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SOME NEW BOUNDS OF GAUSS-JACOBI
AND HERMITE -HADAMARD TYPE INTEGRAL INEQUALITIES

HOBI I'PAHUIII J1J15 IHTETPAJIBHUX HEPIBHOCTEM
THUITY TAYCCA -SAKOBI TA EPMITA - ATAMAPA

In this paper, authors discover two interesting identities regarding Gauss—Jacobi and Hermite — Hadamard type integral
inequalities. By using the first lemma as an auxiliary result, some new bounds with respect to Gauss—Jacobi type integral
inequalities are established. Also, using the second lemma, some new estimates with respect to Hermite — Hadamard type
integral inequalities via general fractional integrals are obtained. It is pointed out that some new special cases can be
deduced from main results. Some applications to special means for different positive real numbers and new error estimates
for the trapezoidal are provided as well. These results give us the generalizations, refinement and significant improvements
of the new and previous known results. The ideas and techniques of this paper may stimulate further research.

3HaliIeHo ABI IiKaBI TOTOXXHOCTI JUIsl IHTErpajbHUX HepiBHOCTell Tuiry ['aycca—SIko6i Ta Epmita— Anamapa. 3 BUKOpH-
CTaHHSAM IEPIIOi JIeMU K JOMOMDKHOTO PE3yJbTaTy BCTAHOBJICHO AEAKi HOBI TPaHUII 1HTETPaJbHUX HEPIBHOCTEH TUILY
laycca— Ako0i. Jlaii, 3a 1ONOMOTOI0 JIpYroi JIeMH Ta 3arajlbHUX APOOOBUX iHTErpalliB OTPUMAHO JiesKi HOBI I'paHULI iH-
TerpajbHUX HepiBHOCTeH Tumy Epmira— Anamapa. 3a3Ha4eHo, 110 3 OCHOBHHX PE3y/IbTaTiB MOXKHA OTPUMATH €Ki HOBI
BUMaKH. TakoK 3arMpoOIOHOBAHO AEsSKi 3aCTOCYBAHHS 1O CICI[albHUX CEPeNHIiX TS Pi3HUX JOJATHHUX MIHCHHX YHCET Ta
HOBI OLIHKKM MOXMOOK [uist Meroxy Tpamewii. L{i pesynsrarti € y3arajJbHEHHSM, YTOYHCHHSM Ta 3HAYHUM MOKpPAIICHHSIM
HOBHX Ta paHillle BIJOMHX Pe3yJIbTaTiB. [aei Ta MeToam wi€l cTaTTi MarOTh CTUMYIIIOBATH MOAAJIBIII JOCIiIKESHHS.

1. Introduction. The following notations are used throughout this paper. We use I to denote an
interval on the real line R = (—o0, +00). For any subset X' C R™, K° is the interior of K. The set
of integrable functions on the interval [a1, az] is denoted by L[ai, as].

The following inequality, named Hermite — Hadamard inequality, is one of the most famous in-
equalities in the literature for convex functions.

Theorem 1.1. Let f: I C R — R be a convex function on I and ai,as € I with a1 < as.
Then the following inequality holds:

H(E5) < o o e L1 L
ag — aq

2 2

This inequality (1.1) is also known as trapezium inequality.

The trapezium type inequality has remained an area of great interest due to its wide applications
in the field of mathematical analysis. For other recent results which generalize, improve and extend
the inequality (1.1) through various classes of convex functions interested readers are referred to
[1-33, 35, 37, 38]

The Gauss —Jacobi type quadrature formula has the following:

a2

+o00o
[ = alas =215 @)s =3 Bufu) + RISl (1.2)
ai k=0
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for certain By, 1,7, and rest Ry, |f| (see [34]).
Recently in [20], Liu obtained several integral inequalities for the left-hand side of (1.2). Also
in [28], Ozdemir et al. established several integral inequalities concerning the left-hand side of (1.2)

via some kinds of convexity.

Let us recall some special functions and evoke some basic definitions as follows.
Definition 1.1. For k € R* and x € C, the k-gamma function is defined by

nlk"(nk)E ="

Its integral representation is given by

One can note that

) = i
i a—1 _i
Fi(a) = [ t% e ® dt.
0

Iip(a+ k) = al'y(a).

