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A (p, q)-ANALOGUE OF POLY-EULER POLYNOMIALS
AND SOME RELATED POLYNOMIALS

(p, q)-AHAJIOT MOJIEHJIEPIBCbKHUX IOJIHOMIB
TA JEAKI CYMIZKHI ITIOJITHOMHU

We introduce a (p, ¢)-analogue of the poly-Euler polynomials and numbers by using the (p, ¢)-polylogarithm function.
These new sequences are generalizations of the poly-Euler numbers and polynomials. We give several combinatorial
identities and properties of these new polynomials, and also show some relations with (p, ¢)-poly-Bernoulli polynomials
and (p, q)-poly-Cauchy polynomials. The (p, ¢)-analogues generalize the well-known concept of the g-analogue.

BBeneHo (p, q)-aHanoru momieiyepiBChKIX MONIHOMIB 1 4HceN 32 TOMOMOrow (p, q)-moninorapudmivaoi GyHKI, sKi €
y3araJdbHEHHAMH TMOJieHIepIBCEKUX MOIIHOMIB 1 YHcen. 3HAHICHO BIACTHUBOCTI IIMX TOJIIHOMIB 1 HaBEIEHO AESKI BiAIo-
BiqHi KOMOiHaTOPHI piBHOCTI. TaKoX MOKa3aHO 3B’530K i3 (p, q)-moninomamu tuiy Beprysni ta Kowi. i (p, ¢)-ananorn
y3araJbHIOIOTh BiIOMY KOHIICTIIIIO ¢-aHAaJIOTiB.

1. Introduction. The Euler numbers are defined by the generating function

oo
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The sequence (E,), counts the numbers of alternating n-permutations. A n-permutation o is
alternating if the n — 1 differences o (i +1) — o (i) for i = 1,2,...,n— 1 have alternating signs. For
example, (1324) and (3241) are alternating permutations (cf. [10]).

The Euler polynomials are given by the generating function

[e o]
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Note that E,, = 2" E,,(1/2).

Many kinds of generalizations of these numbers and polynomials have been presented in the
literature (see, e.g., [39]). In particular, we are interested in the poly-Euler numbers and polynomials
(cf. [12, 15, 16, 32]).

The poly-Euler polynomials E,(Lk) (x) are defined by the following generating function:

2Lis(1—e™) o = oyt
e _;}En (m)m, keZ,

where
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Lig(t) =) = (1)

n=1
is the kth polylogarithm function. Note that if £ = 1, then Li;(¢) = —log(1 — t), therefore,
EY(2) = By_y(z) for n > 1.
It is also possible to define the poly-Bernoulli and poly-Cauchy numbers and polynomials from

(k)

the kth polylogarithm function. In particular, the poly-Bernoulli numbers By, were introduced by

Kaneko [17] by using the following generating function:

lel—e tn
B keZ.
= Z

If £ =1 we get BT(ll) = (—1)"B,, for n > 0, where B,, are the Bernoulli numbers. Remember that
the Bernoulli numbers B,, are defined by the generating function
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The poly-Bernoulli numbers and polynomials have been studied in several papers; among other
references, see [3, 4, 7, 8, 21, 22, 25-27].
The poly-Cauchy numbers of the first kind c&k) were introduced by the first author in [19]. They

are defined as follows:
1 1
/ / o dty ... diy,
0 0

k

where (), =z(z —1)...(r —n+1)(n > 1) with (z)p = 1. Moreover, its exponential generating
function is

Lify,(In(1 + t)) }:c@t €z,

where

o0

. "
Lit(®) = 2 o

is the kth polylogarithm factorial function. For more properties about these numbers see, for example,
[8, 20—24]. If k£ = 1, we recover the Cauchy numbers c,(ll) = ¢p. The Cauchy numbers ¢, were
introduced in [10] by the generating function

o0

L=yl
—_— = Cp—.
In(1+1t) £ "nl

A generalization of the above sequences was done recently in [21], using the kth g-polylogarithm
function and the Jackson’s integral. In particular, the ¢-poly-Bernoulli numbers are defined by
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Ligg(1—e™") < pt"
==Y Bl ke€Z, n20, 0<q<l,
n=0

where

n

is the kth g-polylogarithm function (cf. [29]), and [n], =

that lim, 1 [z], = z, limg_; B}fg = B and limg_,1 Lig 4(x) = Lig(z).

