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EXISTENCE OF SOLUTIONS FOR A FRACTIONAL-ORDER
BOUNDARY-VALUE PROBLEM

ICHYBAHHSA PO3B’SI3KIB KPAHOBOI 3A/1AYI TPOBOBOTO MMOPAIKY

We investigate the existence of solutions for a fractional-order boundary-value problem by using some fixed point theorems.
As applications, examples are given to illustrate the main results.

3a J0IOMOT0I0 TEOpEM ITPO HEPYXOMY TOUKY BUBYEHO IIPOOIeMy iCHyBaHHS po3B’sI3KiB KpaioBoi 3a5a4i JpOOOBOro HOPSIKY.
SIk 3acTOCYBaHHS HaBEICHO NMPUKIAAH, IO LTIOCTPYIOTh OTPUMAHI pe3yIbTaTH.

1. Introduction. The history of the theory of fractional calculus goes back to seventeenth century,

when in 1695 the derivative of order o = % was defined by Leibnitz in his “Letter to L’Hospital”.
From that time, the theory be attractive to mathematics as well as physics, biology, engineering
and economy. The first application of fractional calculus was due to Abel in his solution to the
Tautochrone problem [8]. We refer to the books by Agarwal et al. [9], Kilbas et al. [1] and
Podlubny [2].

The existence of positive solutions for fractional-order nonlinear boundary-value problems has
been studied by many authors using the fixed point theorem in cones. To identify a few, we refer the
reader to [3—7, 10— 12] and references therein.

Some studies in the literature are as follows:

X. Su [11] studied the multipoint boundary-value problem

Du(t) = f(t,v(t), D*v(t)), 0<t<1,
DPu(t) = g(t,u(t), D u(t)), 0<t<1,
u(0) = u(1) = v(0) = v(1) =0,

where l <, <2, u,v>0,a—v>1,08—pn>1, f,g:[0,1] x RxR — R are given functions
and D is the standard Riemann — Liouville differentiation. X. Su obtained the existence of solutions a
boundary-value problem for a coupled differential system of fractional order by using Schauder fixed
point theorem.

Rehman and Khan [7] studied the multipoint boundary-value problem

Dy(t) = f(t,y(t), Dly(t), te(0,1),
m—2

y(0) =0, DJy(1)= > m:D]y(&) = o,
=1

s . m—2 a—F—-1
where 1 < <2,0<8<1,0<& <1, i=12...,m=2 n<0with ) i€ <1
=
and Dy represents the standard Riemann— Liouville fractional derivative. They obtained the unique-
ness existence of solutions by means of the Banach fixed point theorem.
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J. Graef, L. Kong, Q. Kong and M. Wang [4] study of the nonlinear fractional boundary-value
problem

—Dfiu = F(t,u), 0<t<I,
u(0) =0, wu(l)—algiu(l) =0,

where 1 < o <2, 0<a<T(a+1),be Ry with Ry =[0,00), b=01if a =0, and T is
the Gamma function. The authors study a type of nonlinear fractional boundary-value problem with
nonhomogeneous integral boundary conditions and the existence and uniqueness of positive solutions
are discussed.

Keyu Zhang and Jiafa Xu [5] consider the unique positive solution for the fractional boundary-
value problem

where a € (2, 3] is a real number, D, is the standard Riemann - Liouville fractional derivative of

order . By using the method of upper and lower solutions and monotone iterative technique, they

also obtain that there exists a sequence of iterations uniformly converges to the unique solution.
Motivated by the above works, we study the fractional-order nonlinear boundary-value problem

Dou(t) = f (t,u@),Dﬁu(t)) , teo1],

u(0) = /(0) = 0, (1.1)
m—2
DO/ (1) = Y mil% (&) = A.
=1

Here,2 <a<3,<a—-1,0<& <& <. <épo<l,i=1,....m—2,17,>0and § >0
with I'(a +d — 1) — 22:2 ni§?+5_2 # 0, A € R, D* standard Riemann - Liouville fractional
derivative and 7 standard Riemann — Liouville fractional integral.

Throughout this paper we assume that following conditions hold:

(Hy) f:I xR xR — R isa continuous function;

(H2) there exists a constant k£ > 0 such that
‘f(tauvv) - f(taaﬂj” < k(|u_ﬂ| + |U_@|)

for each ¢t € I and all u,u,v,v € R.