For k =1, (1.3) gives integral representation of gamma function.
Definition 1.2 [24]. Let f € Llai,as]. Then k-fractional integrals of order o, k > 0 with

a1 > 0 are defined as

T

a,k _ 1 _ %71
Ia1+ f(z) = FT(0) /(x t)r " f(t)dt, x> ay,
and
I:;f(m) = kl"kl(oz) /(t —z) L f(b)dt, as > .

T

For k =1, k-fractional integrals give Riemann —Liouville integrals.

Definition 1.3 [36].

n:Sx S —R" ifx+tn(y,z) €S forevery z,y € S and t € [0, 1].
The invex set S is also termed an n-connected set.

Definition 1.4.

(1.3)

A set S C R" is said to be invex set with respect to the mapping

Let S C R™ be an invex set with respect to n: S x S — R™. A function

f:S —10,+00) is said to be preinvex with respect to n, if, for every x, y € S and t € [0, 1],

flz+tn(y,z) <A —t)f(z)+tf(y).

Also, define a function ¢ : [0, +00) — [0, +00) satisfying the following conditions:

1
/Spit)dt < +00,
0

< #(s) <A for <

S | ®»

<2,

N | —

(1.4)

(1.5)
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e wLs
:2) < Bs(2) for s<, (1.6)
1
w(;“) B 90(28) < Cpr - S|90(;“) for ~<®<o (1.7)
r s r 2 T
where A, B,C > 0 are independent of 7, s > 0. If ¢(r)r® is increasing for some « > 0 and i;)
r

is decreasing for some 5 > 0, then ¢ satisfies (1.4)—(1.7) (see [31]). Therefore, we define the
following left- and right-hand sided generalized fractional integral operators, respectively, as follows:

sl @ = [EE= g 0a, s,

a2

S 1of@) = [ p0a, <o

The most important feature of generalized fractional integrals is that they generalize some types of
fractional integrals such as Riemann - Liouville fractional integral, k-Riemann - Liouville fractional
integral, Katugampola fractional integrals, conformable fractional integral, Hadamard fractional inte-
grals etc. (see [30]).

Motivated by the above literatures, the main objective of this paper is to discover in Sections 2
and 3, two interesting identities and to established some new bounds regarding Gauss—Jacobi and
Hermite — Hadamard type integral inequalities. By using in Section 2 the first lemma as an auxiliary
result, some new bounds with respect to Gauss —Jacobi type integral inequalities will be given. Also,
by using in Section 3 the second lemma, some new estimates with respect to Hermite — Hadamard
type integral inequalities via general fractional integrals will be obtained. It is pointed out that some
new special cases will be deduced from main results. In Section 4, some applications to special
means for different positive real numbers and new error estimates for the trapezoidal will be given.
These results will give us the generalizations, refinement and significant improvements of the new

and previous known results. The ideas and techniques of this paper may stimulate further research.
2. Some new bounds of the quadrature formula of Gauss—Jacobi type. Throughout this
study, for brevity, we define

t
A (t) = / de < 400, n(az,ai) > 0.
0

For establishing some new bounds integral inequalities for Gauss —Jacobi type, we need the following
lemma.
Lemma 2.1. Let P = [aj,a1 + n(a2,a1)] € R be an open invex subset. Assume that
f: P — R be a continuous mapping on P° with respect to n: P x P — R for n(ag,a;) > 0.
Then, for any fixed p, q > 0, we have
a1+n(az,a1)

[ Gaman)] [ (e =) s
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n(az,aq) A’k 1-— t)] f(a1 + tn(ag,ar))dt. (2.1)

O\H

We denote
1
Tf V(a1 a2) = n(az, a1 / A* 1-— t)] flar 4+ tn(az, ay))dt. (2.2)
0

Proof. By using (2.2) and changing the variable x = a1 + t7(ag, a1), we have
Tﬁ’j{*(ahaz) =n(az,a1) x
a1+n(az,a1)

< P GE] I O e -

al

a1+n(az,a1)

= [l GES) e ()] e

al

Lemma 2.1 is proved.
Corollary2.1. Taking n(az,a1) = as — a1 and o(x) = x, in Lemma 2.1, we get the following
identity:
az 1
/(x — a1)P(ag — x)7f(z)dx = (ag — ap)PTIH! /tp (1 —t)9f(a1 + t(az — ar))dt.
ai 0
With the help of Lemma 2.1, we have the following results.