is the g-integer (cf. [39]). Note

The g-poly-Cauchy numbers of the first kind cSZ‘f,} are defined by using the Jackson’s g-integral

(cf. [1])
1 1
clk) = / / Jndgty . . . dgty,
0 0

k:

where

[ 10t = (1= 92 Y fla)a
0 n=0

Moreover, its exponential generating function is

tTL
Lify o(In(1+1)) = )=, ke,
o n.
where
[o¢] tn
Lif, ,(t) = _ 2
lk,q() ;n'[n—{—l]’; ( )

is the kth g-polylogarithm factorial function (cf. [18, 21]). Note that lim, ,; cgft)] = c%k) and

limg_; Lify, 4(t) = Lify ().
In this paper, we introduce a (p, ¢)-analogue of the poly-Euler polynomials by

Wirpg(l =€) o = ) "
o engEmp,q(x)m, kez, 3)

with p and ¢ real numbers such that 0 < ¢ < p < 1, and

Likm,q(t) =
n=1

is an extension of the g-polylogarithm function and we call it the (p,q)-polylogarithm function.

The polynomials E}l,g,q(O) = E\ ;q are called (p, ¢)-poly-Euler numbers. The polynomial [n], ; =

:pn_qn

statistics (cf. [40]). Note that lim,,_,1[n], 4 = [n]q and lim, 1 Lify, , ,(t) = Lif}, 4(2).

is the n-th (p, ¢)-integer (cf. [13, 14, 37]), it was introduced in the context of set partition
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As we already mentioned the (p, ¢)-analogues are an extension of the g-analogues, and coincide
in the limit when p tends to 1. The (p, ¢)-calculus was studied in [9], in connection with quantum
mechanics. Properties of the (p,q)-analogues of the binomial coefficients were studied in [11].
The (p, q)-analogues of hypergeometric series, special functions, Stirling numbers and their gene-
ralizations, Hermite polynomials, Volkenborn integration have been studied before, see, for instance,
[2, 14, 30, 31, 33, 34, 36, 38].

The paper is divided in two parts. In Section 2, we show several combinatorial identities of
the (p, q)-poly-Euler polynomials. Some of them involving the classical Euler polynomials and
another special numbers and polynomials such as the Stirling numbers of the second kind, Bernoulli
polynomials of order s, etc. In Section 3, we introduce the (p, q)-poly-Bernoulli polynomials and
(p, q)-poly-Cauchy polynomials of both kinds, and we generalize some well-known identities of the
classical Bernoulli and Cauchy numbers and polynomials.

2. Some identities of the poly-Euler polynomials. In this section, we give several identities
of the (p, ¢)-poly-Euler polynomials. In particular, Theorem 2 shows a relation between the (p, q)-
poly-Euler polynomials and the classical Euler polynomials.

It is possible to give the first values of the (p, ¢)-polylogarithm function for & < 0. For example,

. x
LlO,p,q(i) - 1_ CC’
x
Li_ =
i-1p.4(7) (1 —px)(1 —qz)’
. z(1 + pgx)

Li_ =

2,p,9(T) (1—p%x)(1 - ¢*z)(1 — pgz)’

T (p3q3:c2 + 2p2qx + 2pgPx + 1)
1—pPz) (1 - ¢*z) (1 — p?qz) (1 — pg*z)

Li_gpq(z) = (

In general, the (p, ¢)-polylogarithm function for k£ < 0 is a rational function. Indeed, let k be a
nonnegative integer then

> T
d

3

k
- 1 R\ pldhle
nl n\k—1l_n k—1
— - E —1 s S
(=) (p—q)k =1 (Jl—ﬂﬁlw

o))

11=0

Note that from (3) we obtain that {E,(Lk;))q(as) }n>0 is an Appel sequence [35]. Therefore, we have
the following basic relations. B
Theorem 1. [fn >0 and k € Z, then

S oy NS () ) e
(1) E’r(L,])),q(x) - Z (i>Ei,p,q'r )

=0

— e (P k) o e
(11) ET(L,;,q(‘T + y) - Z <i>Ei,p,q(a:)y

1=0
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(i E(me) =3 (%) By 0)m ~ )ria, =1,

=0

n—1
(iv) B (@ +1) = ES) (z)=> (?)Ei(,?,q(fﬁ)-

i=0
Theorem 2. If'n > 1, we have

e /+1

1 f+1

k .

