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HANDLE DECOMPOSITIONS
OF SIMPLY-CONNECTED FIVE-MANIFOLDS. I

PO3BKJIAL HA PYYKH OJHO3B’A3HUX
I’ATHBUMIPHHUX MHOI'OBHIIB. I

The handle decompositions of 1-connected smooth or piecewise linear 5-manifolds are considered. The
basic notions and constructions necessary for proving further results are introduced.

Posrsispaerbes posKiiajl Ha PYYKH OIHO3B' ASHHX TJIafikHX abo KycKOBO-JiHIHHHX N’ ATHBHMIPHHX
MHoropuHyiis. HabeneHi oCHOBHI NOHATTA Ta KOHCTPYKUL, Heoﬁxmm IU1A OfIEPXKaHHA NOJaJIBIIHX pe-
ayJILTaTiB.

All manifolds considered below are supposed to be compact and smooth or piecewise
linear (PL). Any manifold of this type admits a handle decomposition [1, 2]. Each
handle decomposition of a manifold can be made proper (see details in [2]). Each pro-
per handle decomposition corresponds to a proper Morse f:.action and satisfies the
Morse — Pitcher inequalities [3, 4]. We are interested in the uxact handle decomposi-
~ tions which turn the above-mentioned inequalities into equalsdties. S. Smale proved in

[4] the existence of the exact handle decompositions of simply-connected manifolds
and cobordisms of dimensionality n > 6. As was proved by D. Barden in [5], any
closed 1-connected 5-manifold admits an exact handle decomposition.

This is the first in a series of three papers containing new results concerning handle
decompositions of 1-connected 5-manifolds. Here, we present the basic technique ne-
cessary for proving the main result in the next paper:

All incidence indices of 2- and 3-handles - of the Barden handle decomposition
of a closedl-connected 5-manifold are geometric. The Barden handle decomposi-
tion is geometrically diagonal.

1. Connected summing and handle decompositions.

Lemma 1. Assume that chain complexes (C,,dy} and (C;, 05} .are realized

by a handle decomposition of n-manifolds V and V', respectively. Let n 23
and  the manifolds V, V' satisfy one of two conditions: i) both V and V' are
closed; ii) both V and V' are manifolds with a boundary. Then there exists a
handle decomposition of V # V' (in case ) or V § V' (in case ii)) which
realizes the complex {Cy ® Cj, 05 ® 03} with 0 <X <n.

Proof. Consider the case ). It follows from the notion of a handle decomposi- -
tion, that there exist a point x € dh%(V) and its closed neighborhood D C V' in which
the handle A"(V) is attached directly to h%(V); D, as a manifold, is diffeomorphic to
the standard closed n-disk. The (n—1)-disk d=D N dKO(V) is aregular ncighbor—
hood of x in 9h%(V) and divides D into disks Dy C k9, D, C A". Similarly, consi-
der the same point x’ and disks D’, d’, D{ and Dj for V. The manifolds V\D
and V"\D’ have boundaries diffeomorphic to $"-1. We connect them by a summing
tube S"'xD! identifying, thus, S*1x0 with d(V\D) and §"'x1 with (V' \ D).
This tube can be regarded as a double of the ribbon D"1x D! with the first copy of
D*1x D! connecting A°(V)\D; and h°(V)\D{ along d; and df, respectively,
and the second copy connecting two n-handles along d, and d3. Thus, we have con-
structed V # V' with the required handle decomposition:
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RV #V) = lOWV)\D, § ®®(VH\D{, "V#V") = K*(V)\D{ § h"(V)\D{,

all other handles are the handles A of V and V' with 0 <A\ < n. The proof in case
i) is the same as that ip case I.

Lemma 2. Let the n-manifold V' be constructed from V with q boundary
M by attaching an m-handle h™, 0<m<n, with the a-sphere lying in some

(n—1)-disk in M. Then V' is diffeomorphic to V § W for some W with a

handle decomposition W= h® U B™.
Proof. Obviously, V=V 4D and M=M#S, where D is the standard closed

n-disk and §=0D =$"". The a-sphere (and hence, the a-tube) of A™ is contained
in some (n-—1)-disk, d € M. By the Disk Lemma, d can be isotopped to the
(n—1)-disk, d’ C §; therefore,
V=VUKWr = VID)UN =ViDUK)=ViW,

where W= h0 U A" with A0=D _

Corollary 1. oV = M # OW, where V', M and V are the samé as in Lemma 2.

