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ON THE APPROXIMATION PROPERTIES OF CESARO MEANS
OF NEGATIVE ORDER OF DOUBLE VILENKIN -FOURIER SERIES

PO AITPOKCUMAIINAHI BTACTUBOCTI CEPEJHIX YE3APO
BIJ’EMHOTI'O MMOPAJKY JIJISI HOABIMHUX PSAJIIB BIIEHKIHA - ®YP’€

We establish approximation properties of Cesaro (C, —a, —3) means with a, 8 € (0,1) of Vilenkin—Fourier series. This
result allows one to obtain a condition which is sufficient for the convergence of the means a;f,‘,fﬁ(x, y, f) to f(z,y) in
the LP-metric.

Jlnst psaniB Binenkina— ®@yp’e BcraHoBIeHO anpokcuMariiiai Bractusocti (C, —a, —3) cepenuix Yesapo, «, 5 € (0,1).
Leit pe3ynbrar JO3BOJISIE OTPUMATH YMOBY, SIKa € TOCTAaTHBOIO ISl TOTO, 100 cepenHi U;fi,;_ﬁ (z,y, f) Oynu 36bKHEMY 10
f(z,y) y metpuui LP.

Let Ny denote the set of positive integers, N := N, U {0}. Let m := (mgo,my,...) denote a
sequence of positive integers not lass then 2. Denote by Z,,, := {0,1,...,my — 1} the additive
group of integers modulo my.. Define the group G, as the complete direct product of the groups Zy,,
with the product of the discrete topologies of Z,,;’s.

The direct product of the measures

1
= —,
mg

p ({73)

j € kaa

is the Haar measure on G, with u (G,,) = 1. If the sequence m is bounded, then G,, is called a
bounded Vilenkin group. In this paper, we will consider only bounded Vilenkin group. The elements
of Gy, can be represented by sequences z := (zo,¥1,...,%j,...), Tj € Zp;. The group operation
+ in Gy, is given by

z+y = ((xo+yo)modmy,...,(rx + yr) modmy,...),

where z := (zg,...,2,...) and ¥y :== (Y0,...,Yk,...) € Gu,. The inverse of + will be denoted
by —.
It is easy to give a base for the neighborhoods of G, :

Ip(z) :== G,
In(z) :={y € Gm|yo =20, .., Yn—1 = Tn—1}

for x € Gy, n € N. Define I,, := I, (0) for n € Ny. Set ¢, := (0,...,0,1,0,...) € Gy, the
(n + 1)th coordinate of which is 1 and the rest are zeros (n € N).

If we define the so-called generalized number system based on m in the following way: My := 1,
M1 := mp My, k € N, then every n € N can be uniquely expressed as n = Zjig n;M;, where
nj € Zm;, j € Ny, and only a finite number of n;’s differ from zero. We use the following notation.
Let |n| :=max{k € N : nj # 0} (that is, M}, <n < M, 41).
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392 T. TEPNADZE

Next, we introduce of G, an orthonormal system which is called Vilenkin system. At first define
the complex valued functions r(z) : Gy, — C; the generalized Rademacher functions in this way

2mix
ri(x) = exp ™ k, i’=-1, z€Gpn, keN.
my

Now define the Vilenkin system ¢ := (¢, : n € N) on G, as follows:

[e.e]

Yn(z) = H’I“Zk(l'), n € N.
k=0
In particular, we call the system the Walsh—Paley if m = 2.
The Dirichlet kernels is defined by

n—1
Dn:=)Y ¥ né€N;.
k=0

Recall that (see [3] or [14])

M,, if zel,
Dy, (z) = (1)
0, if ¢ I,

The Vilenkin system is orthonormal and complete in L' (G,,)[1].

Next, we introduce some notation with respect to the theory of two-dimensional Vilenkin system.
Let . be a sequence like m. The relation between the sequences (72,,) and (Mn) is the same as
between sequences (m,) and (M,,). The group G,, X G, is called a two-dimensional Vilenkin
group. The normalized Haar measure is denoted by p as in the one-dimensional case. We also
suppose that m = m and G,, x Gz = G2,.

The norm of the space L? (G2,) is defined by

1/p

1£1, = / FaPdu(ey) | . 1<p< oo
G2

Denote by C (G%n) the class of continuous functions on the group G2, endoved with the supre-
mum norm. For the sake of brevity in notation, we agree to write L™ (G?n) instead of C (G?n) .