BB =Y e 2 () cvime -,
£=0 pq] 0

Proof. From (1) and (3), we get

. _ 0o N
2Ligpq(l —e t)e;zt _ Z (1—e ")t 2¢7

- =
1+ et — +1]5, 1+
i 1 /+1 (6 + 1> j 2e(acfj)t

k t
= E—i—lquo 1+e

B 0o 1 I+1 1 oo
- [0+1 k Z( >(_1)J7LZ::OEn(x

=0

Comparing the coefficients on both sides, we get the desired result.
Theorem 2 is proved.
Theorem 3. Ifn > 1, we have

oo £ i+l b—i—i /-
2(—1 J 1
Er(fg,q(flf):E :E ();,C(Z—’_ )(E—i—j—i—w)”.

J

o Lo ()it [HL 4 ) ot
-(EE ) (B (5 e

J=0

oo b idl o aNi—itj (l—i—ja)t /s
Z Z (=1)"e J i+ 1
= 2 =
— £ [i +1]% , '

J

co £ i+l _1)l—iti i+ 1 0 m
:222' MJ( )Z(ﬁ—z—j—l—a})n!

J n=0
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co oo /L i+12_1 l—i+j i 1 L
:ZZZ M( + )(E—Z_]+$) ot

p.q J

Comparing the coefficients on both sides, we get the desired result.

Theorem 3 is proved.

2.1. Some relations with other special polynomials. Jolany et al. [15] discovered several
combinatorics identities involving generalized poly-Euler polynomials in terms of Stirling numbers of
the second kind S (n, k), rising factorial functions (z)™), falling factorial functions (z),,, Bernoulli
polynomials B (z) of order s, and Frobenius—Euler functions j28S (z;u). We will give similar
expressions in terms of (p, ¢)-poly-Euler polynomials.

Remember that the Stirling numbers of the second kind are defined by

(e _1 ZSQRm (4)

Theorem 4. We have the following identity:

ZZ( )52 LOEY,  (~0(2), (5)

(=0 i=¢

where
(2)™ = z(x+1)...(x+m—1), m>1, with (z)© =1.

Proof. From (3), (4), and by the binomial series

()

n=0
we get
1+et 1+¢€t
2Likpq(1_e_t) —~ (z+l—1 —t\¢
— Iy 1 _ —
1+ el Zz_% ¢ )=

_ i (z)® 1 eft)ZQLik%q(l —eh) _

~ 1l 1+et
— i(x)(é) (et - 1)@ 2Lik:p»£]<1 — eit)e—tf _
— £ 1+et
0o 00 4 0o m
= (&) (Z 52(7175)71!) (Z E) (- £>n!> =
/=0 n=0 n=0

- Z(x)(@ Z (Z (?)S (4, Z)Eflk)”,q(—ﬁ)> %7: =

=0
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- (EE ()6 0m-00)

n=0 \{¢=0 i=¢

Comparing the coefficients on both sides, we have (5). Note that we use the following relation:

z+l0-1\  (2)®
s s
Theorem 4 is proved.

Theorem 5. We have the following identity:

Ef) @)= (?) (i, OB, , o(@)e, (©)

=0 i=¢

where
() =xz(x—1)...(x —m+1), m>1, with (x)y=1.