Theorem 2.1. Let P = [a1,a1 + n(a2,a1)] € R be an open invex subset. Assume that
f: P — R be a continuous mapping on P° with respect to n: P x P — R for n(az,a1) > 0. If

k
| f|¥=T is preinvex mapping on P for k > 1, then, for any fixed p, q > 0, we have

k—1
_k_ _k_ %
k— k—

TP (a1, a2)| < naz, a1) § AR (k) ['ﬂ“l)' 1) ] ,

where
1
AR (k) / 1 [A%(1 — 6)]Hdt.
0

k
Proof. Since |f|*T is preinvex mapping on P, combining with Lemma 2.1, Holder’s inequality
and properties of the modulus, we get

1
T}D,’X*(al,@ < n(az, a1 / — )] f (a1 + tn(az, a1))|dt <
0
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(Y
k

1
/ Flar + t(az,a))|PTdt| <
0

k

1
< n(az,ay) / [A* ()] [A*(1 = 1)]"de
0

k—1
1 =
< oy = 2 _
< nfaz,a) {2520 | [ (0= DIF@)IT + i@ )dt| =
0
Fa)l™ + (e ]
= n(az, a1) {/ AR (k) [ e ] .
Theorem 2.1 is proved.
We point out some special cases of Theorem 2.1.
Corollary2.2. Under the assumption of Theorem 2.1 with p(t) = t, we get
e + [P ] T
) a —1 a —1
TR (ar a2)| < PP (az,a0) /Blkp + Lkg +1) | ] :
where A = n(az,a1)t.
«
Corollary 2.3. Under the assumption of Theorem 2.1 with p(t) = m, we have
e
7 770‘(17+Q)+1(a2,a1) )
Tf,X;(alan)’ S Fp+q(04+1) Vﬁ(akp—i— 17akq+1) X
k—1
_k_ k7 7%
(1@ + (e
2 9
Ua(a% al)
here A5 = —————=t*.
where AJ Mo+ 1)
£k
Corollary2.4. Under the assumption of Theorem 2.1 with p(t) = —————, we obtain
lelﬂ (Oé)

= (pt+g)+1
Tfﬁ*(al,w)‘ < v (az,a1) {/ﬁ <akp + 1, qu + 1) X
s4\g p+q kl k-l
[lekl (Oé + kl)}

; [rf<a1>\k’“1+|f<a2>|k’“1]k,
2

X‘Q

n 1(@2,611) a
h A= —— L R,
wnere 3 lekl (a+k1> 1
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Corollary2.5. Under the assumption of Theorem 2.1 with o(t) = t(ay + n(az,a1) — t)* and

f(zx) is symmetric to x = a1 + 7]((122,al)7 we get
W T 0, 01) Fa)lPT + [fla)FT]
Tf,AZ(al’aQ) < e Cra(a, k) 5 7
where
CP%a, k) =

a1+n(az,a1)
- / [(a1 +n(az, a1))" = ta}kp [(a1 +n(az,a1))* = (2a1 + n(as, a1) — t)a]kth

al

and
Ar = (et n(az,a1))* — (a1 + (1~ t)n(as, a1))”
4 —_— .
o
Theorem 2.2. Let P = [a1,a1 + n(az2,a1)] € R be an open invex subset. Assume that

f: P — R be a continuous mapping on P° with respect to n: P x P — R for n(az,a;) > 0. If
|f|! is preinvex mapping on P for | > 1, then, for any fixed p, q > 0, we have

-1
T4 (a1, 02)] < nlaz, ) [4R2D)] T BRI (@) + B f (@)l

where
1

BRI = /(1 —t)[A*®)]"[A* (1 — 1)) at

0

and AYI(1) is defined as in Theorem 2.1.
Proof. Since | f|' is preinvex mapping on P, combining with Lemma 2.1, the well-known power
mean inequality and properties of the modulus, we get

