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ON THE COMMUTATOR OF MARCINKIEWICZ INTEGRALS
WITH ROUGH KERNELS IN VARIABLE MORREY TYPE SPACES*

ITPO KOMYTATOP IHTEI'PAJIIB MAPIIUHKEBHUYA 3 I'PYBUMHU AIPAMU
Y 3MIHHUX ITPOCTOPAX THUITY MOPPES

In the framework of variable exponent Morrey and Morrey —Herz spaces, we prove some boundedness results for the
commutator of Marcinkiewicz integrals with rough kernels. The approach is based on the theory of variable exponent and
on generalization of the BMO-norms.

VY pamkax 3MiHHHX €KCIIOHEHT mpocTopiB Moppes Ta Moppes —'epiia noBeneHo Aeski pe3ylbTaTH IIOA0 OOMEKEHOCTI
KoMyTaropa iHTerpaniB MapuuHkeBrya 3 rpyoumMu sapamu. Llei miaxin 6a3yerbes Ha Teopil 3MIHHUX €KCIIOHEHT Ta y3a-
ransHeHHI BMO-HOpM.

1. Introduction. Let R” be the n-dimensional Euclidean space of points z = (z1,...,z,) with
1/2
norm |z| = (Zn . xf) . Suppose that S*! is the unit sphere in R™, n > 2, equipped with
1=
the normalized Lebesgue measure do(z’). Let € L}(S*~1) be homogeneous of degree zero and
satisfy

/ Q' )do(2!) = 0, (1)
S§n—1
where 2’ = z/|x| for any x # 0. Then the Marcinkiewicz integral operator 1 of higher dimension

is defined by

po( @) = | [ IR N@P% |
0

where

Q(z —y)
|z —y|*

.mwmw-/ f(w)dy.

lz—y|<t

A locally integrable function b is said to be a BMO(R™) function, if it satisfies

1
wwzsww/wwzw@<m
B

z€R™,r>0

1
where B is ball centered at = and radius of r, bp = ] / b(t)dt and ||b||. is the norm in
B
BMO(R"™). For b € BMO(R"), the commutator of the Marcinkiewicz integral operator fiq 5, is then
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defined by

[un

2 2

postN = [ [ S ivte) - )iy

|z —y[*! £
0 |lz—yl<t

It is well-known that Stein [23] first proved that if ) € Lipv(S”_l), 0 < v <1, then uq is of
type (p,p) for 1 < p < 2 and of weak type (1,1). Afterwards, Ding, Fan and Pan [7] removed
the smoothness assumed on (2 and showed that pgq is bounded on LP(R™) for 1 < p < oo if
Q € HY(S"1). Here H'(S"!) denotes the classical Hardy space on S"~!. On the other hand,
using a good-\ inequality, Torchinsky and Wang [25] established the weighted LP-boundedness
of o and pgyp when 2 € Lipy(Sn_l), 0 < « < 1. For some recent development, we refer to
[2, 8, 14—-18] and their references.

In recent years, following the fundamental work of Kovacik and Rakosnik [13], function spaces
with variable exponent, such as the vaiable exponent Lebesgue, Herz and Morrey spaces etc., have
attracted a great attention due mainly to their useful applications in fluid dynamics, image restoration
and differential equations with p(x)-growth (see [1, 3, 11, 30—32] and the references therein). In
many applications, a crucial step has been to prove that the classical operators are bounded in variable
exponent function spaces. Ho in [9, 10] has given some sufficient conditions for the boundedness
of fractional operators and singular integral operators in variable exponent Morrey spaces M) 4,
where u is a Morrey weight function for Lp(')(]R”) (see Definition 3.1). In 2016, Tao and Li [26]
showed that if {2 € Lip, (S"71), 0 < v < 1, then the commutator pay 1s bounded on M,y . On
the other hand, based on the extrapolation theory and some pointwise estimates, operators with rough
kernels have recently been discussed in [5, 22, 27]. These results inspire us to consider the question:
whether the variable exponent Morrey spaces estimates for jq; are still true if Q € L(S™h),
s > 1? The first aim of this paper is to give an affirmative answer to this question.