By using Schauder fixed point theorem and the Banach contraction principle, we get the existence
of at least one solution.

2. Preliminaries. For the convenience of the reader, we present here some necessary definitions
from fractional calculus theory.
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Definition 2.1. The Riemann— Liouville fractional integral of order o« > 0 of a function f:

(0,00) — R is given by
t
Iocf / a lf
0

provided that the right-hand side is pointwise defined on (0, 00).
Definition 2.2. The Riemann— Liouville fractional derivative of order o > 0 of a continuous

Sunction f: (0,00) — R is given by

t
Daf(t) Fn—a ( )/ _ ozn+1d5
0

where n — 1 < a < n, provided that the right-hand side is pointwise defined on (0, 00).

Lemma 2.1. Let a > 0, then IfDfu(t) = u(t) + et 1 4 eot® 2 + c3t® 3 + ..+ cpt® ™™,
where ¢; € R, i = 1,2,...,n, n = [a] + 1. Here, I}* stands for the standard Riemann— Liouville
fractional integral of order o > 0 and Dy* denotes the Riemann— Liouville fractional derivative.

Lemma 2.2. Assume that the conditions (H1) and (H3) are satisfied. Let
A=T(a) |[T(a+6—-1)— nga+5 2

If h € €0, 1], the fractional boundary-value problem
D%u(t) = h(t), te€l0,1], 2<a<3, pB<a—-1, §>0,
u(0) = /(0) = 0, (2.1

m—2
DO/ (1) = Y miI% (&) = A,
=1

has a unique solution

1
/G s)ds + W 1l telo,1], (2.2)
0

where G(t, s) is the Green function and is given by

— 5 a—1 a—1 i
(t F(O)[) i tA <Zj:i2 (€ — $)° 2 (a4 6 — 1)) |

OSSSt, fi—1§5§§i7 i:1727"‘7m_17

B
B
l/\l>.L
IN T2

Z?: 0j(& — ) —T(a+6 - 1)) :

0<t<s, & 1<s<§&, 1=1,2,...,m—1.
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Proof. In view of Lemma 2.1 and (2.1), we have
u(t) = Ih(t) + t® b et 2 4 05t for 1, c9,c5 € R. (2.3)
The boundary conditions «(0) = 0 and «/(0) = 0 satisfied that c; = c3 = 0. We can be written
u(t) = I°h(t) + c1t® 1 for ¢ €R.

From here
u'(t) = I°7Mh(t) + (o — 1)eit®™ 2 for ¢ € R.

r 1 r 1
Using the relations D%t% = ﬂ th—a Joth = ﬂ t**+# (2.3) reduces to

rg—a+1) ’ Fla+p+1)
t
D2/ (t) = /h(s)ds +al(a). (2.4)
0
m—2
By using the boundary condition D~ 24/(1) — Z;l niI%u' (&) = A and (2.4), we obtain
m—2 & 1
2:1 (/ — 5)*02p(s)ds Ha+5—1%/h@ﬂs+ﬂa+5—UA
Cc1 = A 0 .

Therefore the unique solution of problem (2.1) is given by

t &i
a—1 m—2
/ a lh d5—|— 3 Z / _ a+§ Qh( )dS—
0 0

1=1

[y

— MNa+0-1) (a+5—1)A. (2.5)
0
For 0 <t < &1, (2.5) can be expressed as follows:
! ( ) 1 1
. t— )" t*~ . Oz+5 2 .
u@%i/ e + X E:% T(a+6—1) || h(s)ds+
0

& m—2

ta—l 52
+/ A Z n;(& —8)*T72 —T(a+d—1) | h(s)ds+

t j=1

&

tafl

— m—2
+Z/ A Zm 802 _D(a+6—1) | h(s)ds—
1=2
§i—1

A.

