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ON THE EXISTENCE OF A CYCLIC VECTOR OF SOME
FAMILIES OF OPERATORS®

PO ICHYBAHHS IIUKJITYHOT'O BEKTOPA JESAKHX CIMEH
OIIEPATOPIB*

It is proved that, under some restrictions, a family of selfadjoint commuting operators A = (Aq;)lpc(b

where @ is a nuclear space, has a cyclic vector iff there exists a Hilbert space H € @” of full operator-
valued measure E, where @ is the dual of @, E is the joint resolution of the identity of the family A.

[oseaeHo, W0 TpH JIESKUX MPHIYIEHHAX CiM'A CAMOCHPHKEHHX KOMYTYIOUHX OfepaTopis
A= {A‘P)'P'@ ne @ — agepuu# NPoOCTip, Mae UMKIIYHHA BEKTOP TOML i JHILIE TOMI, KOJIH ICHYE Tifb-

6epris npoctip H € @’ noswoi onepatoptoshaynoi Mipu E, ne @ —cnpsxennit o @ npoctip, E
— cyMicHHM po3kJiazl ofiHHHLI ciM'T A.

1. Let # be a separable Hilbert space and let 4= (4,)
operators in ‘H, commuting in the sense of resolutions of the identity (r. i.) and
indexed by a set X. Given an operator M, denote by 2XM) the domain of M. A
vector Q e H(|| Q lla=1) is called a cyclic vector of the family A if, for every

«ex e a family of selfadjoint

collection of distinct points xy, ..., x, € X and numbers my, ..., m,e Z, ={0, 1,
2,...} peN), wehave Qe 17(}?{;’1’ ﬂ:’;‘} and the linear span of all the vectors
of the form A7 ... ﬂ;’:ﬁ is dense in A
Assume that @ = prlim/_ is a real separable nuclear space, where (H) o isa
TeT
collection of real Hilbert spaces H_, and @ is dense in every H.. Denote H, =H_,

where 1T, is a fixed index from 7. We may suppose all the spaces H (Tt e T) to be

_p Which is the dual of

embedded into H|, topologically. On the space @’ = indl%mH
TE

® (H_, is the dual of H_ with respect to (w. r. t.) Hy), we define a o-algebra

G 4(@") generated by the cylinder sets in @” of the form

C(Pi. s 5 P A) = {xed|((x, (p,)hro. vy (X, (pn)HU) e A}
@ ....9,€®, Ae BR™, neN).

Let p(-) be a probability measure on this c-algebra.

In what follows, we will deal with the family A = (Ay),eq Of selfadjoint
commuting operators A, that are defined in the Hilbert space L,(®’, du(-)) as
operators of multiplication by the function (x, @)y (x € @) and study the problem of
the relationship between the existence of a cyclic vector of the family A and the
existence of some space H_p (" € I) of full measure p(-).

This problem was studied in [1-3], where it was shown that, for the space ® =R,
which is the dual of the nuclear space ® = R{ of real finite sequences w. r. t. /,, and
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ON THE EXISTENCE OF A CYCLIC VECTOR OF SOME FAMILIES ... 1363

for an arbitrary probability measure [i(-) on R*, there exists a Hilbert space H_=
= 12((pj)?,,1) C R* of full measure [i(-), and the vector exp {—||x ||_%,_} is a cyclic

vector of the family (AQ)yeg ~

. By using this, it is easy to verify that the existence of
a space H_, of full measure () implies the existence of a cyclic vector of the
family (AQ)yeq: in [2], this statement was proved for o’ =5 (RY, i.e., for the
Schwartz space of tempered distributions.

Let a nuclear space @ be, in addition, an LF-space,i.e. ® =ind lhilm ®, is a strict
TE

inductive limit of F-spacas @, (it may be shown that the spaces @, are, indeed, se-
parable [4]). Under such restriction, we will show that the existence of a cyclic vector

of the family A implies the existence of a space H_. (T" € 7) of full measure u(-).
Note that the Schwartz space S(R") and the space D(R") of infinitely-differentiable
functions on R” with compact support belong to this class of nuclear spaces.

