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FRACTIONAL TRAPEZIUM-LIKE INEQUALITIES INVOLVING
GENERALIZED RELATIVE SEMI-(m, hy, h2)-PREINVEX MAPPINGS
ON AN m-INVEX SET

JIPOBOBI HEPIBHOCTI TUITY TPAIIELII 3 Y3ATAJIbHEHUMUA
BITHOCHO HAIIIB-(m, hq, h;)-MIPETHBEKCHUMM BIJIOBPA’KEHHSIMHU
HA m-IHBEKCHIM MHOXHHI

The authors derive a fractional integral equality concerning twice differentiable mappings defined on m-invex set. By using
this identity, the authors obtain new estimates on generalization of trapezium-like inequalities for mappings whose second
order derivatives are generalized relative semi-(m, h1, he)-preinvex via fractional integrals. We also discuss some new
special cases which can be deduced from our main results.

BcraHoBieHo Ipo0oBy iHTErpanbHy piBHICTH AJIst /ABiYi JudepeHIiifoBHUX BinoOpakeHb Ha 1 -IHBEKCHil MHOXHHI. 3a
JIOTIOMOTOFO IIi€1 PIBHOCTI OTPUMAHO HOBI OILIHKY JUTA y3arallbHCHUX HEPIBHOCTEH THITY Tpamnemii A BiIOOpaKkeHb, y SKAX
HOXI/HI IPYroro MOPSIKY € y3aralbHEHUMH BiZHOCHO HamiB-(m, hi, ha)-IpeiHBEKCHUMH depe3 ApoGoBi iHTerpamu. Takox
00TOBOPEHO JIesIKi HOBI CHelliajbHi BUMAJKH, [0 BUIUIMBAIOTH 3 OTPUMAHHX Pe3yJIbTaTiB.

1. Introduction. In [19], Sarikaya et al. established the following interesting Hadamard-type
inequalities by using Riemann — Liouville fractional integrals.

Theorem 1.1. Let f: [u,v] — R be a positive mapping along with 0 < u < v and let f belongs
to L'u,v]. Suppose that f is a convex function on [u,v], then the following double inequalities for
fractional integrals hold:

f(u) + f(v)
5 ,

f (“) < TOFD e p) 40 fu) < (L.1)

2 ~ 2(v—u)”
where the symbols J, f and J_ f denote, respectively, the left- and right-sided Riemann — Liouville
fractional integrals of order o € R defined by

T

7o, f(x) = F<1a> /(x 0o Wdt, u<a,

u

and

(2

I f(x) = r(la) /(t —2 N @dt, oz <,

T

o0
Here, T'(«v) is the gamma function and its definition is T'(a)) = / e P tdp.
0
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For ao = 1, the inequality (1.1) reduces to the successive Hadamard-type inequality

f(“;”’>_v_u/f jiw < L Hf“ (1.2)

where f: I C R — R is a convex mapping on the interval I of real numbers and u,v € I with

u < v. This inequality (1.2) is also named as trapezium inequality.

In recent years, many researchers have studied error bounds with respect to the inequality (1.2);
for refinements, counterparts, generalization please refer to [1, 4, 6, 11, 12, 16, 21, 22, 24] and
references cited therein.

More integral inequalities via fractional integrals may be seen in [2, 7-10, 13, 14, 18, 20].

Our goal is to establish, employing the Riemann - Liouville fractional calculus, some new left-
sided Hadamard-type integral inequalities. We deal with mappings which have absolute values of
the second derivatives which are generalized relative semi-(m, hy, he)-preinvex. These inequalities
obtained in this paper can be viewed as generalization of the results of [14] and [15].