1
t* I (a+ 86— 1) t* I (a+ 86— 1)
—(/ . h(s)ds + -
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For &1 <t <&, 2 <k <m— 2, (2.5) can be expressed as follows:

&1 o o m—2
u(t) = / (t— s + e Z nj(& — §)*T2 _T(a+d5—1) | | h(s)ds+
0 g=k

I'(«) A

k=2 & [ L gel a1
+§:/‘(tni) +tA E:m@f‘ﬁwﬁa—rm+5—n h(s)ds+

’ m—2 T
(t—s)ot ol s
+ F(Oz) + A Z nj(fj - 8) — F(Oé + 46— 1) h(S)ds+
Ek—1 j=k |
&k ja1 "9
+/ A (Z nj(& — )" —T(a+6 - 1)) h(s)ds+
t Jj=k
m—2 & tafl m—2
+ A ni(& —8)°T072 —T(a+6 —1) | h(s)ds—
i=k+1g | =i

toir §—1 toir §—1
- / (aA+ ) h(s)ds + (aA+ ) 4,
For &,—2 <t <1, (2.5) can be expressed as follows:

m—2 & (t—s)o‘_l pa—1

m—2
u(t) = Z / T(a) + A JZ; ni(& — )22 —T(a+6—1) || h(s)ds+

N /t ((t —Fs)al ) talr(aA+5 - 1)) o)

(@)
m—2
1
(a4 6 —1) t* I (a+d—1)
—/ A h(s)ds + A A.

t

Hence, the unique solution of boundary-value problem (1.1) is given by

1
ult) = / G(t, s)h(s)ds + Wt@l.
0

Lemma 2.2 is proved.
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3. Main results. Let C[0, 1] be space of continuous functions defined on [0,1]. The space
E= {u: u € €[0,1], DPu € e[, 1]}

equipped with the norm

|ullz = max {max lu(t)], max (Dﬁ ‘}
te[0,1] | t€[o,1] te(0,1]
is a Banach space.
For convenience, we define the following constants: N = max;¢[g 1) ‘ f (t, u(t), Dﬁu(t))‘ +1
and

ol T@T e @+ 0] | ra s - i)
IR GRSy AlT(a = A)a+5-1) AT —8)

Lemma 3.1. Assume that (Hy1) and (Hz) hold. Then the operator T : Q — Q is completely
continuous.

Proof. Define an operator T': E — E by

1

MNa+0-1)A ,_;
/G ds—i——A (AR
0

Fixed points of the operator 1" are solutions of the boundary-value problem (1.1). In view of the
continuity of f and G, the operator 7" is continuous.
Firstly, we define
Q={ueFE:|ullp<Mtel0,1],M >0}

and prove that T: Q — Q. Let N = maxc(o 1] |/ (¢, u(t), DPu(t)| + 1. For every u €  and for
every u € {2, we have

1
|(Tu)(t)| = /G(t,s)f (5,u(s)’Dﬂu(8)> ds + ¢ F(a;ré— 1A -

0

1

<| [ 6.1 (5.0, D%uts)) as| + t“_lr(azé‘”“" <
0
1
< /|G(t, ) [£(5,u(s), DPu(s))] ds + |F(O‘+i_1)‘4' <
0

1
(o +6 — 1)|A]
(t,s)|ds + <
O/ ! A
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m—2
1 Yo T AT (@) | Tlat s - 1)4]
<N!I’(a+1)+ Alla+-1) A sMex
In view of relation D?I® = I5~% and (2.5), we have the following estimates:
D2 (@u)(®)] = 17 (£ ult), DPu(t)) +
m—2 &
*|a > O/ (& — )52 (s, u(s), Du(s))ds—
1
JHeros [ 7 (suts).0%uts)) s + Dot 0= DA paye-t) <
0
[ (¢ s)i!
s
s! o=y |f (5. D7) s+
1 m—2 &i
a+d— Ie]
+||i1m!@ 7021 (5,u(s), D(s)) | ds+
1
MNa+0-1) 3 Fla+o-DIAl| T(a) 4 51
N /)f(s,u(s),D (s))‘d + A F(a—ﬁ)t <

1
) i NORRS
= NL/ -5 " ala-9 :

T(o+6— 1)F(a)] T(a+6—1)(a)

|A[T (o — B) |A[T (o — B)
m—2 _
el T > et T+ 9) .
Tla—pB+1) AN (e = B)(a+6 — 1)