2. Theorem. Let ® be a real nuclear LF-space. Then there exists a cyclic
vector S-) € Ly(®’, du()) of the family A =(Atp)¢-® iff there exists 1" e T
such that H_, is a set of full measure W(:).

Proof. “If’ part. The intersections a N H_, (€ T (@) form a o-algebra in
H_,, which coincides with the o-algebra 'CU(H_T.} generated by the cylinder sets in
H_.:

Cly, . nl, B) = {xeH_,|(x "1)H4,-
P "'n)H_,‘,) e A} (Ae B(R"), neHN),

where (Ij)};l is an arbitrary orthonormal basis of H__ [5]. Since H__ is a set of full

measure (-), we can define the probability measure p’(-) on G _(H_.) by
CH_)=(NH ) » W@aNH )=ua) (oe T (@)).

Therefore, to prove the “if”” part it suffices t0 show that the family A"= (Ag)peq Of
operators A,; which act in the Hilbert space L,(H_,, CG(H_I,), dp’(?)) as operators
of multiplication by the function (x, tp)Ho(x € H_.), has a cyclic vector.

We can suppose the space H_ to be embedded into H, quasinuclearly, i.e. the
inclusion H, — H,, is a Hilbert-Schmidt operator. Indeed, if it is not the case, we
take a space H.(t” e 7) such that the inclusion H .. C H__ is quasinuclear, and,
therefore, the inclusion H_. € H,, is also quasinuclear; furthermore, the space H_..

is a set of full measure ().
This is why there exists an orthonormal basis (e )-)}‘;, of H, such that the vectors

« pj)‘l"ze =1 where p; are some positive numbers, form an orthonormal basis of H...
Then, _in the sense of the unitary isomorphism V: H, — I, Ve;= BJ- = (S;J);;, (j e N),
where 8, ; is the Kronecker delta, we have the following inclusions

R= 3 1((1 fpj);,l) =H _DO 12 = Hy D 12((,0}-)}"_1) = H,,
where
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1364 EW. LXTVWNOV

foqj <w} (qj > 0).

j=1

"2((4});‘;1) - {(x j);“:l eR”

The space H_., as a weighted space I,, belongs to the o-algebra T (R™)
generated by the cylinder sets in R, and so, for an arbitrary set o from 'CO(H_T,).
we have o € T,(R™) [5]. Hence, we can define the measure [i(-) on T (R™) by
CoR™) 20 b [i(a) = W@NH_).
The function
> b 1
Q) =exp{lxllf;_} = exp {—Exf——}
j=1 " Pj
is defined for [i-almost all x=(x)7.; € R~ and belongs to L,(R=,dji()). It
satisfies the condition of Lemma 4 ([3], Ch. 1, § 2.5, p. 87). Therefore, the linear span
of the functions xQ(x) = (x?‘ xgz Q) B=B,)i € 27 o is a set of finite se-
quences from 2,‘;) is a dense set on L,(R™,dfi()) and the linear span of the
functions ((x, e,)?}u (x, fz)?fo )QK) (B e Z:‘_ 0)» where Q(-) = QP H_., is dense
in Ly(H_p, dy’(-)). By using this and the estimate of the type

I (xrf])Ho (x-f)Ho exp {H| x “?{_‘.} "EQ(H_,.. dwey S

S WAlG, WU, [ IxF, exp{-211x 117 baw'(x) =
H_.