Proof. From (3) and (4), we obtain
2Lij p (1 —€e7") _ 2Ligp (1 — e

T+e  © Tl (Gl R
2L} q(1 — ) = [z
= e 2=
/=0
— i @(et )Z 2Ligpq(1 —e")
¢
e 2! 1+e
00 oo m 0o *) ¢
- Z(x)f Z SQ (na ‘€>7' Z n,p,qﬁ -
(=0 n=0 ’ n=0

= Z(«T)e Z (Z <7Z> S2(Z.7£)Er(zk—)i,p,q> g =
= (Z 3 (’Z) Sali, Z)Eflk_)i7p7q(q:)g> %n,

Comparing the coefficients on both sides, we have (6). Note that we use the following relation:

(5) -4
(s)

The Bernoulli polynomials B, (x) of order s are defined by

t \° > tm
<et—1> ext:Z%g)(m)ﬁ_ ™
n=>0 :

It is clear that if s = 1 we recover the classical Bernoulli polynomials. For some explicit formulae
of these polynomials see, for example, [28].

Theorem 5 is proved.
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Theorem 6. We have the following identity:

n—4~¢
n n—~_ ( )
ER (2)=>" ( e) So(l+5,8) Y ———% < B ()EY, , (8)

— {+s
s
2Lik,pq(1 — e_t)

7 R G A o iEr(Lk) st _
1+et s! (et — 1) PAnl | ts

Proof. From (3) and (7), we get

is ( ) thrs

= n—+s,s

n=0 i ( +8)' n=0

NES NS (S (@ g® ) S
- (;SQ(n+S’S)(n+S)'> nz:;] (ZO <Z>%Z (J“) n—,p,q ﬁtis -

< [ & /n = <n‘_€> () 7o) "
=3 z_:<£>5’2(€+8,8)§%8% (x)E —

n—L{—1i,p,q TL'

Comparing the coefficients on both sides, we obtain (8).
Theorem 6 is proved.

The Frobenius — Euler functions H,(f) (x;u) are defined by

1—u ’ xt G (8) (e [
(et—u> e —ZHn (a:,u)ﬁ 9)

n=0

Theorem 7. We have the following identity:

ng}),q(w) - Z

7
(=0

1=0

1(_2 2)5 Z (8> (—u)* " H (25 u) BY, (). (10)

—~

Proof. From (3) and (9), we get

2Lij pq(1 —€e7") Jat (1 —wu)® Jat (et —u)® 2Lig pq(1 — )
1+¢€t (et —u)s (1—w)s 1+ et

(s tig s—i2Ligpg(l —e™)
l—u (ZH >‘0<i>e( v) 14 et B
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_ § : s . § : s—i § : . _
- (1 —’LL)S Hn (xvu)ﬁ ' <Z> (—u) En,p,q(l)i‘ -

1 (s ei [ = s "\ [ & N
= 1)y L (i>(_u) <Z Hy; )(x;u)n!> (g ngl),’q(l)m> =

(2

S (e S E O o)

(2

(it i(2>i(?><—u>sfﬂf“x;w@’“—)w(”)

£=0 i=0
Comparing the coefficients on both sides, we have (10).
Theorem 7 is proved.

3. The (p, q)-poly-Bernoulli polynomials and the (p, q)-poly-Cauchy polynomials. In this
section, we introduce the (p,q)-poly-Bernoulli polynomials by means of the (p, q)-polylogarithm
function and the (p, q)-poly-Cauchy polynomials by using the (p, q)-integral. In general it is not
difficult to extend the results of [21].

The (p, q)-derivative of the function f is defined by (cf. [5, 13])

f(px) — f(qx) i
D@ =d gz @ T PO
1/(0), if z=0.

In particular, if p — 1 we obtain the g-derivative [1]. The (p, ¢)-integral of the function f is defined
by

- 00 pn pn .
/f(t L (¢—p)z ano Wf (qnﬂﬂf)a it |p/q| <1,
p,qt = n n
o] q q .
(p—q)z Zn:O anf (pn+1w>, if [p/q|>1.

L

1
d t=—"
/ P+ 1]

0
We introduce the (p, ¢)-poly-Bernoulli polynomials by

For example,

Ligpq(1 — ") _u _ - (k) "
= e —%Bn7p7q(x)m, ke Z.

In particular, limy, Bffg,q(a:) = Bnlfg(x), which are the g-poly-Bernoulli polynomials studied re-
cently in [21].

The following theorem related the (p, ¢)-poly-Bernoulli polynomials and (p, ¢)-poly-Euler poly-
nomials.