1
‘ A* al,GQ ’ < 77 az, a1 / A* [A*( )]q|f(a‘1 + t"?(a%al))‘dt <
0

-1
l

1 1
< n(as, 1) /[A*(t)]p[A*(l—t)]th /[A*(t)]p[A*(l—t)]q\f(al+tn(a2,a1))\ldt <
0 0

l

; T

< n(az,a1) [A]f{f( T / A* [A*(l — t)] ((1 — t)|f(a1)|l + ] (a2)] ) #l =
0

= n(az, m) [431(1)| v v/ BRAf () + B

Theorem 2.2 is proved.
We point out some special cases of Theorem 2.2.

flaz)l"
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Corollary 2.6. Under the assumption of Theorem 2.2 with p(t) = t, we get

-1
TP (n,a2)| < P77 (az,00) BT (p 4 1,0 1)

X /B +La+ DI f(@)] + Bla+ 1,0 +2)| f(@)|l.

«Q

Corollary2.7. Under the assumption of Theorem 2.2 with p(t) = ———, we have

I'(«)

na(p+q)+1(a2 a)
Irta(a+1)

‘Tf}({;(al,az)‘ < 571(04174- Lag+1) x

x {/Blap + 1,00 + )| f(ar)[ + Blaq + 1,0 + 2)| f(aa)].

o
Corollary 2.8. Under the assumption of Theorem 2.2 with ¢(t) = 71, we obtain
k‘l Fkl (Oé)
7y o)+l
D,q n "1 (a27 al) _
‘TﬁAg(al,ag)‘ < B —kl +1, —k +1

[klr,ﬁ (a+ kl)]m

. \l//s (34182 2] @l + 5 (0 + 152 4 2) (@l

Corollary2.9. Under the assumption of Theorem 2.2 with o(t) = t(a1 + n(az,a1) — t)* and
n(az,a1)

f(zx) is symmetric to © = a1 + 5

, we get

=1
]

CPe(a, 1)
Tra;(ar, 02)| < mlaz, ar) {m] y/Dralf @l + Dorlf(a)
where
a1+n(az,a1)
D= i [ - @ (s, ) - ]
ap+q772(a27 (Il) ’

x [(a1 4+ n(az,a1))* — (2a1 + nlaz, ar) — t)*]"dt.

3. Some new bounds of Hermite — Hadamard type via general fractional integral inequali-
ties.

Theorem 3.1. Let f: P = [a1,a1 + n(az,a1)] — R be a preinvex function on P with
n(ag,a1) > 0. Then the following inequalities for generalized fractional integral hold:

n(az,a1)
2

1
ot M) < i [ @ 4 0, @0)) 4 oy itonany Tof@)] <

< f(a1) +f(a2)_

<2 G.1)
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Proof. Fort e [0,1], let x = aj + tn(az,a1) and y = a1 + (1 — t)n(az,aq). From preinvexity
of f, we get

o Mooy g (200) < L0 00)

i.e.,

o ( + "5M) < flar - mtonan) + flar+ 0= On(ea). 32)

o . ,a1)t . . . . .
Multiplying both sides of (3.2) by M and integrating the resulting inequality with respect

to t over (0, 1], we obtain
1
2f <a1 a27a1 >/()0 G/Q,al dt <
0

1
/ - a27 )t (CL1 + tn(ag,ay))dt + / Wf(al + (1= t)n(ag, ar))dt.
0 0

Hence,

1
n(az,a a,a
of (a + L) [N gy < [t flan + a2, ) + oy sotanay Tof )]
0

So, the first inequality is proved.
To prove the other half of the inequality in (3.1), since f is preinvex, we have

flar +tn(az,a1)) + flar + (1 = t)n(az,a1)) < f(a1) + f(az). (3.3)
p(n(az, a1)t)
t

Multiplying both sides of (3.3) by and integrating the resulting inequality with respect

to t over (0, 1], we obtain

1
n(as, a
a1+Lpf(a1+77(a2,a1))+ (al+n(a27al))_1¢f(a1)] < [ a1) + f(az) /‘P 2,01) dt.
0