= Wfilld, Wl Co (fiv... .fu€He, 0SCy<o, neN),

we obtain that, for arbitrary @y, ..., 9, € ®, Qe WA, ... Ay ), and every function
of the form ((x.el)ﬁ:] woi (X e,,)ﬁ;)ﬂ(x) (my,...,m,e Z,, neN) can be ap-
proximated with an arbitrary accuracy by a function of the form ((x, cpl)}’}‘o
e (X, q;,,)ﬁ;)n(x)(cpl, » ¢, € ®). Therefore €(-) is a cyclic vector of the family
(Ag)padr

“Only if" part. Let Q be a cyclic vector of the family A. Without loss of gener-
ality, we suppose that Q(x) = 1 (x € @’). Indeed, if it is not so, by taking into account
that Q(x) #0 (mod p(-)), we can construct the measure dj,(x) = | Q(x) [2dp(x), which
is equivalent to [, and proceed, using the unitary transformation

Ly@', du()) » £) > (Kf)@) = % e L@, dyt,().

to considering the family B = (By)yeq Of the operators B, acting in the space Ly(®’,
dp,(-)) as operators of multiplication by (x, Qy, (xe @’) (B, =KAK1), for which

the function ﬁ(x) =1 (x e ®') will be a cyclic vector.
The idea of the proof is to apply the projective spectral theorem [5] to the family A,
and to show then that the generalized spectrum of the family A, which is a set of full

measure J(-), is embedded into some Hilbert space H_p. So we have to construct a
rigging of L,(®’, dp(-)) thatis connected with A in a standard way. Since this task
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ON THE EXISTENCE OF A CYCLIC VECTOR OF SOME FAMILIES ... 1365

is qpite complicated, we, first, construct a Hilbert space H , ‘procced. by using a
unitary isomorphism F: L,(®’, du(-)) » H, to considering the family 4= (ﬂq,)q,w
of operators A,= FA,F! acting in the Hilbert space H, and then construct a

rigging of H connected with 4 in a standard way.
Let us consider the following mapping:

%" 5 (¢, ..., ¢) > (@D, Xy, .. - (@, W)y, =
= (V... 8N xB) 0, & Ly(®', du()) (neN). (1)
Since the function Q(x) =1 (x € ®’) is a cyclic vector of the family A, the functions

he..® (p‘").xe")ﬂt?. e Ly(®', du()) belong to L,(®’, du(-)) forevery p=1

and, therefore, for every n € N, function (1) is continuous [4]. This yields that the
operator
2 3 @, 1> (9, 3% 0n € Ly(@', dU()) (n e N)

is continuous.
Let ®_ be the complexification of @, which is also a nuclear space. The set A®")
of polynomials of the form

Po+ (@1 X, + oo+ (P XF)yor (1€ Z)),

where x € @ and ¢, € ' isdensein Ly(®’, di()) by virtue of the definition of

a cyclic vector.
Let us consider the mapping

BD) ® @p+ (@ Xy + oo + (@ X¥) yor > @, Dy, -2 9,, 0,0, ...) €Dy,
where Dy, is the set of finite sequences, in which the i-th position is occupied by an
element from d’c@". Define a quasiscalar product on Dy by

Cl s P B0 ik B s « W 050502 =
=(Qp+ ... + (cp,,,x@")H?,.% + o+ (Y, xm)yg’" )Lz(fb’. ey mmeZ). (2)

By the factorization Dy 3 fi f € Dy w.r. t. the set {fe Dy|<f.f>=0} and by
completion, we obtain the Hilbert space H ., which is unitary isomorphic to the space
Lo(®", du(-)) by construction. Let F: Ly(®’, du(-)) — H be this isomorphism.
Then, for the operators A, = FA,F! (¢ € @), we get f)(, < IXA¢) and, for any
feDy f=(@p.. 90,0, ...), wehave

Aof = 0.9@ @y, ....9© ¢, 0,0,..) e D, 3)
Define moment forms s,” ) by

550 = | (o X o dU(X) (9, € ™),
¢!

which are continuous functionals on ®2" (n e N). Since (®2")’= indE!Iim HY .
x :

(H_,. is the complexification of H_,), forevery n € N, there exists T(n) € 7 such

that s,(-) € H®J,,, .. Fix the sequence (t(n));;.
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1366 EW. LYTWNOV

Henceforth, we follow the proof of the theorem on the generalized power moment
problem [5, 6] to construct the Fourier transform that corresponds to the family 4=
= (Ay)gear T do this, we, first, construct a rigging of the space A

