=2,..., r, all elements
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¥2, ..., Y, arein F’. Since ®’ is nondegenerate on F’, we can continue the process
for y, € F’ and so on. Thus, we have the desired decomposition. If r=2m, then

U=F and U'=0. Note that the basis {x;,y, ..., X,s, ¥} can be modified so that
k be equal to 0 or 1. We do this as follows:

’ ¥ S 5 S i . .
X=X W =NtetY, X = XXty Y=Yy J=2.,...m

The set { y{, ..., ., }. as we can easily see, satisfies the same conditions as { yj, ...
ces Y}

Consider a closed 1-connected 4-manifold M, which bounds a 1-connected 5-
manifold W. Then H{(M) = Hy(M) =0, H,(M) is free of rank r=2m and
o(M)=0. The natural embedding i: M — W induces a homomorphism ix:
Hy (M) — Hy(W).

Theorem 1 [2, 3]. The following statements are valid:

1) Keris is a free submodule of H,(M) of rankm = r/2;

2) forany y, z from keris, itistruethat y-z = 0;

3) if y € keris, then, for any x € Hy(M) with x -y # 0, it is true that
i*{x) 2 0.

Corollary 1. There exists a basis {xy. Y|, ... . X, ¥,u t Of Ho(M), in which the
intersection form Q(M) is represented by a matrix of form (1) with k=0 or
k=1, ketis = {y, ...,y and i. |(;t is an embedding of G ., = {x, ..., X,
into Hy(W) such that i«(G,) is a free summand of Hy(W).

Proof. Let {y,,...,y,} beabasis of keri.. By statement 2) of Theorem 1, we
have y;-y; =0, i,j=1.....m. By Statement 2. there exists a basis L X5 Ypivsvs X

Y }» in which Q (M) is represented by a matrix of form (1). Let us modify this basis
by analogy with the proof of Statement 2 to set & to be equal to 0 or 1. Since

{ ¥ ... ym} isabasisof ker i, we may consider the basis {x;.y, j=1,....,m}
replaced with { xj, y/; j=1.....,m}. Then H,(M) = G, ® G, (not an orthogonal
decomposition), where G, = (x, ... .x,,} and Gy =y, .- s ) and j‘lﬁx is an

embedding of G, into /H,(W). Since M is 1-connected, the end of the exact homo-

logical sequence of the pair (W, M) is ... = Hy(M) '—) Ho (W) i Hy (W, M) 0.
Consider T = tors H,(W). By Poincaré duality, T = tors H, (W, M). Therefore,

Hy(W) = FrH,(W)®T, Hy(W, M) = FrH,(W. M)®T.

Since j. is an epimorphism and kerj. = i«(G,) € FrH,(W), i« |y is an iso-
morphism and i*lhmz[w]-}; is an epimorphism of FriH,(W) onto FrH,(W, M).

Thus, both the modules i+(G,) and FrH,(W)/i.(G,) are free and we have
Fri, (W) == i.(G,) ® FrH,(W, M), which completes the proof.

2. Simply connected 5-manifolds with a standard boundary. We prove here the
following theorem:

Theorem 2. Any l-connected S-manifold with a standard boundary admits an
exact handle decomposition with geometric incidence indices.

The proof will be performed according to the following scheme: Construct a closed
1-connected 5-manifold W from a given 5-manifold V by gluing a standard S-mani-
fold V’ with the same boundary along M = dV. Consider a Barden handle decom-
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position of W. Isotope V’ into a 2-skeleton of W ambiently in W. Remove V'~
from W to obtain a 5-manifold diffeomorphic to V, preserving the exact handle de-
composition.

So, consider a 1-connected 5-manifold V' with a standard boundary M. Since, for

M=5* there is nothing to prove, suppose in the sequel that M # s*, ie. 2m=
= rkH,(M) > 0. Let i.: Hy(M)— H(V) be a homomorphism induced by a

natural embedding i, : M — V. By Corollary 1, there exists a basis (X0 Y1 coe s X
Ym} Of Hy(M) such that i«(y) =0, j=1,....m, and i,.(G,) is a direct summand
of Hy(V), where G, = (x|, ... ,X,,)-

The standard 4-manifold M determines the standard 5-manifold V’ with
dV’ = M. Consider an exact handle decomposition vV’ = #* U A2 U ... U h2 and
the induced canonical handle decomposition of M- with a canonical basis { a;, by, ...,
@y by ). Let 5.1 Hy(M)— H,(V’) be a homomorphism induced by the natural
embedding i5: M — V’. Then i’z.(bj) =0, j=1,....,m, and i%(G,) = H,(V’),
where G, = {a, ..., a,,). Consider an automorphism @, of H,(M), which acts on
the basis {a,,b,,....a,.b,} asfollows: Qu(a) = x5 Qu(b) = y; j=1,...,m.
By the Wall theorem [4], the homomorphism ¢. can be realized by a diffeomorphism
¢ of M. Consider a closed 1-connected 5-manifold W =V U, (-V’). Let n=
= rkHy (V).