Therefore, the second inequality is proved.
Theorem 3.1 is proved.
We point out some special cases of Theorem 3.1.
Corollary3.1. Taking n(a2,a1) = as — a1 in Theorem 3.1, we get Theorem 5 of [3].
Corollary3.2. If in Theorem 3.1 we take p(t) = t, then the inequalities (3.1) become the in-
equalities

n(az, a 1
f (Gl + (2)> < m Ia1+f(a1 +n(az, ar)) + I(a1+n(a2,a1))*f<a1) <

ISSN 1027-3190. Vkp. mam. scypn., 2021, m. 73, Ne 8



SOME NEW BOUNDS OF GAUSS-JACOBI AND HERMITE -HADAMARD TYPE INTEGRAL INEQUALITIES 1075

< flar) + flaz)
—= 2 ’

where 1 ot fand I a5 f are the classical Riemann integrals.
«

Corollary3.3. If in Theorem 3.1 we choose ¢(t) = m
o

, then the inequalities (3.1) become the

inequalities

, Tla+1) [, .
/ <a1 " 77(OL22 al)) = 2?756((1@2,@)1) Jor flar +nlaz, a1)) + JG, 4y(agan)-F(a1) | <
< f(al);f(a2)7

where J(‘;ﬂr f and J;“_ f are the fractional Riemann integrals.
1 2

t
Corollary3.4. If in Theorem 3.1 we take p(t) = M‘ik(), then the inequalities (3.1) become the
k(v

inequalities

n(az,ar) Lr(a+k) [ak ok
/ <a1 T > = 2n% (a2, a1) [Izﬁ Flav+m(az, @) + LG, (g any-F (@) | <

_ fla) + f(a)
- 2

Corollary3.5. If in Theorem 3.1 we choose ¢(t) = t(ay + n(ag,a1) — t)* 1 and f(x) is sym-

(az,a1)

metric to x = a1 + i 5 then the inequalities (3.1) become the inequalities

a1+n(az,a1)
n(az,ar) o f(a1) + f(a2)
d (al M > = (a1 +n(az,a1))* — af B '

al

t 1-—
Corollary3.6. If in Theorem 3.1 we take o(t) = — exp [ (— a) t}, a € (0,1), then the
a

inequalities (3.1) become the inequalities

77(@ @ ) -« o «
g <a1 P ) S S0 —exp(=D)) [Tt f (@ +1(02:00) + Lo snaaanyy-Fla) | =
< f(al);f(a2)7

where Ig; f and IEL f are the right- and left-hand sided fractional integral operators with exponen-
1 2

1—
tial kernel and D = aa) n(ag,ay).

For establishing some new results regarding general fractional integrals we need to prove the
following lemma.

ISSN 1027-3190. Vkp. mam. scypn., 2021, m. 73, Ne 8
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Lemma 3.1. Let f: P = [a1,a1 + n(az,a1)] — R be a differentiable mapping on (a1,a1 +
+ n(ag,ar)) with n(ag,ar) > 0. If f' € L(P), then the following identity for generalized fractional
integrals holds:

1
flar) + f(a12+ n(az,a1)) S [a;rfeaf(al +0(a2,01)) + (ar4m(asany)- Lo fla1)| =

1
- 212 ) / A= 1) = A (0)| (1 + (1 = t)n(a, ar)) .
0

We denote

1
Hyae (a1, a2) = Qﬁ“1/1M1—t N O] @+ (1= tn(as,a))dt. (3.4
0

Proof. Integrating by parts (3.4) and changing the variable of integration, we have

az, a
Hf}A*(CLl,CLQ) = 772(/\2*(1;)

1 1
X { /A*(l —t)f' (a1 + (1 — t)n(ag,ay))dt — /A*(t)f’(al + (1 —t)n(aq, al))dt} =
0 0

1

_nlag,a1) | A1 —1)f(a1 + (1 = t)n(ag, a1))
2A*(1) n(az,a1)

1

n(az,ar) / . a2’1ai tl — t))f(al + (1 = t)nlaz, a1))dt +

0

A*(t) flar + (1 — t)??(%al)
n(az,a1)

1
nlas, a
+ /¢ 2,01) <m+ﬂ—WMwmm*=
a27a1

0

~ n(ag,a1) | A*(1)f(a1 +n(az,a1)) 1
- 2A%(1) { n(az,ar)  nlag, ar) (a1+n(az,ar))~ Lo f(a1) +

A*(1) f(a1) 1 -
" n(az,a1)  nlaz, a) “TI‘Pf(al +77(a2,a1))} =

1
flar) + f(a12+ n(ag, a1)) ) o lpf (a1 +n(az, a1)) + (a1+77(a2,a1))—[(’pf(a1)].