The two-dimensional Fourier coefficients, the rectangular partial sums of the Fourier series, the
Dirichlet kernels with respect to the two-dimensional Vilenkin system are defined as follows:

~

F(na,ma) = / £ 9) By (2P (0) A, ),
G2

ni—1lng—1

Smima @y, )= D Fller, ko)vow, (2) iy (),
k

1=0 ko=0
Dn17n2 (337 y) = Dn1 ('T)Dn2 (y)
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Denote
n—1
SO (a,y, f) = fl,y)(x),
=0
m—lA
SH(z,y, )= fz,r) 0 (y),
r=0
where
Fl,y) = / F sy () du(z)
Gm
and

Far) = [ faoo ) dutw).
Gm
The (¢, —a, —f3) means of the two-dimensional Vilenkin - Fourier series are defined as

T @y, f) = FEE BZZAH AL T () i (u) iy (v),

m =0 j=0

where

It is well-known that [18]
AL =D A @)
k=0
A% pe = go-1 3)
A ~n. “4)

The dyadic partial moduli of continuity of a function f € LP (G2,) in the LP-norm are defined
by

o (foap ) = swp =) = £,
n/p

u€eln

o (f5p) =sw i =0 =6l
n/p

’l)eln

while the dyadic mixed modulus of continuity is defined as follows:

(31 31,), =
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= suwp [fC—ur—0) = fl—u) = f=0)+ F 6O,

(u,0)Ely X Im

1 1 1
<f,M M ) W1<f7]\4n>p+wz<f’]\4rn>p.

The dyadic total modulus of continuity is defined by

it is clear that

o(fi3p) = s IC=ue =0 = 6l
n/p (uw)elnxIp

The problems of summability of partial sums and Cesaro means for Walsh — Fourier series were
studied in [2, 413, 16]. In his monography [17], Zhizhiashvili investigated the behavior of Cesaro
method of negative order for trigonometric Fourier series in detail. Goginava [5] studied analogical
question in case of the Walsh system. In particular, the following theorem is proved.

Theorem G [5]. Let f belongs to LP (G2) for some p € [1,00] and o € (0,1). Then, for any
2F <n < 261 k. n € N, the inequality

k—2
lowe ()~ £, < ¢ (p.a) {2’% (y2p) + 32 <1/2*,f>p}
r=0

holds true.
In [15], the present author investigated analogous question in the case of Vilenkin system.
Theorem T. Let f belongs to LP (Gy,) for some p € [1,00] and o € (0,1). Then, for any
My <n < Myy1, k,n € N, the inequality

k—

oz ()~ £1], < (o) {Mgw 4/ M £) z

w (1/M, f), }

holds true.

Goginava [7] studied approximation properties of Cesaro (¢, —«, —3) means with o, 5 € (0, 1)
question in the case of double Walsh — Furier series. The following theorem was proved.

Theorem G2. Let f belongs to LP (G%) Sfor some p € [1,00] and «, ( € (0,1). Then, for any
2k <p < 2kt ol <m < 2Lk n € N, the inequality

|

p

oasi ()~ 1| < cle.) (2’% (£1/21) 2% (£17271) 4

okaglBy, (f, 1/2F-1, 1/21—1) +
p

+22r k f’1/2r +ZZS l f’1/23)>

s=0

holds true.
In this paper, we establish analogous question in the case of double Vilenkin - Fouries series.
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Theorem 1. Let f belongs to LP (G2,) for some p € [1,00] and a € (0,1). Then, for any
M <n < My, M <m < My, k,n,m,l € N, the inequality

s - pr < c(a, B) <w1<f, L/ My—1)pMi + wa(f, 1/Mia)p My +

=2 0
w2 (f, 1/ My-1,1/Mi-1),, MkMB‘i‘Z

-2
M), + 3 e, 1/Ms>p)
s=0

holds true.
Corollary 1. Let f belongs to LP for some p € [1,00]. If

1
Mkawl(f,m> =0 as k—oo, O0<a<l,
P

1
Ml’gwl fL—] =0 as l—o00, 0<pB<1,
M, »

1 1
M’?Mlﬁ(JJl,Q <f, Mk, M) — 0 as k’,l — 00,
p

then

HO’;%’_ (f)fpr%O as n,m — oo.