T(a+ 6 — 1)I(a)|A|

AT@-p) M=

Therefore, |(Tu)(t)|z < M. Thus we have T': Q — Q. Now we show that T is completely
continuous. For this, let

N = tren[(z)% ‘f (t,u(t), Dﬁu(t))‘ +1

for u €  and t1,t2 € [0, 1] be such that ¢; < t5. Then we have
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](Tuxtz) (Tu)(t)

1
= /(G(tg, s) — G(t1,9)) f(s,u(s), D u(s))ds + W (t5~ ' =107 <
0

1
< / |G(t2,5) — G(t1, 5)| ‘f <S,U(S),D6u(s)) ) ds + [(a+0—-1)[4] ’tngl . t?*l‘ <

A
1
0/
(o +0—1)|A
(Zm i) (a+5—1)> ‘d8+ (a+|6A| A (a1 o) <

S () T

a+6—1

0

—1 tg(—l _ t?_l
A

tQ—S tl—s)

X

N(s—t) N -7
- T(a+1) |A

_l’_

F(a+5_ 1)|A| a— a—
+ |A| (t2 1_tl 1)7

1 (f (2 u(t2), D (12)) — f (r.ut). D(1)) ) +

1
—A/f (s,u(s),pﬁu(s)) ds + W)Dﬁ (g~ — o)
0

7 (tg — s)*=F1 . h (t1 — s)* A1 5 ['(a) a—f-1_ ,a—f-1
N(/ Fa—p) ° 0/ o~ B) d>+AF(aﬁ) (57 =)

m—2 &
X (N i /(fl —5)2H240s - NT'(a+0—1)+T(a+ 0 — 1)A>
’ 0

<

=1
—2 _
_ N ‘to‘ CR 5’+ NT (o) ta—ﬁ—l_ta—ﬁ—l‘mz:n‘ gl?“r& 1 .
(a—B+1)17 1 AT (a — ) | ! —~ Ta+o-1
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T(a+6— 1) ()
AT (a - B)

e e Ny Y

Now using the fact that the functions tgfﬂ - t‘ffﬁ - t5~ 1 — 197 and t§ — 1§ are uniformly
continuous on [0,1], we conclude that T} is equicontinuous. Also 72 is a uniformly bounded set.
We have T2 C ). By the Arzela— Ascoli theorem, 7': 2 — () is completely continuous.

Lemma 3.1 is proved.

Theorem 3.1 [9]. (Schauder fixed point theorem). Let C be a convex subset of a Banach space,
U be an open subset of C with 0 € U. Then every completely continuous map N : U — C has at
least one of the following two properties:

(A1) N has a fixed point in U
or

(Ag) thereis an x € OU and X\ € (0,1) with © = ANz.

Theorem 3.2 [10]. Let (X, d) be a complete metric space. T : X — X is a contraction map if
there exist a constant 0 < k < 1 such that d(Tx,Ty) < kd(x,y). The set of fixed points of T is
given by F(T) = {x € X : Tx = x}. Then each contraction map T : X — X has an unique fixed
point.

Theorem 3.3. Assume that (H1) and (Hz) hold. If

p
= >1 >0
2L for p>0,

where M is as previously defined, then the boundary-value problem (1.1) has a solution u = u(t)
such that
0<u(t)<p, te]l0,1].

Proof. Let U = {u € El|ju|| < p}. Our aim is to show that u # A\Tu with A € (0,1) and
u € OU. For this, let w = AT'u for A € (0, 1). Then, for ¢ € [0, 1], we obtain

m—2
1 Yo mE T 4 T(a+4)

MTw®| < IT)OI <N | gy + INCETES)

+

I'(a+6—1)|A]
+
AY

<M,

IADP(Tw)(t)] < |DP(Tu)(t)] <

m—2
r Loto-lyp )
o L (o) [3o et 4 T+ 9) .
D(a—fB+1) Al (a0 — B)(a+6 — 1)

I(a+6—1)(a)|4] _

ATa—p) "

Hence, we have \(Tu)(t) < M and AD?(Tu)(t) < M. Since u = A\Tu, we get p = |ul| =
= ||Tu|| < M. From here ﬁ < 1. This is a contradiction with our hypothesis. Then the boundary-

value problem (1.1) has a solution v = u(t) such that
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0<u(t)<p, telo,1].