Morrey — Herz spaces MK 5‘;(); (R™) with variable exponents p and « were recently studied by
Lu and Zhu [20]. Under natural regularity assumptions on the exponent « and p, either at the origin
or at infinity, they established the boundedness of a wide class of sublinear operators (including ma-
ximal, potential and Calderon — Zygmund operators) and their commutators on such spaces. In [29],
we made a further step and generalized the main theorems in [20] to the case of rough kernels. Mo-
tivated by the work of [20] and [29], the second aim of this paper is to prove that i is bounded on
MK ;}(D())’\ (R™) provided that A > 0 and «, p are variable exponents. This result improves the corres-
ponding main theorem in [28], where the authors considered only the case A = 0 and « is a constant.

We usually denote cubes in R by @, |Q)| is the Lebesgue measure of (). x g is a characteristic
function of a measurable set £ C R". Let B; = {x € R" : |2| < 2}, 1 € Z, and B := B(a,r) =
Bl /B f(z)dx.
p/(+) denotes the conjugate exponent defined by 1/p(:) + 1/p/(-) = 1. The letter C' stands for a
positive constant, which may vary from line to line. The expression f < ¢g means that f < Cg, and
f~gmeans f<g5 .

2. Preliminaries and lemmas. We begin with a brief and necessarily incomplete review of the
variable exponent Lebesgue spaces Lp(')(R”) (see [4, 6] for more information).

={y € R": |z —y| < r}. fp means the integral average of f on B, namely, fp =
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Given a measurable function p, we assume that
1 <p- <p(x) < pt < oo, )

where p_ := ess infycpnp(x) and py := ess sup,crnp(T).
By LP0)(R™) we denote the set of all measurable functions f on R” such that

Loy(f) = / (@) PDd < oo,
Rn

This is a Banach space with the norm (the Luxemburg — Nakano norm)

11l Lo ny = inf{p > 02 Loy (f /) < 1}

It is easy to see that this norm has the following property:

17 Lo @ny = I Zoper gnys @ 2 1/P— 3)

By P(R™) we denote the set of variable exponents p(-) satisfying (2). When p(-) € P(R"), the
generalized Holder inequality holds in the form

/ F@g@)d < roll fll o oy 91 s 4)

with r, =14 1/p_ — 1/p4 (see [13], Theorem 2.1).
The set B(R™) consists of p(-) € P(R™) satisfying the condition that M is bounded on
Lre) (R™), where M denotes the Hardy — Littlewood maximal operator defined by

1
Mf(x) = §1>118 MB(/) |f(y)ldy.

It is well-known that if p(-) € B(R™), then p'(-) € B(R™) (see [12], Proposition 2).
A function ¢(-) : R™ — R is called log-Hélder continuous at the origin (or has a log decay at
the origin), if there exists a constant C,; > 0 such that

Clog
-0 < ————m—— R™,
6(0) —00)| < (o we
If, for some ¢, € R and Cjo > 0, there holds
C’log
- ; eR",

then ¢(-) is called log-Holder continuous at infinity (or has a log decay at the infinity).
Lemma 2.1. If p(-) € B(R"), then we have

||XB”LP(‘)(R")”XBHLP/(‘)(]RH) < 1Bl
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Lemma 2.2. [If p(-) € B(R™), then we have, for all measurable subsets E C B,

3 6
Ixellzro @ _ <|E|> 1 IXEllro@n (|E|> 2,

IxBllLro @y ~ \IBI IxBll e @y ~ \IBI

where 01,09 are constants with 0 < 01,09 < 1.
Lemma 2.3. Ifp(-) € B(R"), b€ BMO(R"), k > j, k, j € N, then we have

1
sup

- - @@ b—bB XB|| 7p0) (rny = b*,
52 Tl 0~ PX8 ey = P

16 = bB,)xBi | Loy ny S (k = DOl N o) (gn)-

Lemmas 2.1-2.3 are due to Izuki [12].

1 1 1
Lemma 2.4. Let p(-) € P(R"™). If ¢ > p4 and = —— + —, then we have
p q

()  q(@)
1 f9ll o) @ny S WFll2ae) @nyllgllLan)

for all measurable functions f and g.

