DOI: 10.37863/umzh.v74i8.6116

UDC 517.5

S. S. Dragomir!

Math., Univ. Witwatersrand, Johannesburg, South Africa)

(College Engineering and Sci., Victoria Univ., Melbourne, Australia; School Comput. Sci. and Appl.

TWO POINTS AND nTH DERIVATIVES NORM INEQUALITIES
FOR ANALYTIC FUNCTIONS IN BANACH ALGEBRAS

HEPIBHOCTI JIJIsI HOPMH JIBOX TOYOK I n-I MOXIJTHOI
JIJIST AHAJTITHYHUX ®YHKIINA Y BAHAXOBHUX AJITEBPAX

Let B be a unital Banach algebra, let a € B, G be a convex domain of C with o(a) C G, let a, 8 € G, and let f:
G — C be analytic on G. By using the analytic functional calculus, we obtain among others the following result:

f(a‘)ii IC' S

H 53 L [P @ - ) + () P 5) 6 - o)

1 n4+1 n+1
< m[“a a4+ 18 —al"T ] x

X maxq sup Hf "1 = s)a + sa
s€[0,1]

sup [0 - a+s/5']H}.

s€[0,1]

Some examples for the exponential function on Banach algebras are also given.

Hexait B — yuitanbHa anreOpa banaxa, a € B, G — onykia obnacts B C 3 0(a) C G, a, B € G,a f: G — C
€ aHamTH4HOK Ha (G. BHUKOPHUCTOBYIOYM aHANITHYHE (YHKI[IOHAIbHE YHCICHHS, MU OTPHUMYEMO Cepe]l iHIIMX TaKui
pe3yInbTar:

Hf<a>—§2 S @ -0t + 1 P E) 6 - o] | <
k=0 "
1 n+1 n+1
Sm[“a af TP |18 — al|"T] x
xmax{ sup Hf("'H) (1 —s)a+ sa]||, sup |[f"TV[(1 = s)a+ s8] H}
s€[0,1] 5€[0,1]

HaBeneHo Takox JesiKi MPUKIIAIHU JUIS eKCIIOHEHIianbHuX (QyHKIil Ha anreOpax banaxa.

1. Introduction. Let B be an algebra. An algebra norm on B is a map || - || : B—[0, c0) such that
(B,]| - |I) is a normed space, and, further, ||ab|| < |lal||/||b|| for any a,b € B. The normed algebra
(B, || - |I) is a Banach algebra if || - || is a complete norm. We assume that the Banach algebra is
unital, this means that B has an identity 1 and that ||1| = 1.

Let B be a unital algebra. An element a € B is invertible if there exists an element b € B

. . . . . 1
with ab = ba = 1. The element b is unique; it is called the inverse of a and written a~! or ~.

a
The set of invertible elements of B is denoted by Inv(B). If a,b € Inv(B) then ab € Inv(B) and
(ab)~t =b"ta"l.

For a unital Banach algebra we also have:
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(i) if a € B and limy_oo)|a™|| ™ < 1, then 1 — a € Inv(B);

(i) {a€eB:|1-0b|| <1} C Inv(B);

(iii) Inv(B) is an open subset of B;

(iv) the map Inv(B) > a > a~! € Inv(B) is continuous.

For simplicity, we denote z1, where z € C and 1 is the identity of B, by z. The resolvent set of
a € B is defined by

pla) == {z €eC:z—ac InV(B)};

the spectrum of a is o(a), the complement of p(a) in C, and the resolvent function of a is
Ry : pla) — Inv(B), Ru(2) := (2 — a)~!. For each z,w € p(a), we have the identity

Ry(w) — Ry(2) = (2 — w)Ry(2) Ry (w).
We also get that
o(a) c{z€C:|z| < |al}.
The spectral radius of a is defined as

v(a) =sup {|z]: z € o(a)}.

Let B a unital Banach algebra and a € B. Then:

(i) the resolvent set p(a) is open in C;

(ii) for any bounded linear functionals \: B —C, the function A o R, is analytic on p(a);
(iii) the spectrum o(a) is compact and nonempty in C;

€& — a)~dg;

(iv) for each n € N and r > v(a), we have a” = —
270 Jigj=r

(v) we have v(a) = limy,_,o0||a™||*/".
Let B be a unital Banach algebra, a € B and G be a domain of C with o(a) C G. If

f: G — C is analytic on GG, we define an element f(a) in B by

-1
2m/f §—a) dE, (1.1

where § C G is taken to be close rectifiable curve in G and such that o(a) C ins(d), the inside of ¢.
It is well-known (see, for instance, [6, p. 201 —204]) that f(a) does not depend on the choice of
0 and the Spectral Mapping Theorem (SMT)

holds.

Let $Hol(a) be the set of all the functions that are analytic in a neighborhood of o(a). Note that
$Hol(a) is an algebra where if f, g € $Hol(a) and f and g have domains D(f) and D(g), then fg
and f + g have domain D(f) N D(g). $Hol(a) is not, however a Banach algebra.

The following result is known as the Riesz Functional Calculus Theorem [6, p. 201 -203].
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1088 S. S. DRAGOMIR

Theorem 1. Let B a unital Banach algebra and a € B.

(@) The map f — f(a) of Hol(a) — B is an algebra homomorphism.

(b) If f(z ) = ZZOZO o 2® has radius of convergence r > v(a), then f € $Hol(a) and f(a) =
=2,

© Iff( > = 1, then f(a) =

() If f(2) =z for all z, then f(a) =

@) If f, fi,--- fn,... are analytic on G, o(a) C G and f,(z) — f(z) uniformly on compact
subsets of G, then || fn(a) — f(a)|| = 0 as n — oo.