Theorem 3.3 is proved.
Theorem 3.4. Assume that (Hy) and (Hs) hold. If

-1

)

b [ : * i <mZZ i (5?‘“—1 + 1) +(a+ 5))
F(O[_ﬁ"i‘l) Ar(a—ﬁ)(a+5_1) v \54

i=1

then the boundary-value problem (1.1) has an unique solution.

Proof. By assumption (H3), we have following estimates:

1
/ G(t,s)f (s, u(s), Dﬁu(s)) ds + FT#H_
0

1
< k:/ (|u(s) —o(s)| + ‘Dﬂu(s) - DBU(S)D IG(t, s)|ds <
0

1
< k‘/ (max|u(s) —v(s)| + max ‘Dﬁu(s) - D’BU(S)D |G(t,s)|ds <
0

1

< 2klJu(s) — v(s)] / Gt 5)|ds <
0
1 )a 1 1
< 2k]|u(s) {/ F;) /
0

0
1 1 B 5 1 Zj: nj (é] _ s)a+6—2
< 2klju(s) s)|| / +/ A ds| <
0 0 ]

3

2
77;'(53‘ _ S)a+5—2ds
1

IN

tafl
A

J

l\’)

ISSN 1027-3190. Yxp. mam. sucypn., 2020, m. 72, Ne 12



EXISTENCE OF SOLUTIONS FOR A FRACTIONAL-ORDER BOUNDARY-VALUE PROBLEM 1661

m—2
) F(a)z nj (5“*5 1+ 1) +T(a+4)
<2kHU(S)_U(S)H F(a—ﬂ—{—l) + |A’(Oz+5—1) ( —B)
= nllu(s) —v(s)ll,
k (lu(s) = v(s)| + [DPu(s) — DPu(s)|)
(Dﬁ (Tw)(t) — DP (Tv)(t)’ < T(a— B) x
" /11_3 —A-1gg 4 (@) 27717 §)T02ds — Ha+d- DU /1d8 <
0 A =1 0 |A 0
1 I'(a) ZZZ n; (5?*5‘1 + 1) +0(a+d)|
<2kHU(3)_U(S)H F(a—,6’+1) + |A’(a+5—1)1_‘(og—ﬁ) N
= nllu(s) —v(s)|l.

Hence, it follows that ||(Tu)(t) — (Tv)(t)|| < n||u(t) — v(t)||, where

<1

_ 1 I'(«) m—2 ot
n=2k r(a—ﬁ+1)+|A|r(a_5)(a+5_1){;m@ﬁ 1+1)+F(a+5)}

Therefore, by the contraction mapping principle the boundary-value problem (1.1) has an unique
solution.
Theorem 3.4 is proved.

4. Examples.
Example4.3.+l;etm:4, m= ng:é, a:g, 5:%, ﬂ:; §1:%7 & =1, A:3i27
ft,u,v) = S5 We consider the fractional boundary-value problem
D3u(t) = f (t,u(t),péu(t)), te0,1],
u(0) = /(0) = 0, (4.1)

2
Dru(l) = > il (&) = A
i=1
It is clearly that (H;) and (H2) are provided. Also,
ﬁ >1 for p>3,9183673469.

Then all conditions of Theorem 3.3 hold. Hence with Theorem 3.3, the boundary-value problem
(4.1) has a solution u = u(t) such that

0<u(t)<p, te]l0,1].
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2 1 1 1
Example4.f. Let m = 4, 771:15, 772:%, azg, 525, (522, 51:5, §2:§7 A€ER,
f(t,u,v) = 15—13(u + v). We consider the fractional boundary-value problem
D3u(t) = f (t,u(t),péu(t)), te0,1],
w(0) = /(0) = 0, (4.2)
1 2 3
Dau(1) = Y mil2u/(§) = A
i=1
It is clearly that (H1) and (H>) are provided. For u, u, v, v, we have
o _ _ 135
|f(t,u,v) — f(t,u,0)| < k(lu—u|l+|v—20]) for k< 015"

Then all conditions of Theorem 3.4 hold. Hence with Theorem 3.4, the boundary-value problem

(4.2) has an unique solution.
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