Lemma 3.1 is proved.
Remark3.1. Taking n(a2,a1) = ag — ap in Lemma 3.1, we get Lemma 5 of [30].
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Theorem 3.2. Let f: P = [a1,a1 + n(ag,a1)] — R be a differentiable mapping on (a1, a1 +
+ n(ag,a1)) with n(az,a1) > 0. If | f'|? is preinvex on P for ¢ > 1 and p~' + ¢! = 1, then the
following inequality for generalized fractional integrals holds:

|Hf,A*(a1,a2)} < mmz\;ﬂf’(m)\qgvl(@)p,

where

1

Kn-(p) = / (1= 1) - A%(o)ar

0

Proof. From Lemma 3.1, preinvexity of | f/|7, Holder’s inequality and properties of the modulus,
we have

1
{Hmvwhaﬁ|Siﬁi??/WAﬂl—ﬂ—ﬂV@ﬂU%m+%1—ﬂnwmaﬂWﬁS
0

1 1 %
< ”Q(X‘j’g;) /|A*(1—t)—A*(t)]pdt /\f’(a1+(1—t)n(ag,a1)>\th <
0
1 :

< DR | [ (=l + )] i
0

n(az, a1) of | (@1)]7 + | f'(a2)]9
:2EQ;VKMM¢ 2 -

Theorem 3.2 is proved.

We point out some special cases of Theorem 3.2.

Corollary3.7. Taking n(a2,a1) = az — a1 in Theorem 3.2, we get Theorem 7 of [30].
Corollary3.8. Taking p = q = 2 in Theorem 3.2, we get

az, a "(aq)]2 (a) 2
e, ao)| < o) Ry LR LS

Corollary3.9. Taking n(ag,a1) = as — a1 and o(t) =t in Theorem 3.2, we get Theorem 2.3 of
[7].
Corollary 3.10. Taking n(az2,a1) = az — ay and ¢(t) =

(07

in Theorem 3.2, we get Theorem

I(c)
8 of [27].
e
Corollary3.11. Taking n(az,a1) = az—ay and o(t) = T k(a) in Theorem 3.2, we get Theorem
k
8 of [12].
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Corollary 3.12. Taking n(az,a1) = az — a1, where p(t) = t(ay +n(az,a1) —t)*~ " and f(x) is

symmetric to T = a1 + 77(a22,a1) in Theorem 3.2, we get

q 77(@2,611)
2

pa+1 | (a1 +n(az.a1)” - af

|Hyax(a1,a)| < X

(2a1 + nlaz, a))"* " [1f/(a)]? + | (a2)|?
opa 2 '

% \/azl)aﬂ + (a1 + n(az, a1))P* T —

Theorem 3.3. Let f: P = [a1,a1 + n(az,a1)] — R be a differentiable mapping on (a1, a; +
+ n(az,a1)) with n(az,ar) > 0. If |f'|7 is preinvex on P for q > 1, then the following inequality
for generalized fractional integrals holds:

[Hpa- (o, a2)] < m[m(lﬂl” YEx /TP @)l + 1 (a)lt,

Where
1
Ky — /t‘A*(l —t) — A ()t
0
and K~ (1) is defined as in Theorem 3.2.