To end this section, we evoke some special functions and definitions as follows:

(1) the beta function

1
_ o—1(1 _ p\y—1 3, _ ['(z)I(y)

0

; x,y >0,

(2) the hypergeometric function
1
oF (z,y5¢2) = p—" /ty Y1 =) v (1 — 2t)%dt
B, 0
for |z| <1, ¢>y>0.
Definition 1.1 [5]. 4 set K C R" is said to be m-invex with respect to the mapping 1n: K x
x K x (0,1] — R" for some fixed m € (0,1], if mx + tn(y,z,m) € K holds for each x,y € K
and any t € [0, 1].
Definition 1.2 [17]. Let K C R be an open m-invex set with respect to n: K x K x (0,1] - R
and let hy,hy: [0,1] — Ry. 4 function f: K — R is said to be generalized (m, hy, hy)-preinvex if
the inequality

[ (mz +tn(y,z,m)) < mhy(t) f(z) + ha(t) f(y)

is valid for all x,y € K and t € [0, 1].
Definition 1.3 [23]. 4 set M, C R" is named a relative convex (p-convex) set if and only if
there exists a function ¢ : R™ — R" such that

to(x) + (1 —t)p(y) € M, Vr,y e R": ¢(z),¢(y) € My, tel0,1].

Definition 1.4 [23]. A function f is named a relative convex (p-convex) function on a relative
convex (p-convex) set M, if and only if there exists a function ¢ : R™ — R" such that,

flto(z) + (1 —=t)p(y) <tf(p(x)) + (1 —1)f(p(y))
Vz,y € R": ¢(x),o(y) € M, tel0,1].
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Definition 1.5 [3]. A4 function f is said to be a relative semiconvex on a relative convex set M,
if and only if there exists a function ¢ : R™ — R™ such that

flo@)+ A =t)p(y) <tf(x)+ A -t)f(y) Vo,ye M, te][0,1]

2. Auxiliary results. We begin with the following new definition.

Definition 2.1. Let K C R be an open nonempty m-invex set with respect to the mapping 0 :
K x K x (0,1] - R and ¢: 1 — K is a continuous function. A function f: K — R, hy, ho:
[0,1] — Ry is said to be generalized relative semi-(m, hy, hy)-preinvex functions if

f(me(x) +tn(e(y), p(z), m)) < mhi(t)f(x) + ha(t) f(y) 2.1

holds for all x,y € I and t € [0, 1] with some fixed m € (0,1].

Remark2.1. In Definition 2.1, let us discuss some special cases as follows:

(D) if we take hq(t) = (1 — t)® and ho(t) = t° for s € (0,1], then we get generalized relative
semi-(m, s)-Breckner-preinvex functions,

(1) if we take hi(t) = ho(t) = 1, then we get generalized relative semi-(m, P)-preinvex
functions,

(1) if we take hy(t) = (1—¢)~% and ha(t) = t~* for s € (0, 1], then we get generalized relative
semi-(m, s)-Godunova — Levin — Dragomir-preinvex functions,

(IV) if we take hy(t) = h(1 —t) and ha(t) = h(t), then we get generalized relative semi-(m, h)-
preinvex functions,

(V) if we take hi(t) = ha(t) = t(1 —t), then we get generalized relative semi-(m, tgs)-preinvex

functions,
v1i—t t
(VD) if we take hy(t) = and ha(t) = Vi
2Vt 2V1—t
m-MT -preinvex functions.

It is worth to mention here that to the best of our knowledge all the special cases discussed above
are new in the literature.

Throughout of this paper, let ¢: I C R — K be a continuous function with a, b € I, p(a) <
< (b) and let K C R be an open nonempty m-invex subset with respect to : K x K x (0,1] —
— R for some fixed m € (0, 1] with 0 < n(p(b),¢(a), m). Suppose that f: K — R be a twice
differentiable function on the interior K° of K and f” € L' [mp(a), mp(a)+ n(¢(b), p(a),m)].
Before stating the results we use following notations:

, then we get generalized relative semi-

G(a;n,m, p(a), p(0))(f) =

(n+1)°T(@+2) [,
o) pla),m) | et ey pta.my- T (Mela)+

+Jnpa)+ 2

3
n+

0.ty (0@ + (0 o(a), ) | -

_n(@(bzl’i(la)’m) |:f’ <mgp(a) + n:L_ 177(90(1))’ <p(a),m)> o

1 (mpta) + i pulepl@nm)) | -

—(a+1) [f (mw(a) + nLHn(so(b), so(a),m)> +f (mso(a) +

() @) m) |

n+1
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Lemma 2.1. We have the following identity for fractional integrals along with
z € [mp(a), mp(a) +n(e(d),¢(a),m)], a >0 and n € N :

G(e;n,m, p(a), p(0))(f) =

T / 0t |17 (meta) + a0 sl m)) +
0

" n+t
+1" (meta) + L0, pla)m) ) | at e2)
Proof. Let
1
r= a0t |1 (meta) + 2 o). etam) ) +
0
+1" (met) + o0 pla). ) ) | i =
1
= [t (mpta) + 2 (o), @) m) ) e
0
1
_|_/ g)atl g < o(a) + :j__in@p(b), go(a),m)) dt .= 1 + I». (2.3)
0
Integrating I; on [0, 1] yields
= ntl ! mola L a),m -
h= e (9@ + e pl0).m)

n 2a
(n+1)%( +1)f<m (@)

1
). pa).m) Tyl el m’) *

n+1

Pl bRt D F ity (mpta) + o), lanm) ) i =

n?(p(b), p(a),m) )

S Y R
P OREORDM ( pla)+ g
(n+1)2%(a+1) 1

TP 0).p@,m)’ (m‘P(“) + mﬂ(w(b)vw(a),m)) —

(n+1)*P(a+2)
(o0 (), m)or2 me(@+ () pta).my -/ (72(@)-

n(e() w<a>,m>) -

(2.4)

Analogously, integrating I» on [0, 1], we have
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ntl o _n_ om)) -
—n(@(b)w(a)’m)f (mw(a)Jr Hn(w(b)’w( )s )>

_(n+1)2(a+1) s o
n2(90(b),<p(a),m)f< pla) + n(e(d), p(a), )) +
(n+ 120 (a + 2)

n(p(b), p(a), m)o+2 " (mela)+

I, =

n
n+1

,Lil77(<P(b)790(a)7m))+f(m80(a) +n(e(d), p(a), m)). (2.5)

Applying (2.4) and (2.5) to (2.3), then multiplying both sides by ”2(“0(2);@1(;) ™)

Remark?2.2. 1f n(¢(b), o(a),m) = p(b) — my(a) with m = 1 and ¢ is an identity mapping,
then Lemma 2.1 reduces to Lemma 1.3 in [14]. Further, if we put n = 1, then we obtain Lemma 1
in [15].

3. Main results. Using Lemma 2.1, we now state the following theorem.

Theorem 3.1. If |f”|? for q > 1 is generalized relative semi-(m, hy, hy)-preinvex, then the
Jollowing inequality for Riemann—Liouville fractional integrals along with hy, ha:[0,1] — Ry,
a >0 and n € N exists:

ends the proof.

[Gles n,m (@), 00| < =5

1
1-—1t¢
1_ta+1 h
fo-ors (on (355)
0
1
1 q

+/ a+1< h1<n+t> (a))q+h2<:§ii) ”(b)‘q>dt . (3.1)

0
Proof. Using given hypothesis, Lemma 2.1 and the power mean inequality, we have

Glaim.m.p(a), 0 (0))(£)] <

< Te0ele / 01| (mota) 4 LTl o(am) ) et
0

- / 0 () + 2ol e m) ) e <
0

1-1
q

< 772( (/1 ) lat X
0
1
Xl/(lt)aﬂ 1-t
0

n+1
ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 12

1
q

+
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1-1
q

1
2
(n —|— 1
0

1

/ +1t @ 1"
a+1 n <
| fa=omtl (meta) + 2 inteo) el m) | <

0

_|_
O\H
Q
£
A
3
=
/\
3
_|_
~
v

q n+t
h -
(a)) i <n + 1)
which completes the proof.