Lemma 1. Hy (W) is a free group of rank m + n.

Proof. Since the embedding of pairs (V, M) — (W, V') is cutting out and W =
= VU (=V’) with dV’'= M, one can write out the Mayer—Vietoris sequence for
W =VU(=V’). Since H;(M) = 0 and H4(V") = 0, this sequence is as follows:

0— Hy(V)—> H3 (W) > Hy (M) '—) Hy(VY® Hy (V') = Hy(W) - 0. (2)
The homomorphism i, in sequence (2) is defined as a pair (i., —i,.), where

iye = i) @.'. From the definition of the basis {x.yij=1,....m} of Hy(M), we
see that H,(M) = G, ® G, and kerijs=G,. Since

(p:l{xj,y_,-;j= lL...m} ={a.b;: j=1,...,m}
and Ker ij. = (b, ..., b,,), we see also that keriy« = G,. As a result, we have a
short exact sequence obtained from (2): 0 — H3(V)—> H3(W)—> G, > 0, where
H3(V) is a free group of rank n and G, is a free group of rank m. Thus,
H3(W) = Hy(V)® G, is a free group of rank n +m and the lemma is proved.

Since V is given with an exact handle decomposition V” = A° U A U ... U k2,
wehave W = VU, (V) = VU & U...U B, UK, where #* (W) = i (v"),
j=1,...,m, k=3,5. By Lemma 1, each h_f determines a free generator of H(W).
Consider the dual decomposition W = W = V' Uy (-V) = 1* U K U ...U k2 U,
U¢ (—V), where each 2-handle n, j=1, ..., m, determines a free generator of
H,(W). This defines naturally an embedding ¢": V'— W with W\y'(V) = V. The
induced homomorphism . : H,(V’) —» H,(W) is an embedding, which maps iso-
morphically H,(V’) with abasis {«], ..., ), } ontoasummand of FrH,(W). For
M = kS% x S% #(m—k)S>x §? with k=0, 1, we can prove the following lemma:
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Lemma 2. If k=1, then there exists a free generator ue Hy(W) with
wz(u) 20. If k=0, then there exist m free generators {u], s Uy b Of Ho(W)
with w?(u;) = 0, j=1,....m

Proof. If k=1, then, in the exact handle decompositiod of V', there is a 2-
handle attached along the embedding of its o-tube, which corresponds to the element
le m,(SO3) = Z; = {0, 1}. The core of this handle determines a cycle u’€
€ H,(V’), which is realized by a 2-sphere i’ with a nontrivial normal bundle in" V",
Then u” is a free generator of H,(V’) with w2(u’)#0. The embedding y’: V' —
— W defined above maps u" into 2-sphere & C W, which realizes a free generator u
of H,(W). The tubular neighborhood of # can be chosen to be lying in y(V).
Therefore, this neighborhood also is a nontrivial normal bundle in W and w 2(it) #0.
In the case where k =0, the proof is similar and can be omitted.

For a closed 1-connected 5-manifold W, consider a minimal w2-b-basis of Ho (W)
[5]. This basis can be chosen so that it contains all free generators {u-= Ve (uj):
=i} of Ho(W). The Barden decomposition theorem [5] determines an exact

handle deu)mposnmn of W corresponding to a given minimal w2-b-basis. By
Lemma I, there are m + n>m summands of type M_ or X_ in this decomposition.
By Lemma 2, for £=0, the number of summands M_ is not less than m and, for
k=1, there are the only summand X, and not less than m— 1 summands M .. Thus,
W=W'#W”, where W’ and W” admit exact handle decompositions and W’ is
Xw#(m—l)Mw if k=1 (e, M=S>x8#(m-1)8x8% or mM,, if k=0
(i.c.. = mS?x §%). Itis casy to see that W' = V/ Uy (- V3), where W =

= V= 1” and V5 is glued to V] along adltiu)morph:sm of M. W’ admits an exact
handie decomposition with the 2-skeleton V{ and dual 2-skeleton V5. H,(V5) =

= (uy, ... . u,,), where u; = lp,(uj) J= Lo and {gf.i=1,..om} are free
gcncratorh of H,( 740 dclenand by the exact handlc decomposition of V',

Define an embedding w’": V' W as follows: y” (V)= VWV CW CW. It
induces an embedding i : Hy (V') — Hy(W) such that i (Hy (V")) = Hy(W)).
The manifold W and, hence,

WAV (V) = WAV, = (W #WNV = Vi § WI\D’ =V’ § W\D’
v 1 1 2

admits an exact handle decomposition with geometric incidence indices [6]. If we find
a diffeomorphism 6 of W such that y” =0y’ the proof of Theorem 2 will be
completed, because V= W\y (V") = WAy (V).