Proof. From Lemma 3.1, preinvexity of |f’|9, the well-known power mean inequality and
properties of the modulus, we have

|Hf,A*(a1,a2){§n27\i’al /‘A*l—t) A*(t Hf (a1 + (1 —t)n(az,a1) ‘dt<
SZEA /wl_t) M@l

q

[0 =0 = 8|7 @+ 0~ On(az, )it | <

Q=

1
< e k] / A" (1= 1) = A O] (=01 ()| +#] [ (a2)|") dt | =
0

- nz(f(%) [Ka- 0] YR YT+ Tl

Theorem 3.3 is proved.
We point out some special cases of Theorem 3.3.
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Corollary3.13. Taking q = 1 in Theorem 3.3, we get

o )] < S K [ )+ 1 )]

Corollary 3.14. Under the assumption of Theorem 3.3 with ¢(t) = t, we have

e ea)] < 77(22+) Y@+ [Flale

Corollary 3.15. Under the assumption of Theorem 3.3 with p(t) = %, we obtain

2% — 1 r 1
|Hy s (a1, a2)| < ( a1 > ( FEZJJ:2§77(@27@1) 11 (an)|7+ | (az)]9,

o
tk1

Corollary3.16. Under the assumption of Theorem 3.3 with o(t) = W
g (o

, we get

9k — 1 r k
[Hpag (e, 2)] < ( e ) \/ O o, 0n) YTT@OR T Fa)F

Corollary3.17. Under the assumption of Theorem 3.3 with ¢(t) = t(a1 +n(ag,a1) —t)*~! and
n(az,a1)

5 , we have

f(x) is symmetric to x = ay +

1 g o, 0)] < B2 [ ) 0 R TG + P @l

2A*(1)
where
A1) = (a1 4+ n(az,a1))”
a )
2 ’ a+1
K/\*(l) = E (CLl + n(ag,al))o‘ﬂ -2 <a1 + T](CL226L1)> + atlx—f—l] ,
—_— 1
Kp« = &[Fll — Fio + F51 — F22}7
and
1 (al + 77(&2,&1)) atl 77(@2701) a+1
Fij1 = B n(az,a1) -
U 2 (az,a1) { a+1 (a1 + nlaz, a1)) at+ =
1 a+2
- a+t2 ((11 + T](CLQ,CLl))aJrQ — (al -+ 7,’(6122’aI)> ] }’

1 1 n(az,aq) ot2
Fio = T\ L) a2
12 772(a2,a1){a—|—2 <a1 + 5 ay
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as,a a+1
(a1+ n( 22 1)) _a?ﬂ ’

a+2
(a1 + nlag, ar))* ™ — (al + M) ] B

1 1
F
2 nz(ag,al){a—FQ

2

a+1
(@1 4 (e o) (15 ] }

1 (a1 +n(az, a1)) n(az, ar)\ "™ 1
F e e
22 n2(a2,a1){ a+1 ar+ “

a+1

2

PYIDY [(al + n(az, al))a+2 - G?H} }

4. Applications. Consider the following special means for different real numbers «, 5 and
af # 0 as follows:
(1) the arithmetic mean

o+
Aap) = 22
(2) the harmonic mean
2
H(o8) =+
a7

(3) the logarithmic mean

L, )=~

~ B[~ Injaf’
(4) the generalized log-mean

B ﬁn-‘rl_an—i-l P . B
o) = [ ]+ EEMLO)

Now, by using the theory results in Section 3, we give some applications to special means for
different real numbers.

Proposition 4.1. Let aj,a2 € R\ {0}, where a1 < ay and n(az,a1) > 0. Then, for n €
€ Z\ {—1,0}, where ¢ > 1 and p~! + ¢~ = 1, the following inequality holds:

In| n(az,ar) %

< —
2 Ypt+1

Alaf, (a1 +n(az, a1))") = Lo (a1, a1 + n(az,a1))|

x (/A (jay oD, fagfatn-D).
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Proof. Applying Theorem 3.2 for f(z) = 2™ and ¢(t) = t, one can obtain the result immedi-
ately.

Proposition 4.2. Let a,a2 € R\ {0}, where a1 < ag and n(az,a1) > 0. Then, for ¢ > 1 and
p~t 4+ ¢! = 1, the following inequality holds:

1 1 n(ag,a1) 1
H(a17a1+n(a27a1)) L(al’al +77(a27a1)) 2</p+1 \/ 2q )
H al , 05

Proof. Applying Theorem 3.2 for f(z) = 1 and ¢(t) = t, one can obtain the result immedi-
ately. !