Lemma 3 [6). Let a closed m-manifold M’ be constructed by surgery of a clo-
sed m-manifold M on an imbedding f:S¥xD™* M such that f(S* x Dm"k)
is contained in some m-disk in M. Then M "=M#Q, where Q is formed by

surgery on some imbedding f': Skx Dm%— Sm and can be considered as a boun-

dary of some m-manifold W= ho U k™ with k™ attached along f’ (S" x D™%y,
The proof is similar to that of Lemma 2.

- Consider an n-manifold W= k% Ugh™ such that the a-sphere S =f(§™1x0) of
h™ is unknotted in S$#-1 =gh0. For the manifold ¢ = dW, we have

Q = X@HK, f) = clEKO\F(E™! x D) U R

where R=D"x §"1 is the b-tube of A" and f’: §™1 x 81— 9h0 is obtained
from the embedding f of the a-tube of A™ by restriction to its boundary which is also
a boundary of the b-tube of A™. Since the attaching sphere § = f(S™-1x0) of A" is
unknotted in 9k°, the pair (9K°, S) is standard. It follows from this that S bounds
an m-disk d in 0r® and since f(S™-1xD"™)=§x D", we have

P = cl (0hO\f (§™1 x D)) = d x §"1,

For some x € §"™1, consider the sphere §; =8 x x. It bounds the m-disk D=
=dxx in P. Consider a tubular neighborhood P, =D, xD"™! of D, in P and
P,=P\P =«D"xD""1 Thus, we have P=P, UpP,, where T = dP, N dP,=
=D, x §"™2_ For dP, we have

oP = §; xD*"2U 5, x "2,

where the first term is oF \T, and the second is oF, \T. By analogy with P,
consider S, =f"1(S;) € dR. Clearly, S, =5""1xy bounds some disk D,=D"xy
for some y & S"*1, Thus, we have R=R, U R,, where R; isa tubular neighbor-
hood of D, in R, R,=R\R;, and '
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oR; = 8y x D™l U D, % D=2,

where the second term is dR; N dR,. Since f'($,) =S, we can set £'(S, x D*m1)=
=8, % D"l by changing the embedding f for the ambiently isotopic embedding in
dhy. This enables us to consider the union @, of P, and R, along §™!xDmm-1
and the similar union @, of P, and R,. Clearly, Q; = 0, and Q can be obtained
as a double of P, Uf, R,. Thus, we have

g= R U pm U prom-1 Uh";'l,
where the dimensionality of each handle is n—1, A®=P;, K~1=P, A" =R,
i =R, and R, UR, isthe b-tube of the n-dimensional handle A™ of W. We
have thus proved the following lemma.
Lemma 4. Letr W=ho Uf h™ be an n-manifold with the embedding f of the

a-tube of h™ such that the a-sphere of h™ is unknotted in 3 K. Then the
(n—1)-manifold Q = oW can be decompesed into handles in such a way:

Q = hO Usu hu—m—l §] h"‘l,

where h™ U W1 is the btube of the n-dimensional handle h™ of W.
* 2. Standard 5- and 4-manifolds. Consider & 5-manifold W= A0 U h2, W ois dif-

feomorphic to a smooth bundle on  §? with the fiber D3 and the group SO,. Since
7,(80,) = Z.,, W is diffeomorphic to A=S*xD* or B=5%x D3 The corres-
ponding embedding f: S'x D? — D* is called the embedding of type A or type B,
respectively. Clearly, H,(W)=H,(W)= 2, where W is A or B and w?(4)=0,
w2(B) #0, where w? e H2(W, Z,) is the second Shtiefel-Whitney class. There exists
a canonical generator a of H,(W), which can be realized by a 2-sphere @ embedded
into OW. This sphere @ can be obtained as the union of a copy D =D?x x of the
core of 2 taken on its b-tube and of a disk in 9A? with the boundary S =f (D),
which always exists because S = f(0D) =f(S! X x) is unknotted in 9A° = $* [‘8] By
the definition of a, we have w2(a)=0 for W=A and wa)#0 for W=B; A and