HSA>a8,50, ° “)
where D isa separable projective limit of Hilbert spaces, H + 1s a Hilbert space

embedded into A quasinuclearly, and £ _ is the dualof H, w.r.t. H.
We equip the set D, with the topology of the topological direct sum of the nuclear

spaces 2" (ne Z,), ic.. Dy= @0 ®2" (if n=0, we have ® ®" = C). So, D,

is a nuclear space that can be defined as the projective limit of all the spaces of the
form

H()r0. (PJneo) = S Hep, @, e T p, >0,

which consist of sequences (fy, f;. ... ) such that f, e H?""c and

o fir )Wt o = 3 I, Ion P <=

n=0

For an arbitrary f=(@g, ..., 9,,0,0,...) e D, by virtue of (3) and the Cauchy
inequality, we get
Jl;z

gp=3 [@x ) o (@1 x>") o di(x) <

Jk=0 @’

< J-.kz—lo [é[:l (0, x® (0 xm)ﬂo@‘
s 1/232
- (E({mrom o) | -
J=0\ @’ ’
- . 1/2\2
) (F‘Pol+2 ((‘P,f@“’i' SZJ)H&E"] J -

=1

pi=AfIG, . (5)

+

s "PUI pU"'Z |‘~PJ Hai ISZ_;IIH

~t(2j)e
j=1

where the sequence (P)j=o satisfies the inequality 2 . <1,
j=0 Pj

oo 0‘
G,= E{,H-rdj),cqi- 9= 152 Iy Pjs

t("})r

and §; denotes the element of O?j complex conjugate to ;. It follows from (5)
that the bilinear form Dy x Dy = (f, g) > <f, g> € € can be extended to the space
G, ® G, by continuity and the set {fe G, | <f,f>=0} is closed in G,. Therefore,
we can factorize the space G, w.r. t. this set and get the Hilbert space G + embedded
into H- topologically. Further, it follows from (5) and the definition of the nuclear
space Dy that it is possible to factorize Dy w. r. t. the set {fe D, |<f f>=0},
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ON THE EXISTENCE OF A CYCLIC VECTOR OF SOME FAMILIES ... 1367

giving rise to a nuclear space Dy ([5],Ch. 5, § 5.1).
Let (T(n),-; be a sequence of indices from T such that all the inclusions

H.yyy € Hy,, are quasinuclear. Construct the Hilbert space H, = n?ana")-‘q;’

where the sequence (g,)n-o (g, >0) is chosen so that the imbedding Hiinto G, is
quasinuclear, i. e.

105,612 = 3 | Ongy, e, PLe = 3 | Oviamy, wamy P* 22,
”=U Qfl H=0 q?l
where Oy, y denotes the inclusion operator X =Y, | -| is the Hilbert-Schmidt norm.
By factorization of H, w.r.t. theset {fe H,|<f,f> =0}, we get the Hilbert space
H + embedded quasinuclearly into G + and, thus, into H as well. Hence, the space
Dy is eml;edded into H, topologically. So, we obtain chain (4) with D= 150.

Since the set D isdensein H,, we have that o= A2)=(1,0,0,...)e D isa
strong cyclic vector of the family A4, i. e. the linear span of all the vectors of the form
ﬂ:,'l‘ ﬂ&u} is dense not only in H but also in H,. Besides, D C D Ap)
(¢ € @) and, by virtue of (3), we have A, e L(f)) and, therefore, A, e L(f), Ii,,)

(¢ € ®), where L(Y, Z) denotes the set of all bounded operators from Y into Z. So,

the family A4 is connected with the chain (4) in a standard way. According to the
theory of the expansion in generalized joint eigenvectors ([5], Ch. 3), we get the fol-
lowing results.