Lemma 2.5. Let r1 > 0. Suppose a(-) € L>®(R") is log-Holder continuous both at origin and
at infinity, then we have

a+t
<T1) R 0<T2§7’1/2,

- a—
<> y o > 27’1,
T2

for any x € B(0,r1)\B(0,71/2) and y € B(0,r2)\B(0,72/2).
The proof of Lemmas 2.4 and 2.5 can be found in [21] and [1], respectively.

3. Boundedness on variable exponent Morrey spaces. We first recall the following definitions
given by Ho in [9].

Definition 3.1. Let p(-) € L>°(R"). A Lebesgue measurable function u(z,r): R" x (0, +00) —
— (0, +00) is said to be a Morrey weight function for LPC)(R") if u satisfies

> IXpenlleo @ w(z, 2% r) Su(z,r) 6))
=0 ||XB(z,2j+1r)||Lp(-)(Rn)

for any z € R™ and r > 0.

By Wy, we denote the class of Morrey weight functions. We note that condition (5) is also
used to study the Fefferman — Stein vector-valued inequalities in weighted Morrey spaces (see [10]).
For any p(-) € B(R"), let K,y denote the supremum of those ¢ > 1 such that p(-)/q € B(R")

and &) be the conjugate of Kp(.y. The following result can be seen as a special case of the general
result in [10] for Banach function spaces.
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932 M. QU, L. WANG

Proposition 3.1. Let p(-) € B(R"). For any 1 < q < K,y and 1 < 7 < Ky .y, we have, for
any z € R" and r > 0,
IXB(z,20m) | L) (R

gin(1-2) < <2%  VjeN (6)

HXB(Z 7")”L:D( ) (R™)

Remark 3.1. 1t is easy to check that condition (5) together with (6) yields u(z,2r) < u(z,7)
for any z € R™ and r > 0.

Definition 3.2. Let p(-) € B(R") and u € W,.). The variable Morrey space My ., is the
collection of all Lebesgue measurable functions f satisfying

£ —y— <
Myy, = sup  ———||fxpe, O)(rny < 00
PO% T emm o u(z, ) PERILO®EY

Now, let us state the main result in this section.

Theorem 3.1. Suppose p(-) € B(R") and Q € L*(S* 1) with s > (p)4 is homogeneous of
degree zero and satisfies (1). If b € BMO(R") and

Z(] " 1) ||XB(z,r)||Lp(<)(Rn) u(z,2j+lr) g u(z,r), 7

j=0 HXB(z,QjJrlr)HLp«)(Rn)

for any z € R™ and r > 0, then we have

(N S NOHLF Ay -

Remark 3.2. Clearly, in comparison with the corresponding result by Tao and Li in [26, p. 56],
the smoothness condition on (2 has been removed. More precisely, our result is an improvement of
Theorem 1.4 in [26].

Remark 3.3. There do exist some functions satisfying condition (7). For instance, if, for any
0 < v < 1/&,.), a weight function u satisfies u(z, 2r) < 2""u(z,r) for any z € R" and r > 0, then
(7) holds. In fact, for any v < 1/&,.), there always exists a 7 < 1/K,y() such that y <1 —1/7 <
<1-1/Ky) = 1/&y.). An application of Proposition 3.1 gives

i(jﬂ) IXBGr e @) (Z Qﬁl i 4 1)2in(GHD <
7=0

=0 ”XB(z,Qle)HLp(-)(Rn)

Proof of Theorem 3.1. Let | € M, . Forany z € R" and r > 0, we decompose f = g+ h,
where g = fxp(z2r) and h = Y22, fXB(z 25410\ B(z,2ir)- Noting that piq; is a nonlinear operator,
then we have

1 1

MHXB(Z,T)MQ,b(f)|!Lp<~>(1Rn) < RS

IXB (=) 2.6(9)] Lpe) (mr)

MHXB(Z7T)Mgvb<h)HLP(')(Rn) = I+ II

< u(z,r) and the LPO)(R™)-boundedness of gy (see [28, p. 262]), we

~

For I, using u(z,2r)
obtain
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1
I< HbH*WHfXB(Z,ZT)HLP(')(]R") S

1
< ||b]|« _— o)y < |64 .
S lloll SO R 1fXB(Rr) I Lre @ny S N0l Fll A

For II, we note that if x € B(z,r) and y € R; = B(z,29%1r) \ B(2,27r), then |z — y| ~
~ |y — z| = 2r. The Minkowski inequality yields