B will be called ¢lementary S-manifolds.
Consider also standard 5-manifoids, i.e., manifolds with the handle decomposition

V=hOUhKZU ...UR% Cleatly, V=kB 4 IA, where k+I=r. Conversely, by Lem-
ma 1, every 5-manifold V=4B 4 IA admits a handle decomposition V=h'U
U h? U ... UhR2, with r=k+I. The core of each of the 2-handlcs A7, ..., h? deter-
mines each of 7 canonical gencrators ay, ..., a, of H,(V)=rZ. By using the handle
subtraction in the handle decomposition of B 4 B, one can easily show that B § B =
=B 4 A. Thus, we see that for V=4kB § IA, we can choose k=0 if w2(V)=0, or

k=1 if w2(V)#0; this means that w2 and » = k+1 determine the standard S-mani-
fold V up to a diffeomorphism.

Decfine an elementary 4-manifold as the 4-manifold M = dV, where V is ele-
mentary 5-manifold. Then M is a bundle on $2 with the fiber S$2, and hence,

M =0A=S2XS2 or M=0B=52x% §2=CP2#(-CP2).

It feadjiy follows from the definition of M = dV thal there exists a basis {a, b} of
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H,(M) realized by 2-spheres {d, b} embedded into M, in which the intersection

0 1 1 1
form QM) is (1 0] for M=A and [1 0) for M =B. The sphere @ can be

taken to be the above-mentioned sphere @, determined by the core of 5-dimensional

2-handle A2 of V, and the sphere. b can be taken to be the b-sphere of this 5-dimen-
sional 2-handle. By Lemma 4, the basis {a, b} can be also determined by the handle
decomposition M= h°U hf U h3 U k¢, where hf U h3 is the b-tube of the 5-di-
mensional 2-handle h2(V). This definition of @ and b implies at once that all coef-

ficients in the intersection form Q(M) are geometric.
The basis {a, b} of H,(M) considered above is called the canonical basis. We

also say that a handle decomposition of an elementary 5-manifold V =#% U A2 in-
duces a canonical handle decomposition of m = dV.

Since the normal bundle over b in M is trivial, we can consider the manifold
x(M, f), where f:S2xX D2 — M is an embedding with £(S2 x 0) = b. Itis easily seen
that choosing f to be the embedding of b-tube of h2(V), we obtain x (M, f) = S*.

The properties of elementary 4-manifolds given above are combined in the follow-
ing proposition. .

Proposition 1. Let M be an elementary 4-manifold. Then there exists a ca-
nonical basis {a, b} of Hy(M), realized by 2-spheres { a, b} embedded into M,

0 1 1l 2
in which the intersection form Q (M) is [1 0) for M =82%x82 or [1 0]
for M =82x S? and all coefficients of Q (M) are geometric. This basis can be
determined by the induced canonical handle decomposition of M =9V, and (M,
=84, where f S2x D2 — M is an embedding of the b-tube of h2(V) into M
with f(§2x0) =

Now let V be a standard S-manifold. Then

M=3V=kdV#I0A~kS2x S2H#IS2X S2,

where k+1=r=r1kHo(V) and k canbe chosen equal to 0 or 1 depending on whether
w2(V)=0 or w2(V)#0. Since w2(M) is zero or nonzero together with w2(V),
w2(M) also determines whether k isequalto 0 or 1.

M is said to be a standard 4-manifold. By using Lemma 1 and 4, M, similarly
to an elementary 4-manifold, can be supplied with a canonical basis of H,(M) and the
induced handle decomposition; therefore, Proposition 1 can be reformulated for the
standard 4-manifold.

Since M = dV, where V is a standard 5-manifold, the natural embedding i: M — V
induces a homomorphism ix: Hy(M) — Ho(V). Then the definition of the canonical
basis {a; b,j=1,...,7r} of Hy(M) implies that i«(b)=0 for j=1,...,r and
{i*(aj);j: 1,...,r} is abasis of Hy(V).

Let (W, V,, V,) be a 5-dimensional cobordism with 1-connected V. Thinking in
the same way as for standard 5-manifold V, we can prove the following proposition.