Remark3.1. In Theorem 3.1, if we take hi(t) = (1 — t)®, hao(t) = t* and ¢ is an identity
mapping along with 1(o(b), p(a), m) = ¢(b) — me(a), m = 1, then we have:

(a) for ¢ = 1, we get Theorem 2.1 in [14], specially, for n = 1, we obtain Theorem 2 in [15],

(b) for n = 1, we have Theorem 4 in [15],

(c) for n > 1, we get Theorem 2.4 in [14].

Corollary3.1. In Theorem 3.1, if we put hyi(t) = (1 —t)™° and ha(t) = t~*, then we have:

(1) for n > 1, the following inequality for generalized relative semi-(m, s)-Godunova— Levin—
Dragomir-preinvex functions holds:

Glasn,m, pla), (1) (f)] < ”2(2052’1)2“)5”1) <a i 2>1q
- . n=s,F [s,l;a—l-?);_:l] q '
| — el ¢,

(2) for n =1, the following inequality for generalized relative semi-(m, s)-Godunova— Levin —
Dragomir-preinvex functions exists:
1

m G(a;1,m,p(a), o(b))(f)| =

ISSN 1027-3190. Yxp. mam. ocypn., 2020, m. 72, Ne 12
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«

(@)t St ®) pta) my)—f (MP (@) +

| 22 N (a+1) [
1% (p(b), p(a), m)

<

st sty ] (1910 + 100, @), m)]-| £ (mo(a) + Gaeld). ol m)) |

2
_ P(e) pla)m) (1 0\
T 2 i(a+ ) <a+2> g

1 1
q 1 ala m q q|a
X{[mcﬁ(s’“’” (@) *mf"@” +[a_s+2 @)+ Cols,e01) "<b>” }
where
1
(s,a,t) / £t (1 + 1) 5dt.
0

Corollary3.2. In Theorem 3.1, if we take hi(t) = ha(t) = t(1 —t), then we have the following
inequality for generalized relative semi-(m, tgs)-preinvex functions:

Glasn,m, pla), o 0) )| < 2P L@, m) <a 1 2)1—; )

(n+ 1)2+ +
1 7 q N
n " ‘ " ) q
v1-—
Corollary3.3. In Theorem 3.1, if we take hy(t) = a nd ha(t) = Vi , then we have:
2/t 2y/1—

(1) for n > 1, the following inequality for generalized relative semi-m-MT - preznvex functions
holds:

()| <
[Gles nmo (@), 00| < AT ()
1 1 1 q
mn2,fy | — ,1,oz—|—§; — n- 25k *,1;044-3; - '
" 2 2" n f”(a)‘q+ 2 2" n f”(b)‘q n
200+ 3 20+ 5
1 1
mn~2,F) ,1;044—7 négﬂ ,170‘1‘5;— '
n 2 2 )| 2
200+ 5 20+ 3 7

ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 12
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(2) for n =1, the following inequality for generalized relative semi-m-M T -preinvex functions
holds:

W‘G o 1,m, (a), 9(0)(f)] < G b%;ﬁ(a),m) (ﬂg)l_é )

X {[mCl(a,t)

”(a)‘q 4 Coat)

"(a)‘q +Ci(ayt)

o]},

1 1
where Cl(a,t):/ (1—)*T2(1 +¢)2dt and c2(a,t):/ (1—)*T2 (1 +¢)"2dt.
0

0
Now, we are ready to state the second theorem in this section

1 1
Theorem 3.2. If |f"|9 for q¢ > 1 is generalized relative semi-(m, hy, ho)-preinvex with — + —

q p B
= 1, then the following inequality for Riemann-—Liouville fractional integrals along with hy, ho
[0,1] = Rg, a > 0 and n € N exists:

n+1)? @rn+1) ~
AU Gl fr ()]
[/mh1< > "(a )q+0/1h2 (ZID ”(b)(qr . (3.2)