1) The jointr.i. E of the family A and the probability measure
p() = (E()w, 0)4 (6)
defined on (R?®, G 4(R?®) (here T4(R?) is the oc-algebra generated by cylinder

sets in R®) are equivalent and we have

O*E@)O = [ PAL)dp(A() (@ & T(R?), o

where O: ﬁ,, - H, 0+ A >H_ are inclusion operators, P(-): R®aA() >
P(AM(-)) € L(H ,, H_) is a weak-measurable function w. r. t. T (R®), defined for
p(-)-almost all A(-) € R® and such that P(A(-)) 20, | P(A(-)) | <o (A(-) € R®).

2) There exists aset T € R® of full measure p(-) such that, for every A(:) em,

the range R(P(A(-))) is a one-dimensional subspace of H_, which consists of the
generalized joint eigenvectors of the family 4, i.e.,

PACNF. Ag8)y = MOPACNS. 8)y (9e®, feH, geD). @®
3) Forevery f e H + we can define the Fourier transform
H,s o fOO) = (F. EBAON, = FHAG) « T,
for pr-almostall A(-) e m, where p,() is the modification of p(-) by T p(a N®) =

=p(a) (@ € THR?)), and E,(l{-)) are nonzero vectors from R(PQA()) C H_,
fixed for every A(:) € m; furthermore, the Parseval equality holds:

F. 9y = [FANEAO) dpA() (F. g€ H,). ©)
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1368 EW. IYTVWNOV

4) By vinug of (9), the operator F is extended by continuity to an isometric
operator from H into L (T, dpg(-)).

Let A()em, f,geH,, I;:H_— H, be the isometry corresponding to the
rigging (4), and let Q be the orthogonal projector ¢ > ¢ in H, on its subspace H ,
(here, we understand /7 + as the orthogonal complement to the subspace {fe H, | <f,
f>=0}). Then

PN, By = WPAOVF, &)y = @LPAO)Of. o)y, (10)
where f, g are elements of H, corresponding to the elements f g e ﬁ+. Since
| PA(C)) | <o (A() em), QI,P(M(-))Q: H, — H, is a Hilbert — Schmidt operator,
and, by the theorem on the kernel of a quasinuclear operator, there exists S(A(-)) €
€ H,_ ® H, such that

(@I PAC) QS 8y, = SAC), 8@ Fy.on, (fgeH,). (11)
Consider the chain H_O G D H,, where G = E{)H g:. H_ is the above-defined
space and H_ isthe dual of H, w.r.t. G. The tensor square of this chain is
H® > Ge2o u*, (12)
Let I,: H®? —)Hf’2 be the isometry corresponding to (12). Then
SAC), g® ) e = (U3'SAC). 8 Flge = TAO). g Flger, (13)

where (T(A(-)) = I5'S(A(-)) € H®2. By using (10), (11), and (13), we get

PAOF. &g = TA), 2@ F)gen (14)
This equality, together with (8), yields
(T, (Ag0) @ F) o2 = MOTAC)). g @ f) e (15)

(ped,ge Dy feH,).
Note that T(A(-), as an element of H®2, can be represented as an infinite matrix
(Tj MM j k=0, where
TiaMO) € H2l )y o ® HEpop oo ITAO) e =

_?,jou ,k(k(nu,,«),, on® (44 (16)
J‘=

Since the operators Ay (¢ € ®) are real w. r. t. the complex conjugation in H, so
are the operators P(A(-))(A(-) € ); therefore, owing to (14), we find that the elements
of the matrix T_,-_t(l(-)))}fk:n are real (A(-) € m). This implies that (16) holds without
all the indices ¢ of complexification.