Theorem 8. If'n > 1, we have

k k k
EFX) () +EF (2+1)=2BF) (-z)-2BF) (1-2).
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Proof. From the equality

2Lig po(1 — e ) 2Lig pq(1 — e )

i at i\ at
1o (1+¢€')e™ = = (1—e"")e™,
we obtain
S 2(0) (k A < s (k 2
ZEWL ZEnpqx+1)m:2zBmp7q_ ZBnpql_xnl

Comparing the coefficients on both sides, we get the desired result.
Theorem 8 is proved.
The weighted Stirling numbers of the second kind, S2(n,m, z), were defined by Carlitz [6] as

follows:
n

—1 t
e e ZSgnmx
Theorem 9. If'n > 1, we have

"L (—=1)™m)

BW¥ (z) = Sa(n, m,x).
n,p,q — [m —+ 1]’;,,1
Proof. We obtain
oo . e.)
t"  Lipg(1—e7?t) _ (1—eHm _
ZBr(Lk})Jq(x>7: yx et — Z et —
»Ds | _ ot k
= n! 1—e — [m +1]5 ,
o0 o0 oo
—1)™m! (et —1)™ 1 ! )"
_ ( )1m (e ‘) o Tt — (= )1m ZSgnmm)( ') _
:O[m—i- I m! 0[m+ ]pqnm n!

m+nm|

tn
_ Z (Z WSQ(H, m,$)> ot

Comparing the coefficients on both sides, we get the desired result.
Theorem 9 is proved.
The (p, q)-poly-Cauchy polynomials of the first kind are defined by

1 1
,p q / / C)ndp gty - - dp gt (11
0 0

k

Note that lim,, Célf1;7q(:c) = Cffg(a;), i.e., we obtain the g-poly-Cauchy polynomials [18, 21].
Remember that the (unsigned) Stirling numbers of the first kind are defined by
In(1+2x > x"
(U™ 3 o

n=m

(12)
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Moreover, they satisfy (cf. [10])
2™ =zx+1)..  (z+n—1) ZSlnm (13)
The weighted Stirling numbers of the first kind, S;(n,m, z), are defined by [6]

(1—t)*(—1In(1 - t))™ Zslnmxt—,

m!

Theorem 10. [fn > 1, we have

Cilq(@) = i(—n“—msl(n,m) fj (m> <——x>£k _ (14)
- =0 2\ 1) [m—t+1,
” (-
= S I Y R 15

ot — ac dp7qt1 .. dp’qtk =

Q
=
:S—\

2
|
=

3
|
3

£0

3

3

O\H
O\H

1 1
m —
<€>(—x)m ’f/.../t‘{...tﬁdmtl...dp,qtk:
0 0

Comparing the coefficients on both sides, we get (14). Finally, from the relation [6] (Eq. (5.2))

Si(n,m,z) = Z (m%1>xiS1(n,m+i),

1

we have
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%
=0 m=0 m+1]5,
—~ ()" & <m + f) (N ()
= Si(n,m+ )" = S1(n,m,z)
o [m + 1}’;,(1 éz_% /¢ = [m + 1]’;7(1

Theorem 10 is proved.

It is not difficult to give a (p, ¢)-analogue of (2).

Theorem 11. The exponential generating function of the (p, q)-poly-Cauchy polynomials CT(LI%q(x)
is

Lifppg (1 +8) < ) (01"
P ) — _ 1
e 2 Crpal)p (16)
where
oo t”

7;) nl[n + 1]p’q

is the kth (p, q)-polylogarithm factorial function.
Proof. From Theorem 10, we have

0o w 4 0o n m iC)E 4
2 Crpa@)y = 2 2 (-)" Sl m ZO< )an =

n=0m=0

m=0 =0 Psq
(1) (In(1+¢)™ e (2) & (4 )mH
_; /! mzzé(m Olm—L+1 ]pq_; /! ng() n![n—i—l]’:g,q -

1 i (In(1+¢)"  Lifype (In(1+1))
(1 4t)e — nl[n+ 10k, (1+t)* '

Theorem 11 is proved.
Similarly, we can defined the (p, ¢)-poly-Cauchy polynomials of the second kind by