Proof. Using given hypothesis, Lemma 2.1 and Holder’s inequality, we have

Glasm.m.p(a), 0 (0))(£)] <

stz (o) ()
0 0

+772(90((n o (/1 yett) pdt) p(/l f" < )+ %n(ﬂb) @(a),m)>
0 0

< Pleom) (1)
ol « [ (155 sl -

(n—|—1)2 pla+1)+1
ISSN 1027-3190. Yxp. mam. sucypn., 2020, m. 72, Ne 12

1
q q
dt) ‘
1
q q
dt) .

’ <m¢ +os ’inw(b),w(a),m))

3=

X

1
1-—t¢
h dt
[/m 1<n+1>
0
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| fom () o (35

which completes the proof.

Remark3.2. In Theorem 3.2, if we take hi(t) = (1 —t)°, ha(t) = t°* and ¢ is an identity
mapping along with 7((b), p(a), m) = ¢(b) —me(a), m = 1, then we obtain Theorem 2.2 in [14],
specially, for n = 1, we get Theorem 3 in [15].

Corollary3.4. In Theorem 3.2, if we put hqi(t) = ha(t) = t(1 —t), then we have the following
inequality for generalized relative semi-(m,tgs)-preinvex functions:

20%((b), p(a), m) < ( 1 >i <3n+1)é

1
q
‘q

l/(b)

Glain,m,¢(a), (1)) ()] <

(n+1)*" pla+1)+1 6
1
< (m| (@) + f”(b)\q)q -
v1-—
Corollary3.5. In Theorem 3.2, if we put hy(t) = and ha(t) = Vi , then we have:
2yt 2v/1 —

(1) for n > 1, the following inequality for generalized relative semi-m-M T-preznvex functions
holds:

Glasn.m. p(a). o) ()] < TEDELm) (L 1)’1’ .
x {(mn%QFl [—;,1;2;_711} f”(b)’q>;+
+ <:1,)mn_52F1 [1,1;5';] f”(b)‘q);},

27772
(2) for n =1, the following inequality for generalized relative semi-m-M'T -preinvex functions

holds:

Lo 1 1 1.5 1
s 2122
f (a)‘ +37’L 2947 |:27 727 n

1 3 1
4 F - .-
f (a’)‘ +n22 1 |: 25 727 TL:|

Glas1.m, (@) o (B)()] <

(Gl (G-
G-

q a7 :
"@| + (5 +1) o]’ } .
Now, we are ready to state the third theorem in this section.
Theorem 3.3. Under the assumptions of Thereom 3.2, then the following inequality for Rie-
mann — Liouville fractional integrals with o > 0 and n € N holds:

(¢ (b), p(a), m) q—1 =
(n+1)2 ((a+1)(q—p)+q—1> 8

ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 12

2(a+1)

77%;(@;@(@)%)( ( 1 >

hSA

e +

pla+1)+1

q—1

G(a;n,m, p(a), @) (f)] <
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pcsirat
Jaoresn (mn (5 ) @ v (57 "(b)q>dtr SENEE)

Proof. Using given hypothesis, Lemma 2.1 and Holder’s inequality, we have

”(b)‘q> dt] q +

1
_ pa+11P
X (O/ [(1—)*]
1 Tq
2(p(b), p(a),m at1)] et
L (so((n)+901()2) ) (U/ (1= )] dt) x

(i

+1
n*(o(b), p(a), m) qg—1 o
= (n+1)2 ((a—i—l)(q— )+q_1> x

raf i (55)

" q n+t
h
(a)‘ * Q(n—i—l)

1
1—1¢
p(oz-i—l) h
oo on (352
0
1
+ / p(a+1) mhl n+t
n+1
0

which completes the proof.