Corollary2. Let f belongs to LP for some p € [1,00]| and let o, B € (0,1), a+ < 1. If
1\
f7 > =0 (() ) )

a;(r)‘,{_ﬁ(f) —pr—>0 as m,m — oo.

then

The following theorem shows that Corollary 2 cannot be improved.
Theorem 2. Forevery «, 8 € (0,1), a+f < 1, there exists a function fy € C (G%@) for which

(5). () ")

lim sup HO’M an, ( )—le > 0.

and

In order to prove Theorem 1 we need the following lemmas.
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Lemma 1[1]. Let ay,..., o, be real numbers. Then

1/2
zakak i < (z ) ,
where c is an absolute constant.

Lemma 2. Let f belongs to LP(G2)) for some p € [1,00]. Then, for every o, B € (0,1), the
following estimation holds:

My_1—1M;_1—-1

1= aAa / Do D AL ()

< [FC = —v) = f( ) duu)|| <

p
k—1 M -1 M
S C(Oé,ﬁ) (Z M]: (fal/MT)p+Z MjWQ(f, 1/Ms>p> ’
r=0 s=0

where My, <n < M1, M <m < M41.
Proof- Applying Abel’s transformation, from (2) we get

My 1—1M; 1-1

« 1
IS / > X A LLDDIe)x
Jj=

p
1 Mk 1—1
A~ D AL Dy(u)x
—a =B / m—M;_1+17 M- 1 Z n—i+1
A, YA &
X [f( - U, U) - f(7 )] du(ua U) +
p
1 M;_1—1
—a _B-1
—a 4B /Aan 1+1DMk 1(“’) Z Amﬁ]_HD (U)X
Ar® Ay 2

><[f(-—u,-—v)—f(-,~)]d,u(u,v) +
p
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1

- -8

+A_aA—B /Anka_l—&-lAm—Ml_l—}—lDMk—l(U)DMl—l (U)X
n m o

m

><[f('_uf_v)_f(‘?‘)]d:u(u?v) =

=L+ 1+ I3+ 14 (5

From the generalized Minkowski inequality and by (1) and (4), we obtain

i< ———5 aA /‘ n— Mk 1+1 mﬁMl,1+1DMk—1(u)DMz_1(U) X

X NG =, =) = fz,y)ll, du(u, v) <

el MMy [ == o) = F) dulase) =

Iy 1 xIj 4

= O (wi(f, 1/Mg—1)p +w2(f,1/M;_1)p) - (6)
It is evident that

]\J'r#»l_1 M5+l 1
1
Z Z Anaz—&-llAmﬂj—s—l (U)Dj(v)x
=M,

m ng j:Ms
< [f(=u,-—v) = f(, )] du(u,v)|| <
p
k—21-2 Mry1—1 Mgi1—1
a 1
T OALYAL A—a 4B Z Z Z An erllAmB]Jrl (U)Dj(v)x
m r=0 s=0 M,  j=M;

Gz =

X[f(‘_ua'_v)_SMr,Ms('_u7'_U7f)] d/’L(u7v) +

k— —2 Mr+1 1M9+1 1

ZZ [ Y X ariallowb,

Ayl =05=0 || g2 =M, =M,

m
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X [SMT,Ms(' — U, =71, f) - SMr,Ms('v * f)] d/ﬁ(% U) +

k-2 [— Mry1—1Mgi1—1
1
zz / ALSAALE L D)D)
=0 s=0 a2 =M, Jj=Ms

X [Satar, (55 F) = FCo)] du(u, )| =

=111 + Lo + I13. (7

It is easy to show that

T2 = 0. )

By using Lemma 1, for I1;, we can write

1 k—21-2 Myry1—1 Mgy1—1
1 p—1
IH S m Z / Z Z AnaerlAm J+1 (U)DJ(U) X

no Am’ 120 s=0 o | =My =M,
X Hf( — U= U) - SMT‘,MS(. — U=, f)deM(uﬂj) <
c(a, ﬂ)”amﬁ (w1(f, 1/My)p + walf, 1/Ms)p) X
Myyi—1

Myj1—1
X / > AN Di(w)| du(u) / ST AN D) du) | <

Gm =M,y Gm ]:MS'

< c(a,ﬂ)namﬁ (wi(f, 1/My)p + wa(f, 1/Ms),) x

1/2

X
3
+
o~ -
/
=
t
|
|
<
+
=
[\™)
=
[\o}
IN

< e(a, B)nm” (Wi (f, 1/M;)p + wa(f, 1/My)p) X
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X (\/WH(” - Mr+1)7a71\/Mr+1> <\/M5+1(n — M) Ms+1) <

k—21-2
+1 Mo
<c n mﬂzz M;+1 24‘1 ( l(fv 1/Mr)p+w2(f7 1/M8)p) <
r=0 s=0
k—2 -2
M, M,
< 1/M 9
< c(a. ) (szo v e+ 2 ey >> ©)
Analogously, we can prove that

k—2 =2 2
Lis < clo (Z /M)y + > el 1/ M)y ) (10)

r=0 s=0 !