Proposition 4.3. Let aj,as € R\ {0}, where a; < az and n(ag,a1) > 0. Then, for n €
€ Z\ {—1,0} and q > 1, the following inequality holds:

A(af, (a1 +n(az,a1))") — Ly (a1, a1 4+ n(az, ar)) ’ <

x (/A (jay oD, fagfatn-D).

Proof. Applying Theorem 3.3 for f(x) = 2™ and ¢(t) = t, one can obtain the result immedi-
ately.

Proposition 4.4. Let ay,as € R\ {0}, where a1 < ag and n(az,a1) > 0. Then, for ¢ > 1, the
following inequality holds:

1 1

< Nlaz, a1) 1
H (a1,a1 +n(az,a1)) L(ai,ar +n(az,a1))

242 '
27" 2q
¢ H al , Q5

1
Proof. Applying Theorem 3.3 for f(z) = — and ¢(t) = ¢, one can obtain the result immedi-
T
ately.
Remark4.1. Applying our Theorems 3.2 and 3.3 for appropriate choices of function p(t) =
o thy

= ;op(t) =t ,ar) — t)*~1, wh i tric to x =
T’ Fle(a) o(t) (a1 + n(az,a1) — t) where f(x) is symmetric to z = a; +

t 1-—
+ nla; a1) and o(t) = —exp { <_a> t] for « € (0,1), such that |f’|? to be preinvex, we can
« «

2
deduce some new general fractional integral inequalities using special means. We omit their proofs

and the details are left to the interested reader.

Remark4.2. Also, in Remark 4.1, if we choose 7(a2,a;) = az — a1, we can deduce some new
fascinating general fractional integral inequalities for convex functions using special means. The
details are left to the interested reader.

Next, we provide some new error estimates for the trapezoidal formula.

Let @ be the partition of the points a1 = o < 1 < ... < x,, = ag of the interval [a;, ag]. Let
consider the quadrature formula

/ f(@)de = T(f,Q) + E(f, Q).
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where

is the trapezoidal version and E(f, Q) is denote their associated approximation error.
Proposition 4.5. Let f: [a1,a2] — R be a differentiable function on (a1, a2), where a; < as.

1
If | /|2 is convex on [a1,az] for ¢ > 1 and — + — = 1, then the following inequality holds:
P q

n—1
B, Q)| < > (s1 — 2 YT @) + | @)

24 Yp+1.i=0
Proof.  Applying Theorem 3.2 for n(ag,a;) = az — a; and () = ¢ on the subintervals
[zi,zit1], ©=0,...,n— 1, of the partition @), we have
1 Li+1
‘f(wz) +f(in) Fa)da| <
2 Tip1 — T

T

_ (i —m) {rf'm)\q - !f’(xi+1)!q}‘11
2¢9p+1 2 '

(4.1)

Hence from (4.1), we get

dz —T(f,Q)
n—1 Tit1 ) T
< { / fz)dz — o +2f( ZH)( i+1 —xz)} <
=0 2
n—1 Tit1
. { PORYR (O (T m} .
=0

1 n—1
< Z iv1 — 23)? | (@)|7 + [/ (wig1)]9.
2 ¢ Yp+1i=
Proposition 4.5 is proved.
Proposition 4.6. Let f: [a1,a2] — R be a differentiable function on (a1, az), where a1 < as.
If | f'| is convex on [a1,az] for ¢ > 1, then the following inequality holds:

1
9213

n—1
|E(f.Q)] < Y (@irr — @) Y1 @)+ [ (@i
1=0

Proof is analogous as to that of Proposition 4.5 but use Theorem 3.3 for n(as,a1) = a2 — a3
and ¢(t) = t.
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ta
Remark4.3. Applying Theorems 3.2 and 3.3 for appropriate choices of function ¢(t) = m,
e

tﬁ _ . . a1 + ag
—_— t) = t(ag — t)* !, where f(z) is symmetric to z = ———
@ P = e —0) (x) is sy .

0= geo [ (591

for a € (0,1), such that |f’|? to be convex, we can deduce some new general fractional integral
inequalities using above ideas and techniques. We omit their proofs and the details are left to the
interested reader.

and
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