Each of the manifolds V*, V{" can be regarded as a Iubuldr neighborhood in W of
a boquet of m 2-spheres. By the Haefliger theorem [7], every two 2-spheres
embedded into a closed 1-connected 5-manifold W are isotopic in W iff they are
homotopic in W. Since

vi(Hy (VD) = wi(Hy(VY)) = Hy (V) = (uy. .o s )

and W is l-connected, the boquets of m 2-spheres for V’ and V{" are homotopic
and, therefore, isotopic in W. Then V' and V| are isotopic in W. Each isotopy of
W in codimension =3 can be made ambient [8]. This provides the desired
diffeomorphism 6 of W. Thus, the proof of Theorem 2 is completed.

Corollary 2. Each 1-connected S5-manifold V with a standard boundary M
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is diffeomorphic to the band connected sum of a closed 1-connected 5-manifold

(without the standard Ds) and a standard 5-manifold. The second summand is
determined by the boundary M and the first one is determined by the linking form

b: Hy(V)x Hy(V,M) > Q/ 2.

Theorem 3. Every 1-connected 5-dimensional cobordism (V,M,, M) with
standard ends admits an exact handle decomposition with geometric incidence
indices.

Proof. The natural embedding i,: M; - V induces the homomorphism i, :
Hy(M,) — Hy(V, My). First, we prove that there is the decomposition H,(M,) =
= G, ® G, the same as in the previous case, with

G, = {xp ... .xm]) and G, = - ,yml)

such that :‘l,(Gy) =0 and the intersection form Q (M, )" in the basis (x,, y,, ...

yml}is
kl 1 610 1
b ool o)

where k+/=m, and k is either 0 or 1. To show this, consider a manifold V =
=V, Uidu,, V, where V, is a standard 5-manifold with the boundary M,. Using

L *
m

Corollary 1, we choose G,, G), for H,(M;) and a homomorphism i Hy(M,) —
s Hz(ﬁ) induced by the embedding i M, - V. Since the embedding (V, My) —
—)(1.7’. Vy) is cutting out, there is an isomorphism y : H,(V, M,) — Hz(l;. V). We
have it,=x'1j:':, where j: HZ(L;)-»HQ(K:’, V) is a homomorphism from the
exact homological sequence of the pair (17’. V). Therefore, we have il,(Gy) = 0.
Thus, we can consider a manifold W =V Uq,I (=V,)., where V, is a standard 5-
manifold with the boundary M, and the diffeomorphism @, of M, is constructed in
the same way as in the proof of Theorem 2. We have the embedding y,: V, — W
determined by the construction of w. By using M, instead of M and the pair (W,
M;) instead of W in the relative Mayer—Vietoris sequence (2), we can prove Lemma
1 for H3(H7’,MO). Assuming that — W = W, we see that y,(V,) determines a free
summand of H, (- ﬁf‘). Since — W is a 1-connected S-manifold with the standard
boundary M;, by Theorem 2, it admits an exact handle decomposition. We choose a
canonical embedding wy{: V, — W such that wi{(V,) determines the same free
summand of H,(— ‘1’;’) as that determined by w,(V,). By using the Haefliger
theorem in the same way as in the proof of Theorem 2, we can prove that imbeddings
Wy, and ) are ambiently isotopic in W. So, we can remove vV, from W
preserving the exact handle decomposition. Thus, the proof is completed.
Corollary 3. Every 5-dimensional h-cobordism with standard ends is trivial.
Corollary 3 immediately follows from Theorem 3.

This gives a series of smooth A-cobordisms between 1-connected smooth 4-mani-
folds satisfying the h-cobordism conjecture. In general, as was proved by Donaldson
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[9]. this conjecture for smooth 1-connected 4-manifolds is not true.
3. An example of applications.
Lemma 3 [8]. Every 1-connected cobordism (W, My, M) of dimension n 25

is invertible. The inverse cobordism is (—W, MI,MD). ie., (-W) U"d.wo W=M, x

x [0, 1].

Let M be an arbitrary 1-connected 4-manifold of signature 0. There is a standard
4-manifold M’ with the same intersection form. By the Wall theorem [10], there is an
h-cobordism (W, M’, M).

Theorem 4. The h-cobordism (W, M’, M) between a l-connected 4-mani-
fold M of signature 0 and the corresponding standard 4-manifold M " is unique
up to a diffeomorphism.

Proof. Let (W, M’ M) and (W,, M’, M) be h-cobordisms between M and
M’. Consider the h-cobordism V =W, Uy (-W,) Uy, W,. By Lemma 3,
(-W) U, Wy =M x[0.1], therefore, we have V=W,. On the other hand, V’ =
= Wy Uy, (=W,) isan h-cobordism with standard ends diffecomorphic to M’. By
using Corollary 3, we obtain V'=M"x [0, 1]. Hence. V=W, and, thus, W, > W,.

Fig. 1.
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