1/2
dt

3 dy ¢ S

uosm)@I 5 Y8 [ Do) —slisl | [

|z —yn!
ﬁ; z—y|<t

£ G [ 1) = b2t = )l f)ldy <

S e bla) = b [ 1960~ Il
7

J

<1
+3 G lbaeasn = baen / 1z — )| f(0)]dy+
R,

= 20r)
J
= 1
3 g [ 100) — baaren 1906 ~ )£ @)ldy =
Jj=1 ]’%V
J
=U; + Uz + Us.
i , . 1 1 1
For Uy, since s > (p’)y, then we can choose p*(-) > 0 such that — = —— + ——, by the
s ple)  pr(x)
property (3) and the generalized Holder inequality (4), we get
1 XB(z2+ 1)l L ey S 1 XB (210 | o0 @) IX B2 254 10) | Lo* O (3 - ®)
1 1 1 1 1
Inview of —~ = — — — = —~ — —, Lemma 2.4 in [27, p. 178] yields
p() s p() P() s
X521 2ot 0 @ny & (271) 75 X210 | o) ny- ©)
Thus, from (8), (9) and the Holder inequality, it follows that
1
[o¢] 1 i
U2 5 3 g o) = botenl st e [106 -y | <
Jj= s

R;
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934 M. QU, L. WANG

00 1 .
5 Z 2jT)n ‘b(x) - bB(z,r)|HfXB(z,2j+1r)HLS’(Rn) / |Q(x - y)‘ dy 5

oyl <207

> 1
< Z m’b(f%) - bB(z,r)\”fXB(z,QJ'Hr) HLS'(R”) S

=1
<> e 6(x) = bp(am) |l FXB(z 2410 | Lo () X Bz 20415 L Lo ) (-

For Uy, noting that [bp(; 2i+1,) = bp(zm| S (7 + 1)[[bl|« (see [24, p. 206]), we have
[e.e]

1
Ua Y Wlbza(z,mﬂr) = b 1 XB 210 | Lro @) IXB(2 20410 | Lo Ry S
j=1

[e.9]

Z J+ 1 HbH ”fXB 2J+1r)”Lp<> Rn)”XB 20+ 1y HLp() (R7)
7j=1

For Us, applying Lemma 2.3 with B = B(z,2/!r), (8) and (9), we obtain

o0
Us < Z i || (b= bp(z2i+10)) X B( z2J+1T)||Le (R") S
]71
o0
5 T')HLP() ]R”)H( B(Z,2j+1r))XB(Z,2j+1T)HLP’(')(Rn) 5
]:1
o
Z HLP() R™) HXB 2,20+ 1p HLp< ) (Rm)*
]:1

Combining the estimate of Uy, Us and Us, by Lemmas 2.3 and 2.1, we get

IXB(zm oM re) @ny <

[e.e]
: 1
S Z(J + 1)WubH*||XB(z,r)HLp<»>(Rn)HfXB(z,er)HLp<»>(Rn)HXB(Z,QJ‘HT)HLP’«)(Rn) S
j=1

SbleY G +1) e lro @) ul(z, 27 1r) x
: IXB(z,2+10) | Lr) (R

1
X sup 7R)HfXB(z,R)”LP(')(]R")§

2€R",R>0 u(27

o0
() (R .
Sl Y G+ 1) bep e lrt @ u(z, 270 [ fllv e

=1 HXB(z,21'+1r)HLp(-)(Rn) ’
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Thus, in view of the condition (7), we arrive at the desired inequality

1

= WHXB(m)ﬂﬂ,b(h)”Lp(-)(Rn) S
- ||XB(z 7‘)||Lp(~)(Rn) u(z 2j+17«)
< ||b 11 , , <1b .
~ || ||*Hf||Mp(-),u ;(] + )"XB(Z,QjJrlr)HLP(')(Rn) U(Z,?“) ~ H ||*||f||Mp(.)7u

Theorem 3.1 is proved.

4. Boundedness on variable exponent Morrey — Herz spaces. Let By, = {x € R" : |z| < 2F},
Ry, = By\Bj—1 and xj = xR, be the characteristic function of the set Ry, for k € Z.