Combining (7)-(10), for I;, we receive

k—2 =2 2
I < 1/M, > 1/Ms), | - 11
1 C (; Mk / )p"‘sz::O MlWQ(fv / s)p) ( )

For Iy we can write
1 Mj_1—1
- 1
I < A_aA—ﬁ / m—M;_ 1+1DMZ 1(1)) Z Anaz—l-lD( )
n m > i=1
x[f(—u, —v) = f(: ) dp(u, v)|| +
P
1 My_1—1
+W /AmIB—M11+1DMll(U) > A Di(w)x
n m c2 i=1

X[ =) = fC ) dp(u,v)|| - =

= Io1 + I9. (12)

From the generalized Minkowski inequality and by (1) and (4), we obtain

Mp_1—1

Iz1§0(a,6)]\jl__a1 / / > AT Di(u)] %

i=1

Iy \Gm
X fC =y =v) = (=)l dp(u) | dp(v) <
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My _1—1
c(a, B)n“wa(f,1/Mi1) / Z A7 Diu) | du(u) | <
Gm
My_1—1 1/2
< c(a, B)nwa(f,1/M;-1) My Z (n—i+1) —2a=2 <
=1

< c(a, B)nwa(f,1/M;-1) (\/ My—1(n — My_y)~*" Mk—l) <
< c(a, Blwa(f,1/M;-1). (13)

The estimation of Io9 is analogous to the estimation of I; and we have

k—2
I < c(a, B) Mr (f,1/My)p. (14)
r=0 k
So, combining (12)-(14), for I», we get
k=2 50
Iy < ¢(a, B) (Z M’: (f, 1/My)p + wa(f, 1/Mz_1)> : (15)
r=0
The estimation I3 is analogous to the estimation of I, and we obtain
=2 50
I3 < c(a, B) (Z ﬁij(f, 1/My), + wi(f, 1/Mk_1)> : (16)
s=0

Combining (5), (6), (10), (15), (16), we receive the proof of Lemma 2.

Lemma 3. Let f belongs to LP(G2,) for some p € [1,00]. Then, for every a, 3 € (0,1), the
following estimations hold.:

1 n

M,_1—1
m=—rl [y Do AL )

G%n =M1

X[ =u,=v) = () dp(u)dpv) || < ele, Blwn (f, 1/ My—1), M,

~1
r=—1 / S AYALE b (w)(v) %

a =B
A A a2 =0 j=M;

m

X [f(=uy- =) = f( )] dp(u)dp()|| < cla, Bwa(f, 1/Mi-1),M/,

where My <n < M1, M;j <m < M.
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Proof. From the generalized Minkowski inequality, we have
n  M_1-1

M| [ 3B A

i=My_1 J=
Xf(-—u, - —v)dp(u,v)|| =

n

M —1
:% / Z Z An i mﬁjwl( Wj(@x

—« B8
An Am ng i=Mj_1

X [fC = —v) = SEL (== )] duuv)|| <

p
< /
= —a P
At Al i

Mp—1 M;_1-1

Z Z An zAm6]¢1( )'QZJJ(U) X
My_1 j=0

1

x| £ =) =S G = )| dpuo) +

n Mp_1-1
t—3 An i m ( )1/1(”) X
A aA B [ ZMk Z ] J

i= 7=0

X Hf( — U, — V) — 5’](\2_1(- —u,-—v,f)deu(u) du(v) = I + 11s.

In [15], present author showed that the inequality

My—1

/ZA wldp(u) <cla), k=1,2,...,

GmUMkl

holds true.
Using Lemma 1, by (4) and (18), for 11;, we can write

M—1
I < e, B)n®mPuwr (f,1/My_1),, / > A i(w)| dp(u) | x
G |7=Mi—1
M1
S A ) ) <
G 1771
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1/2
M4 /

< e(a, B)n mPwn (f,1/My-1)p | /My | D (m—j+1)7272 <

i—1
< c(a, B)nmPws(f, 1/My_1)p ( My (n— M;_y)~ 71 Mz-1) <

< c(a, B)wi (f,1/My-1), My (19)
The estimation of I, is analogous to the estimation of 7/; and we have
Iy < (o, B)wi(f, 1/ My—1)p, M. (20)
Combining (17)—(20), we obtain
IT < e, B)wi (f, 1/ My-1), My 20
Analogously, we can prove that
1T < (e, B)wa(f, 1/My_1), M/ . (22)