1 1

l’)://<— tk—l-l') dpqtl dpqtk.
0 0
——

k

We can find analogous expressions to (14)—(16).
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Theorem 12. If'n > 1, we have

m=0 /=0 p,q
- 1
=(-1)" S1 (n,m, —x)
2 et 1,

Moreover, the exponential generating function of the (p, q)-poly-Cauchy polynomials 65,,’%(@ is

o
. A( t
(1 +¢)"Lifg pq (—In(1 +¢)) Z C kzz ()~

3.1. Some relations between (p, q)-poly-Bernoulli polynomials and (p, q)-poly-Cauchy poly-
nomials. The weighted Stirling numbers satisfy the following orthogonality relation [6]:

> (=) Sa(n, £, 2)S1(6my ) =D (1) TS (0, €, 2) 82 (4, m, 1) = S,
{=m {=m

where 6,, , = 1 if m = n and 0 otherwise. From above relations we obtain the inverse relation

n

fn = Z(_l)nimsl(nvmﬂx)gm <~ On = Z SQ(nvmvx)fm‘

Theorem 13. The (p, q)-poly-Bernoulli polynomials and (p, q)-poly-Cauchy polynomials of both
kinds satisfy the following relations:

Z Sa(n,m,x) %q(a:) = ;k’ (18)
m [n+1]5,
B () = (="

Proof. From Theorem 9 and the inverse relation for the weighted Stirling numbers with

(=1)™m!

fm = [m+ 1]15’(]7

we obtain the identity (17). The remaining relations can be verified in a similar way by using
Theorems 10 and 12.

Theorem 13 is proved.
Note that if p — 1 we obtain Theorem 6 in [21].
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Theorem 14. The (p, q)-poly-Bernoulli polynomials and (p, q)-poly-Cauchy polynomials of both

kinds satisfy the following relations:

N

"TmlSy(n, m, x)Se(m, ¢

o®

Y y) Zyp’q(y)ﬂ (20)
£=0 m=0
3 S AP tSan . ) Sa(m, £ )L, ), 1)
£=0 m=0
Z Z (n,m, )81 (m, 6,y)B{) (1), (22)
{=0 m=0
m, —x)S1(m, €,y)BL) (y). 23)
£=0 m=0

Proof. We only show the proof of (22). The proofs of the remaining identities are similar. From

equations (15) and (17), we have

>y EU s

£=0 m=0

B®

n,m,x)S1(m, 4, y)B,

(y

n

(-1
m!

Si(n,m,x) Y S1(m, L,y)By")
=0

4,p,q

n

(-1

m)!

m!
[m + 1]

- (k)

n7p7q

Si(n,m,x) — =

m=0

Theorem 14 is proved.

)=

(y)

().

Finally, we show some relations between (p, ¢)-poly-Cauchy polynomials of both kinds.

Theorem 15. Ifn > 1, we have

(k) n A (k)
(_1)nCn7p,q($) _ Z (” - 1) Crapg(@)
n! m—1 m!
m=1
A(k) n (k)
(_1)7107%17,(1(1‘) — Z n—1 Cm,p,q(x)
n! L= \m — 1 m!

Proof. From definition of the (p, ¢)-poly-Cauchy polynomials of the

1
07(1) T e —T)p
(—1)"’2?( ) (- / / S S gt
0
k
1 1
t1...0 —
:(_1)n/.../<1 " x)dp,qtl Ayt
0 0

ISSN 1027-3190. Vxp.

24)

(25)

first kind, we get

cdp gt =
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1 1
r—1t. tk +n—1
/ / ( dpgt1...dpgt.
0 0
k‘

By using the Vandermonde convolution

()07

with r =x —t1...t; and s = n — 1, we obtain

1 1
xr—t Ak n—1
(=1)" ’pq:/ / ( L )(n_g)dp,qtl...dpvqtk:
0 0 =

—

n 1 L ;

n— r—t1...1
S
=0 o0
Y
) o . A

n—1\ 1 n = 1) Copo(®)
EER e ()
=0 o0 =

k:

The proof of (25) is similar.

Theorem 15 is proved.
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