By substituting f=(0, ...,0,¢40,...) and g=(0,..., 0, y;, 0,...) (@ = P,

o .y .
y e % k je2,) in(15), we get:

(T xA0), 9@ y; @ (p")HS’U*“” = MOUT;(A(), y; @ ‘Pk)Hg»um- (17)
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For every f, g € H,, by virtue of (14) and (7), we have
TAO), 8® flge = PO, 84 =
= (f, PAOD)y = TOO), £ T)ger
and, therefore,
TG ¥ ® B yoin = Ti A0 % @ W)youon (9« D%, y; & %,

(18)
Owing to (16) and (18), we get

Trj1 M), P ® 0 @ ) HoUk = MONTLjAL), 9, @ ) HOUH- (19)
By using formulas (17) and (19), it is easy to check by induction that
(TiaA(), 919, @ ... ® ¢y HOUWD = MODMP,) -.. M@iTo,0AL-)

(@192, ... . Qs €D, j k& Z,, M) & ™).
This implies
TooA() #0, A() = To A() = T19(A()) & H_y(),
Tj (M) = (M) ®UT (M) & HEUSD.
Hence, we have the inclusion n C H_y(;, and, therefore, H (5 is a set of full

measure p(-).
Let pgr be the modification of the measure p(-) by @": pg(a N @) =p(a) (e e

e T4 (R?)). Itis easy to see that
Pa() = HO). (20)
To prove this it suffices to show that these measures are equal on the sets of the form

C@ps ooe s @By X X A) = (A @ [MQ) €A, ... ,M@,) €A,}

(@), 9,€®, A, ...,A =« BR), neN).

We prove this for n = 1; the proof for n>1 can be carried out by analogy. By (6),
we get

PIC(9. A) = (BC(@. AN, ), = (EC@. AN, QD). 0, gy =
- (EQ(A) Q(x), Q(x))[&(dy. du) = (xd(Aq,) Q(x), Q(x))Ll(qf' ) =

= [ 2a(@. 0 dn(x) = W(C(9. 1) (9 « D, A e BR)),
i

where E is the jointr.i. of A, E, isther.i.of Ay, and X,(): R > R is the
characteristic function of the set A. So, equality (20) is proved, and H_r ;) is a set of

full measure u(-).
3. Under some restrictions, a family B = (Bwv)¢-¢' of self-adjoint commuting

operators ,B‘p in a Hilbert space / is unitary equivalent to the family A =(Ag) . in

Lo(®’, du(-)) and, therefore, B has a cyclic vector in H iff 31" e 9 such that
H_ is a set of full operator-valued measure R, where R is the joint r. i. of the
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1370 EW. LYTWNOV

Sfamily B. To find this, it suffices to note that the resolutions of the identity of unitary
equivalent families of operators are equivalent. We give two types of such restrictions
on the family B.

a) Let

H DHDH, DD 21

be arigging of H analogous to (4). The restrictions on B are the following:

al) The space D forms a core for every operator By, i.e. (By M Dy~ =By
(¢ D).

a2) The family B is connected with the chain (21) in a standard way, i.c., D €
€ OB, Bye TD,H) (9e)

a3) V fe D the mapping ® » ¢ - By, fe H, is linear and weakly continuous.

a4) 3 Q' e H, and there exist a collection of distinct points x,, ..., v, € X and

numbers m,,...,m,eZ, (p « N) suchthat Q' e .D(B;"Il ...B?:). B;“l __.B:':Q'e

€ H,, and the linear span of all such vectors BT}' BT:Q’ is dense in H . (Notg
that we demanded in the definition of a cyclic vector that it should belong to the
domains of all the operators of the form Bf“ B::’ )

Then, according to the theory of the expansion in generalized joint eigenvectors,
the family B is unitary equivalent to the family A in L,(®’, du(-)), where u(-) is the
spectral measure of B.

b) Let U= (Uplpao be the family of unitary operators such that U, = exp {iB,}
(¢ € ®). We demand that the family U be a unitary cyclic representation of the space
D, ie.,

bl) l'-a’q,l,,q,2 = U¢]U¢2((P1, ¢, € D);

b2) V fe H the function ® » ¢ > Uq,fe H is weakly continuous;

b3) The family U has a cyclic vector, i. e. 3 h € H such that the linear span of
all the vectors U(@)h(¢ € @) is a set dense in H,,.

Then the family B is unitary equivalentto A in Ly(®’, du(:)) [7], where p(-) is
defined by the equality

U@h by = [ exp {i (x, )y } dux) (@« @)
L
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