Combining (21), (22), we receive the proof of Lemma 3.
Lemma 4. Let f belongs to LP(G?,) for some p € [1,00]. Then, for every o, 3 € (0,1), the
following estimation holds:

IV = aAﬂ / Z Z AL AL ()i (v) %

g2 =Mi_1j=M; 1
m

X [f(=us-—v) = f(, )l dp(u)du(v) || < e(e, B)wie (f, 1/ Mg, 1/M;), M, MEMY,

where My, <n < My, M; <m < M.
Proof. From the generalized Minkowski inequality, and by (1) and (4), we have

Wemm) [ 2 3 s s

=My _1 j=M;_1
m

Xf( — U, —v)d,u(u,v) <

< [ 33 Al wx

G2 =Mi_1j=M;
m

X [SMkthzq(' —u,—v, f) = Mk 1( —u,—v, f)—
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83— =0, ) FC =y = 0)] du(u,v)| <
p
A ,
XW%%«M4<— S R AN G
—51(\3371(—“ — v, f)+ f(- —u,- —v)|| du(u,v) <
p

< o, By mPuwr g (f,1/My—1,1/Mi_1), X

n

> EZI%Z&fﬂw>%w>

=M1 j=M;_1

dp (u,v) <

G2,
< cla, B)nmPury (f,1/My_1,1/My_y), <
< c(o, BYME M wy o (f.1/Mi—1,1/Mi1), -

Lemma 4 is proved.
Proof of Theorem 1. 1t is evident that

m P )~ fan) =y [ AL AL ()i (o)

><[f('—Uf—”)—f('a')}dM(Ua’U)Jr

n M_;1-1

An zAmﬁ wl( )¢] (’U)
| X
X [f('—Uf—v)—f('a')}dM(Ua’U)Jr

My_1—1

W/z

=0 gj=

Do AALT ()i (v) X
=M;_,
><[f('—Uf—”)—f('a')}dﬂ(ua”)Jr

n

+1/ 3OS A A () (0)

a8
An® Am Gz, =My _1j=M; 1

X[f(-—u,-—v)— ()] dp(u)dp(v) =1+ 11+ 111+ IV.
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Since

From Lemmas 2 -4 the proof of theorem is complete.
Proof of Corollary 2. Since

osi ? (£.2) = (@)| | <1l + 111, + 1211, + 1V,

and
11 1
—  _— <9 _—
w12 (f’ Mn’Mm> = Sz (f’ Mm>’
we obtain
11 11 \\at? L1 \\ a7
_ — = _ — _— — <
w12 <f’ Mn’Mm) (“’1’2 <f’ Mn’Mm>> (“’1’2 <f’ Mn’Mm>> =

2o (r)) 7 () <
(s () ()™

The validity of Corollary 2 follows immediately from Corollary 1.
Proof of Theorem 2. First, we set

Then we define the function

=1 M,
First, we prove that
1 1 \ot8
°"<f’Mn>c:0<<Mn> ) =
Since
[fi(@=1t) = fi(@®)]=0, j=01....n=1 t€ly,
we find
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n—1

|f(x—t,y)—f(ﬂc,y)| <

1
< @t |fi (@ —t) = |+Z va+5

J

<.
Il

C
< — .

() -o(())
(k) -ol())

Now, by (25) and (26) , we obtam (24)
Next, we shall prove that o, M ( f) diverge in the metric of L. It is clear that

Hence,

Analogously, we have

ozt =1, 2| [ (ot (i) = fen)] van@hoas, () dute )] =

> | [ ot (Fiw) v i, () dody) — |F (0 M) =

Gh
My, My,
=iy L ARl 20) [ a5 ) ) ) ) -
My, i=0 j=0 .
_’f(MkaMk)‘ ]f My, My,) ]— ]f Mk,Mk)’.

A AMlk
We have
F (M, M) = / £ y)ons, (2, () dys(z, y) =

2
G

= M(a+/3) (;2/ pi(2)pj () Yaay (@), (y) dp(, y) =

=1 j

<.

— 1 1
=3 e | o) [ o ) o ) dl) =

J=1-" Cm Cm

So, we can write

|t (=1, = et 8).

Theorem 2 is proved.
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