Definition 4.1. Ler 0 < ¢ < o0, p(-) € P(R") and a(-) : R™ — R with a(-) € L>®(R"). The
homogeneous Herz space Kp(()) (R™) is defined as the class of all f € Llo(c) (R™\{0}) such that

1/q
1) ey = (ZH?’“ >f><k||LpuRn> <0

keZ

with the usual modification when q = 00
Definition 4.2. Ler 0 < X\ < o0, 0 < ¢ < o0, p() € P(R™) and a(-) : R" — R with
a(-) € L>®(R™). The homogeneous Morrey— Herz space MKO‘(')’)‘(R”) is defined as the class of all

ap(")
fe Lloc (R™\{0}) such that

1/q
HfHMKa()A(Rn) = ksup 2" ko ( Z HQ’COZ kaHLp )(Rn)) <0

k=—o00

with the usual modification when q = o0

Remark 4.1. 1t obviously follows that MK?\V(R") = K°\) (R™). If both a(-) and p(-)

are constants, then M K;“;())’\ (R™) coincides with the classical Morrey — Herz spaces M K5 (R™)
defined in [19].

Lu and Zhu [20] obtained the following result.

Proposition 4.1. Let 0 < A < 00, 0 < ¢ < o0, p(-) € P(R") and a(-) € L>®(R"). If a(-) is
log-Hdélder continuous both at origin and at infinity, then

ko 1/q
£l o) gy & max q  sup 27502 2200 x| ,
MR E) ko<0,koE€Z kz—:oo LPO(R™)

1 1/q ko 1/q
sup 9—koX ( Z 2ka(0)quXk”%p(-)(Rn)> 4+ 9 koA (Z QkaoofJHkaHLp() Rn))

ko0>0,ko €Z b oo k=0

The results obtained in this section can be summarized as follows.

Theorem 4.1. Suppose b € BMO(R"™), p(-) € B(R") and Q € L5(S"™1) with s > (p')4 is
homogeneous of degree zero and satisfies (1). Let A > 0, 0 < ¢ < oo and «(-) € L®(R"™) be
log-Holder continuous both at the origin and at infinity such that
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936 M. QU, L. WANG
A—ndp < a_ <ay <ndy—(n—1)/s,

where 0 < 01,02 < 1 are the constants appearing in Lemma 2.2. Then the commutator jiqy is

bounded on MK (()))‘(R")

We would like to point out that Theorem 4.1 is still true in the particular case A = 0, namely,
in the framework of Herz spaces with variable exponents. By using the same method of proving
Theorem 4.1, we get the following corollary.

Corollary 4.1. Suppose b € BMO(R"™), p(-) € B(R™) and Q2 € L*(S"1) with s > (p')4 is
homogeneous of degree zero and satisfies (1). Let 0 < q < 0o and «(-) € L*(R"™) be log-Holder
continuous both at the origin and at infinity such that

—nd < a— < ayp <ndy —(n—1)/s,

where 0 < 01, 02 < 1 are the constants appearing in Lemma 2.2. Then the commutator g} is
bounded on K°) (R™).

p().q
Proof of Theorem 4.1. Let f € M K;g()f)k(R"). We decompose
=) @)=Y fi)
j=—oe j==o0

The Minkowski inequality implies that

Y ka(-
sy o gy = 95 Z Ol Dl LoO @)
ko k—2 1
<:u};2 koA Z gkal) Z [ ()] Xk +
0E k=—00 j=—00 LP(')(R”)
k1 1
+ sup 270 Z 201N uas(f)I ] X +
ko€EZ k=—00 j=k—1
Lr() (Rn)
ko oo a
+ sup 27702 N9kl LN g L (£5)] ] X =
ko€Z k——o0 j=k+2 LrC) (R™)
=V + Vo + Vs,

For V1, noticing that |z — y| ~ |z| ~ 2* for z € Ry,y € R; and j < k — 2, then we have