Proposition 2. Assume that a 5-dimensional cobordism

=WUHR ...UH,

is obtained from a cobordism (W, V,,, V) with l-connected V; by means of
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gluing handles h?, ... ,kﬁ, along 1-connected V,. Then W =W 4§, V', where
. 1
V=#U BU.U h2

is a standard 5-manifold, o W =V, #M’, where M’'= av is a standard 4-ma-
nifold and

H,(0,W') = Hy(V)) @ <af, b, ..., &, bl>,

where {a;, b’ j=1,..., m} is a canonical basis of HQ(M'), induced by the

handle decomposition of V.
3. Special handle decompositions of 1-connected S-manifolds. It is known from

[8] that a 5-dimensional cobordism (W, V;, V) with 1-connected W, V,,, and V, ad-
mits a proper handle decomposition which does not contain handles with indices 1 and
4. Such decompositions will be called special.

Given a special handle decomposition of the cobordism W, we define m, -as a
number of 2-handles and m; as a number of 3-handles. Since V,, i=0, 1, are 1-con-
nected, the groups H,(V)) are free and we can define n; =1kH,(V,). If W is a 5-ma-
nifold with a bounda:y, weset Vo=@, andif W isa ciosed 5-manifold, we set

Define a 2 skeleton of a given special handle decomposition

W=VoxD'UhIU ...UZ URU..UK, UV, xD,
as the cobordism
Wo=VoxD Ut U ..U K2,
A dual Z-Skeferorz is defined as
Wi = wxD'U R U...U .

where hZ(W§)=h}(W). It fpllows from the definition that d,Wj =d_W, and
W =W, U, (-W3), where ¢ is a gluing diffeomorphism of M; = d,W,. By Proposi-
tion 2,

Wy=Vox Db by g X, W=V, xD! by X

where
Xx=h"UrU..UH,, X'=rUsU..UK,

are standard S-manifolds. Since M, =V # dX =V, #JX', we easily obtain n,+
+my = ny +ms.

Consider also a homomorphism dj: C3(W) — C,(W) of the chain complex
(C.(W), 9,) associated with a given special handle decomposition of W. The-homo-
morphism d; can be represented by a matrix with coefficients ag:' = e(h?, hz) j=
=1,...,my, i=1,...,m,, where €3, h?) is the incidence index of the handles h*
and h%. But the b-sphere of each h} is the sphere Ej which determines the cycle bj

in the canonical basis {a L, bj; Jj=1,...,my} for the induced canonical handle decom-
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position of dX. The a-sphere of each h3(W) is the b-sphere of h*(Wy) and-
coincides with q>(5,<'), where {af, bf, i=1, ..., m3} is the canonical basis for the
induced handle decomposition of dX’. Thus, we have ag’ = (p(g,-' ) b v

The properties of a special handle decomposition of a 5-manifold given above are
summarized in the following proposition.

Proposition 3. Assume that a special handle decomposition of a 5-dimensional
.cobordism (W, Vo, Vy) with 1-connected W, Vo, and Vy is given. Then m,+
+ ng = my + ny, where n;= rkHz(Vj), i=1,2, m; is the number of i-handles for

=2, 3. The homomorphism d4: C3(W) — Co(W) can be represented by the matrix
with coefficients 83' = @(b!) - by, where {aj; bpj=1,...,my} is the canonical ba-
sis of H,(M,) induced by the handle decomposition of W,, {af, b/, i=1, ..., ms}
is the canonical basis of H,(M,) induced by the handle decomposition of Wy, and
¢ is a gluing diffeomorphism of M,.

It follows from Proposition 3 that for a special handle decomposition of a closed 1-
connected 5-manifold, m, =m,. For a 1-connected 5-manifold W with a 1-connected
boundary, we obtain p(H,(W)) —p(H3(W)) = m, —m3 =m, where m =1k Hy(M) /2.
The number p(G), where G is a finitely generated Abelian group, signifies tk G +
+ p(fors (G)).

We can also define a minimal special handle decomposition of a 5-manifold, i.e., a
special handle decomposition which contains the 2-handles and 3-handles in minimal
numbers.

_ Corollary 2. A l-connected 5-dimensional cobordism with 1-connected ends
admits a minimal special handle decomposition.

By Proposition 3, each special handle decomposition with minimal m, is also a
minimal special handle decomposition.
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