Corollary 3.6. In Theorem 3.3, if we put hi(t) = (1 — t)® and ha(t) = t*, then we have:

(1) for n > 1, the following inequality for generalized relative semi-(m, s)-Breckner-preinvex
functions holds:

q—1

in,m, p(a n*(o(b), ¢(a), m) q—1 ezl
G(Oé, ) 7@( )790(b))(f) (n—|—1)2+§ ((a+1)<q_p>+q_1> X

IN
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s 1 K
mn®yFy |—s, Lipla+1) +2; ——
x @+ o)+
pla+1)+1 pla+1)+s+1
1 1
g, e [—s,l;p(a+1)+2;—} . '
m " ‘ n " ’
+ b ,
perntsrill @ pla+1)+1 7o)

(2) for n = 1, the following inequality for generalized relative semi-(m, s)-Breckner-preinvex
functions holds:

q—1

1°(0(b), p(a), m) qg—1 K
2Pti(a+1) <(a+1)(q—p)+q—1> )

Sty s L mepla). o) ()] <

1
q

f”(b)ﬂ +

b

//(a) +

X { |:mC3(p, s, a,t)

pla+1)+s+1

Q=

f”(a)’q + C3(p, s, a, t)

)]

N m
pla+1)+s+1

where

1
3(p, s, a,t) / O"H (1+t)%dt.
0

Corollary3.7. In Theorem 3.3, if we put hy(t) = ha(t) = t(1 — t), then we have the following
inequality for generalized relative semi-(m, tgs)-preinvex functions:

Glasn.m, p(a). o(0)(1)] <

g—1

2772(90(17)7 @(a), m) q— 1 K %
: (n+1)%"3 <(a+1)(q—p)+q—1>

n 1
plari+2 ' [p(a+1)+2][p(oz+1)+3]] (m

o)

(@) +

V1= Vi
Corollary3.8. In Th 33, i t hi(t) = nd h
y n Theorem if we put hy(t) 2\/% and ha(t) = i

(1) for n > 1, the following inequality for generalized relative semi-m-MT -preinvex functions
holds:

then we have:

:m,m, p(a 1’ (p(b), p(a), m) qg—1 -
Glain mpla). e < (n+1)? [(a+1)(q—p)+q—1

ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 12
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1 3 1
mn%QFl [—2, Lipla+1)+ -; —}

2’ " ‘q
x 2p(a+1) + 1 Fla)] +
1 5 1 a
ni%QFl a]-a (a+1)+ )T ’
+ 2 2" n f”(b)‘q n
2p(a+1)+3
1 5 1
mn7%2F1 = Lipla+1)+ -5 ——
n 2 2 n f”(a)’q—i—
2p(ac+1)+3
1 3 1
nZ,Fy | =2, Lipla+ 1)+ 55—
+ 2 2 n o)’
2p(a+1)+1 ’

(2) for n =1, the following inequality for generalized relative semi-m-MT -preinvex functions
holds:

2 g=1

7 (p(b), p(a),m) ¢—1 ’
‘Galmso() (b))(f)’é P (1 1) <(a+1)(q—p)+q—1> :

o]},

_l’_
Q|
— |3

(a+1

X {{m&;(p,a,t) "(b)m}l + [mC5(p, a,t)

"(a)(q +Cs(p, a,t)

"(@)|" +Cutp, 1)

where
1
Calp, i, t) = / Platl)=3 (1 4 t)2 4t
0
and
1
Cs(p, o, t) = / plot)F3 (1 4 )~ 24t.
0

Finally, we shall prove the following result.