1
Ja| 2\ 2

st@ls | | <b<x>—b<y>>w]uy>dy del

t3
0 |lz—yl<t
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-

2 2
[ o@-wn T wa] G|
lz| |lz—y|<t

(/w ) = bIIR — Il

’x_y|n ! |x—y‘%

/|b ) = b()||z —y )Hfj(y)!idy<

=y 2]~
52*7/wm>b@MQ@yMﬂ@wm
J

This together with Lemma 2.5 yields

2kelo) Z la,o(fi) (@) [xk(z) <

.
k—2
S S 2t [0 - y)be) - bl Wldy () S
J=—0 Rj
k—2
$ 30 e [5e0iaG - y)be) - b)) dy (o) <
J=—0 Rj

B2
< Y0 2Fmateden | i(z) — b, ‘/2ja 2z = y)If5(y)ldy+
RJ

]—700

+/”m%@—mmmu—mm@wy~m@» (10)
R;

1 1 1
Define a variable exponent p*(-) by —— = —— 4 —, since s > (p')4, using the fact that
px)  pHx) s
1xB; || o vy = X B, HLP/(,)(R,L)|B]~\*1/S (see [28, p. 258]) and Lemma 2.4, we obtain

192(2 = )Xl s @y S 11920 = )Xl s @y X | o0 @y S

K

|z|+27
S / /Q(y’)lsda(y’)gnldg 18, | s ey | B3l 5 S

|z|—2d Sn—1
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938 M. QU, L. WANG

An application of Lemmas 2.3, 2.4 and (11) gives

16 =b8;)2z = )Xl o) @y S 10 = 0B;)X5l] Lo ) ) 1@ = )Xl or) S

IS ”bH*HXB] HLP*(')(R")HQ('x - ')XJ'HLS(]R") S 2(k_j)(n_1)/s||XBj ||Lp/(<)(Rn)' (12)
Then, from (10)-(12), (4) and Lemmas 2.1-2.3, we deduce
k—2
2500 N g (f)Ixk S
j==o0 Lr() (R)
k—2
< 3 a0 i (106 = b, )Xkl ey |2 = sl +
j=—00
1106 = b3,)2 = )50 oy Ikl ) ) S
k—2
5 Z kanz(k*])a+ sza()f]HLp()(Rn) ((]C . -)Q(k*])(nfl)/s”XBj HLPI(‘)(Rn)HXBk HLP(')(R”) -+
j=—00
o+ 25O DY s g X8 ooy )
k—2
< Z (k — j)2_k”2(’“_])(o‘+(”_1)/s)H2]a(')fj”Lp<~>(Rn)”XBj||Lp'<-)(Rn)HXBk||Lp(~)(Rn) S
j=—00
D S AT R TN B A L
~ oo ( )|’XBkHLp’(~)(RrL) ~
S Y (k= )20 Romee =D 9300 £ ) gy
j=—00

Therefore, we arrive at the estimate
q

ko k-2
Vi & sup 27 FoM Z gkal) Z s (fi)] | Xk S
Foc” k=—o0 J=—o0 LrCO) (R™)
ko k-2 1
Ssup 2R NN (ke — )20 R e =D 1900 il gy
ko€Z k=—oco \j=—0o0

Now we can distinguish two cases as follows:

Case 1°. If 0 < g < 1, using the well-known inequality
oo a oo
aj| <> el a;>0, j=12,..., (13)
j=1 j=1

ISSN 1027-3190.  Vkp. mam. scypn., 2020, m. 72, Ne 7



ON THE COMMUTATOR OF MARCINKIEWICZ INTEGRALS WITH ROUGH KERNELS ... 939

we obtain
ko -
Vi < sup 27 ko Z Z qQ(J k)(ndz—ay—(n— 1/$)QH2301 fJ”LP() S <
ko€EZ k=—o00 j=—00
ko—2 ko
< sup 27500 37 2O 1 D (k= )20/
ko€Z j=—o00 k=j+2
ko—2
< sup 2 ko 200 fillT o0 @y S I airn g
koc J_Z_:oo‘ Meser ey S 1 ot oy
Case 2°. If 1 < q < oo, the Holder inequality implies that
ko k—2
Vi < sup 2-Fora Z Z 9(j—k)(ndz—at—(n—1)/s) Q/QHZ""‘()fg||Lp(> o
ko€EZ k=—o00 \j=—00
b—9 a/d
x Z (k _j)q’Q(J'*k)(n527a+*(n*1)/8)q//2 <
j=—00
ko—2 ko
o) j—k)(nd
< sup 27 koM Z ||2Ja fJ”Lp()Rn) Z 9(i—k)(néa—ar—(n—1)/s)q/2 <|If1I RO
ko€Z < = MK 5 (R
j=—00 k=j+2 4,p(+)

We proceed now to estimate Va. By Proposition 4.1 and the LP(") (R™)-boundedness of the com-
mutator ug p, we get

k k !
0 +1
Vommax{ sup 2707 N ok N0 (1] | xe )
ko<0,ko€EZ e —oco j=k—1 L) (RM)
-1 k+1 9
sup ok S0 o000 | (37 (i)l x|+
ko>0,ko€Z k=—oc0 J=k—1 LrO)(R™)
ko k+1 !
27 R0ATN Tokeccd LN gy ()] | X S
k=0 j=k—1 LP() (Rn)
S max Sup ko)\q H2kaoc fX ‘
{k0<0,ko€Z ; | | L )(]R"

sup [ ~kodq Z H2ka°°|ka|‘

ko>0,koEZ

o+ ’Wzﬂzwfxu\

<
LrC)(R™) ~

Lp( )
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S oty oy
q,p

For V3, once again by Proposition 4.1, we have

V3 ~ max{FE, F'},

where
ko o0 e
E= sup 2 koM Z 2he(0) Z [ (f)] ] Xk 5
ko<0,koEZ k——o00 j=k+2 LP(C) (Rn)
—1 o0 q
F= sup 9~ koAq Z 2he(0)a Z lap(fi)] | Xk +
ko>0,koEZ k=—o00 j=k+2 LP(‘)(R”)
ko oo !
+27R0A Ny akased [N T g b (f)] | X
k=0 j:k+2 Lp(~)(]R7L)

For E, noticing that |z — y| ~ |y| ~ 2/ for x € Ry,y € Rj and j > k + 2, then we obtain

2\ 2
lposl£)(@)] £ 7 [ o —ven 2 a |+
0 z—y|<t
) lz—y|< 2 %
o WA RO e OO I
lyl [lz—yl<t
/\b —b| MO I _Jel2
z—y| |z —yl2

/|b ) = b()||z —y )Hfj(y)!idy<

|z —y[*t lyl =~

S27" / b(z) = b(W)|[z — Y[ f5(y)ldy <
R;

S 27jn”fj||LP(')(R”) <|b($) — bp, |||z — ‘)XjHLp’«)(Rn)‘f‘

+ 1920 = (b = b )Xl g ) - (14)
Similarly to (11), we get
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19202 = )xll oy @ny S 1192 = )Xl s @my X | 2o @y S

27+1 1
S / /IQ(y’)\sda(y’)gn—ldQ ”XBJ'HLP’«)(Rn)!Bﬂ_l/Sg
0 §n-1
SN sy X85 | o emy (15)

which in conjunction with Lemma 2.4 implies
16 = b, )2z — )Xl 1oy () S 110 = bB)XG ] Lo @) 122 = )Xl Lo (rm) S
S (G = BB, | 1o o @ny 192(z = )Xl s (mn) S
SU- k)HXBjHLp’M(Rn)- (16)
Now from (14)—(16) and Lemmas 2.1 -2.3, we obtain
2.6 (F3) X0 ot @y S 277" 51l Lo ey (H(b = b )Xkl Lo () 12(2 = )Xl Lo (emy +
16 = 58I = X5l 0y Ik Lo gy ) S
< (G = B2 fill 2o ey X B £ ey [1X B o ey S

| HXBI@HLP(')(Rn)
< (j— k:)HfjHLP(')(R")m :
J o R®

< G = k)25 £l Lo ny -
Consequently, we have

q

ko )
E= sup 2% " oke@a 1N 10 0 (£)] ) xk S
ko<0,koEZ b oo j=k+2 LP() (R7)
ko o0 . !
S sup 2R R Dok T (G — B) 20D fil] o ey
ko<0,ko€Z k=—00 j=k+2
If 0 < g <1, by(13), we get
ko ko—1
E< sup 9—koAq Z oka(0)g Z (j _k)q2(k J "51q|]f]||Lp() Rn)—l-
ko<0,koEZ k——o00 j=k+2
ko o0
+ sup 2 koM Z oka(0)q Z<j k)qQ(k: JnéqufjHLp() &) =
ko<0,koEZ k——o00 j=ko
= F1 + BEs.
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For E, in view of nd; + a(0) > nd; + a— > 0, we obtain