Theorem 3.4. If |f"|9 for ¢ > 1 is generalized relative semi-(m, hy,he)-preinvex, then the
following inequality for Riemann- Liouville fractional integrals along with hy, hs: [0,1] — Ry,
a>0,neNand 0 < p, N\ < a+2 exists:

. 772(90(1))790(@)77”) q— 1 17%
G(av n,m, QO(G/), (P(b))(f) S (n T 1)2 q(a T 9 _ [,L) 1 X
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: { Jia— o (o (252 [ (252
0

n*(¢(b), p(a), m) [ g—1 ]1—3; )
(n+1)2 gla+2-X) -1

x[o/llt (mh1<z::__i> ”(@‘Z@(Zﬂ) ”(b)q>dt] . (3.4)

Proof. Using given hypothesis, Lemma 2.1 and Hdélder’s inequality, we have

1 1—
0

f”(b)‘q> dt] q +

+

Q=

1-t¢
n+1

7 (p(b), (a), m) g1 1
=T 1P [q(a+2u)1} x

X {/1(1 — t)Ha <mh1 <le+§> //(a)‘q + ho (M) f”(b)‘q> dt] .
0
+n2((p((z):i—(p1()a?)’m) [ (a +q2—_1)\) _ 1] o X

| from(om (35)
0

N n+t
h
(a)‘ e (n + 1)
which completes the proof.

Corollary3.9. In Theorem 3.4, if we take hq(t) = (1 —1)°%, hao(t) = t° for s € (0,1] and p = A\,
then we have:

(1) for n > 1, the following inequality for generalized relative semi-(m, s)-Breckner-preinvex
functions exists:
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1646
o m, pla), plty)(1) < TEQAm [ g1 )7
yn,m, e y P - (n—i—l)z q<04+2—M)—1_
1
1 74
mn®yFy [—8,1;,uq-|-2;_:|
X n f”(a)’q—i— # ,,(b)‘q n
He+ ng+s+1
5, F |: 1 +9 1:| q
n-ol'1 | =S, 1 ugq ;——
= g ‘q n I ‘q
o n ) |

(2) for n = 1, the following inequality for generalized relative semi-(m, s)-Breckner-preinvex

functions exists:

_ -3
smrpldm | s EERERE (Lot )
,/(a)‘q 1

1
q|a
//b‘:| +
g +s+1 (®)

2

X {[mcﬁ(M7Qv5’t)

Q=

o]

f”(a)’q + Co(pt, q, 5, )

m
+ -
[Nq +s+1
where

Ce(p,q,8,t) = [ (1 —t)H(1 4 t)%dt.

o _

Corollary 3.10. In Theorem 3.4, if we take hy(t) = ha(t) = t(1 —t) with u = X, then we have
the following inequality for generalized relative semi-(m,tgs)-preinvex functions:

Glasm.m.p(a), o (0))(£)] <

[ q—1 T; [(n(MQ+3)+1

T m+pn ldat2-p) -1 pg +2)(pg + 3)
< (mlr @ +|r)|)’
v1—t
Corollary3.11. In Th 3.4, if we take hy(t) = ha(t) = ith 1=\, th
orollary n Theorem 3.4, if we take hi(t) N 2(t) T Vit » en

we have:
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(1) for n > 1, the following inequality for generalized relative semi-m-M T -preinvex functions
holds:

1°(p(b), p(a),m) (( g—1 )1—3

Gla;n,m,p(a), (b ‘S X
(Glasn,m, p(a), o (0)(f) nii? \er2weod
1 3 1 1 5 1 q
mnz Fy | —=, 1 pg+ S5 —— n" 2ok |5 ipg+ o —— '
o 2 2" n f”(a)‘q . 2 2 f”(b)‘q i
2ng+1 2nuqg +3
1 5 1 1 3 1 q
mn_%QFl 7,1;uq—|—7;—* ’I’L%2F1 _*al;NQ‘F*;_* '
n : 2 @)+ 2 =)
2ug +3 2ug + 1 ’

(2) for n =1, the following inequality for generalized relative semi-m-M'T -preinvex functions

holds:

X

rof]'}

(b), ¢(a), m) <q( ¢—1 >

1 _ 7 (e(b),
s 1) |Gl T el e B) ()] < oy \g@rr@

2

Q|-

7@+ el a.0)

x4 |mCz(p, q,t) + [mCs(p, q,)
{l [

7@+ Cs(usa,1)

7o)

where
1
Crp, q,t) = /(1 — )73 (1 4 t)2dt
0
and
1
Cs(, g, t) = /(1 — )t (14 ¢) " 2dt.
0

It is worth to mention in this paper that one can calculate the value of Cy(s,a,t), Ci(a,t),
Co(a, t), ... using some mathematical software (for example, Maple).