ko—1 =
—Eko\ i k— 0
ElSk sup  27F0AT QJO‘(O)qujH%p(.MRn) D (= k)yr2t)maraha
0<0,ko€EZ j=—o0 ke — oo
ko—1
S sup 270N 200 £ y SIS,
ko<0,ko€Z J_E:OO e Kop() ")

For Es, noting that a(0) +nd; — A > a— +ndy — X > 0, we get

- —koAq q (k—j)(nd1+a(0))q9ja(0)q
Ey~ sup 0 Z Z g(k=d)(nd1+a(0)agie(0 Hf]”Lp()]R" ~
k0<0,k0€Z k=—00 j=ko
< sup —koAq Z Z q2 (k=j)(nd1+a(0))g9iAq 5
ko <0,/€0€Z k=—00 j=ko

j A l
x 27 Z 2100 quzHLp()Rn N

l=—00
—ko)g k\q q (k—j)(nd1+a(0)—X)g q
S sup 0 § 2 § 2( ! Hf” KO Ry N
k‘o<0,k‘0€Z k=—o0 j=ko q ()

ko
—koA kA
5 sup 277 q ( Z 2 q> ||f||§1\/[Ka(~),)\(Rn) S HfH(]IMKQ(-M(Rn)'
a,p(+)

ko<0,ko€Z b——o0 a,p(")

If 1 < g < oo, we have

ko kO—1
E<  sup 9—koAq Z oka(0)q Z (G — k)2(k*j)n51 HfjHLP(')(]R") 4
ko<0,ko€Z k=—c0 j=k+2
ko o0 . !
+ sup 2—k0)\q Z 2ka(0)q Z (] _ k)2(k—J)n51 ||f] HLP('>(R") =
ko<0,ko€EZ k——00 j=ko

For Fj3, the Holder inequality yields

ko—1

ko
By~ sup 9—koAq Z Z (G — k)2(k—])(n51+a(0))2jo¢(0)||fj||Lp(.)(Rn) S
ko<0,ko€EZ k=—oco \j=k+2

ko ko—1
< gup 27koMa Z Z 9(k=3)(nd1+a(0))a/297e(0)a | ¢\

N X
k=—oco \j=k+2

»(: )
ko <0,koEZ Lr)(Re)
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ko1 a/q'
% Z (G — k)q’Q(k—j)(n§1+a(0))q’/2 <
j=k+2
ko—1 j—2
—koA k—7)(nd1+a(0))g/2
< sup 0Ag Z 9ja(0 qu]HLp O®Y Z 2(k—9)(ndi1ta(0)e/2 <
k0<0,k0€Z j=—o0 k——o00
ko—1
S sup  27RoM 290(0)a ] £, wy S P, ot
k0<0,k0€Z jz_:oo TPO® Mva;g',;\(Rn)
For F,, as argued for Eo, we obtain
ko 00
Ei < sup 2 oM Z Z 9 (k—=7)(nd14a(0)+A)q/29ja (0 qu]”Lp()(Rn X
ko<0,ko€EZ k=—oo \j=ko
- q/q
% ZO — k)1 "o (k—=5)(né1+0(0)=A)q' /2 <
J=ko

ko
< sup  27hoX Z Z 9(k—=37)(nd1+(0)+X)q/29jrq9—jAq Z 9ola(0 qulH

Lp( S'
ko<0,koEZ k=—oo \j=ko I=—o0
ko )
5 sup 27]60)\(] Z 2k/\q 22(k7j)(n51+a(0)7)\)q/2 Hqu oA 5
ko<0,ko€EZ k——o0 j=ko MK(LP(') (R™)
ko
< osup 27RAr | N gk A1, o SIAE o ‘
ko<0,ko€Z k= —o0 ( A A(Rn MKq,;g'y))\(Rn)

We omit the estimation of F' since it is essentially similar to that of E.
Theorem 4.1 is proved.
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