4. Applications to special means. Let a and b be positive real numbers such that a < b, we
recall the following means:

b 2ab
A;:A(a,b):a; ., G:=G(a,b) = Vab, H::H(a,b):aib,
1
PT::PT(a,b):<a ;b) r>1,
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1
— b—a
1/ \b— —_— b
I:=1I(a,b) = €<aa> “. a#, L:=L(a,b) =< Inb—1Ina’ a# b,
a, a=>b,
a, a=Db,
and
ppt+l _ gp+1 7
—_ -1 d b
L, = Ly(a,b) = ¢ L(a,b), p=-—1 and a #Db,
I(a,b), p=0 and a#b,
La, a=>o.

Consider the function M := M(¢(a), p(b)): [p(a),(a) + n(e(b), p(a))] x [p(a), ¢(a) +
+n(p(d), p(a))] — RT, which is one of the above mentioned means and ¢ : I — K is a continuous
function.

Replace 1(¢(y), ¢(x),m) with n(p(y), ¢(x)) and setting n(¢(y), p(x)) = M(p(z), ¢(y)) for
m =1 =mn in (3.1), (3.2), (3.3) and (3.4). Therefore one can obtain the following interesting in-
equalities involving the above means as follows:

Glas 1. pta), it < MDD (L )1_‘1#

4 a+2
X V(l — ¢)ott (hl (1;t> f”(a)‘q + hy (12_t> f“(b)‘q> dt] a .
0
+ [/1(115)%1 (m (T) 1"@)| + b (it) f”(b)‘q) dt]q , @.1)
0
oot A (Lt
x L/lhl (12_’5> dt f”(a)q+0/1h2 <12_t> dt f”(b)q] q+
+ L/lhl (12”> dt f”(a)q+0/1h2 (12+’5> dt f”(b)q] E , 4.2)
e (<a+1><qq—_;> T 1)q;1 "
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7@)|"+ o (12‘t>

£(b) ‘q> dt| +

1

o2

0

1
q

- 0/1 platD) (h1 <12”> "(@)]" + o (12“) "(b)]q> at| b, @3
and
11,900, | < AL [ gL ]
X O/1(1 — t)Ha <h1 <12t> "(a)‘q+ hs <12t) ”(b)’q> dt E +
+M227f(j:)1;02( = [q(a +q2_—1)\) - 1]1_; 8
X 0/1(1 — )M <h1 <1‘2”> f”(a)‘q + ho (1;”) f”(b)‘q> dt q, (4.4)
where
Glos1, 1, la), p(0))(f) = Mia?ff(i» | (el +301(p )0t~ T (Pl F

+J7

& oy aro ey (#(0) + Mp(0), p(a))] -

20+ 1)1 (la) + G0 (0)).

Letting M = A, G, H, P, I, L, L, in (4.1), (4.2), (4.3) and (4.4), we get the inequalities
involving means for a particular choice of twice differentiable generalized relative semi-(hy, ho)-
preinvex function f. Further, applying (4.1), (4.2), (4.3) and (4.4) to generalized relative semi-
s-Breckner-preinvex functions, generalized relative semi-P-preinvex functions, generalized rela-
tive semi-s-Godunova — Levin — Dragomir-preinvex functions, generalized relative semi-tgs-preinvex
functions, generalized relative semi- M T'-preinvex functions, respectively, one can obtain various ine-
qualities corresponding to these functions involving means.
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