(f) The Riesz Functional Calculus is unique and if a, b are commuting elements in B and
f € $Hol(a), then f(a)b=>bf(a).

For some recent norm inequalities for functions on Banach algebras, see [4, 5, 9—15].

By using the analytic functional calculus in Banach algebra B and function f € $Hol(a), we
establish in this paper some norm error estimates in approximation the element f(a) by some simpler
expressions such as

n

(1= NF(@) + A (B) + 3 2 [1= VP )@~ @) + (-1 AFP(B)(5 — a)t],

k=1

L B+ (a—a B-a)a-a)
(- 7@ + - +

n

x> (0= @) B e) + (4B - )t ()

k=1

and

[(a —a)f(e) + (8 —a)f(B)] +

=
|
Q

b S @ )W)+ ()R - ) )]

6_O‘k=1

where o, 3 € D and A\ € C.
2. Scalar identities. Let f: D C C — C be an analytic function on the convex domain D and
&, a € D. Then we have the following Taylor expansion with integral remainder:

=3/ Ma)E—a)t +
k=0 """

1
+ €=y [ = st sg)(1 - ods RV
0

for n > 0 (see, for instance, [24]).
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Consider the function f(§) = Log(¢), where Log(¢) = In|¢| 4 i Arg(§) and Arg(€) is such that
—m < Arg(¢) < m. Log is called the “principal branch” of the complex logarithmic function. The
function f is analytic on all of Cy:= C\ {a+if: o <0, § =0} and

(—1)F1(k — 1)!
¢

f(k)(g) = k>1, ¢eC,.

By using the representation (2.1), we have

noo \k—1 — k
Log(¢) = Log(a) + (=1) <E > +

k
k=0

1
b1 n+1/ (1—s)"ds
) (1—s)a+ s&"H!

for all £, € C; with (1 — s)a+ s€ € Cy for s € [0, 1].
Consider the complex exponential function f(§) = exp(&), then by (2.1) we get

n

exp(€) = 3 = (€ — ) expla) +

1
+ ”'H/ls exp[(1 — s)a + s€]ds
0

for all £, € C.
For various inequalities related to Taylor’s expansions for real functions, see [1-3, 16-23].

Lemma 1. Let f: D C C — C be an analytic function on the convex domain D and &, «,
B € D. Then, for all A € C and n > 1, we have

F&) = (A=A fla) + Af(B) +

+ ;;‘[ NFE @) = a)* + (1A BB)(B = OF| + Sual€, e B),  (22)

where the remainder Sy \(&, o, B) is given by

1

Sua(€oar ) = o | (1= )€ =)™ [ O = s)at s 5)"ds +

0
1
+ (=1)"TIN(B - g”*lff"“ $)E+ sB]s"ds | . (2.3)
0

Proof. If we replace in (2.1) « by 3, then we get
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1090 S. S. DRAGOMIR

O =3 )5+
k=0

1
€=t [ )5+ se)(1 - s)ds =
0
— (=D* k
= o f (@B =& +
k=0
-1y 1
+ ot [ Fr(1 - 95+ sg)(1 - 9)ds =
0
n o 1\k
= E 0y - gt +
k=0
L= 1)“+1 5 - 5n+1/f(n+1) — $)E + s8]s" ds. (2.4)

Assume that A # 1,0. If we multiply (2.1) by 1 — X and (2.4) by A we get the desired representa-
tion (2.2) with the remainder S,, (§, o, 5) given by (2.3).
If either A = 1 or A = 0, then the theorem also holds by the use of Taylor’s usual expansion.
Lemma 1 is proved.
Remark 1. We observe that for n = 0 the representation from Lemma 1 becomes

F&) = (=N f(a) + AF(B) + Sx (&, v, B), (2.5)

where the remainder S, (&, «, ) is given by

1
Sa(&a,p):=(1 /f’ (1—s)a+ s&)ds —
0

1
O/f’ (1= $)¢ + sB)d

Corollary 1. With the assumptions in Lemma 1 we have, for each distinct £, a,8 € D with

B#a,

F6) = 10— ) + ¢~ pp (3] + L= LE=2),
x % {(5 =) W (a) + (1)F (B - (5)} + Lo (& o, B), 2.6)
k=1
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where
1
(6 f) |: n+1 n
L, a,pB)="—>2>——~ 7t (1—-s)a+s)(1—s)"ds+
nl(B — 0/
1
+H(=1)"H(B - E)"/f("“)((l — 5){ + sB)s" dSI
0
and
1
1 = g5l - f @+ B -9f )]

"3 s 2 E- M W)+ (1R E -9 BB+ Pg @), @)

where
. 1
L o n+2 (n+1) o "
P&, B) = s {(& o)t 0/f (1= s)a+ s)(1 - s)"ds +
1
+( n+1 B g n+2/f n+1 §+35)S dS]
0

respectively.

The proof is obvious, by choosing A = ({ —«a)/(6 —«a) and A = (8 —&) /(B — «), respectively,
in Lemma 1. The details are omitted.
The case n = 0 produces the following simple identities for each distinct &, o, 8 € D:

L [(8- 1) + (€~ ) f(9)] + L(E.0.5)

£(6) = 5=

where

1 1
L(&a,msw{/ﬁ(( S se)ds— [ 111 -9+ s5)a ]
0

b —«
0
and
£6) = g 1€ ~ @)F(a) + (B = 1)) + P(&. . B)

where

1 1

P(€.a, ) = { Q/f’ (1— s)ar + s6)ds — (5 — 52/1"’ (1— )¢ + sB)d ]
0 0
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1092 S. S. DRAGOMIR

3. Identities in Banach algebras. We have the following two point representation of an analytic

function on Banach algebras.
Theorem 2. Let B be a unital Banach algebra, a € B, G be a convex domain of C with
o(a) C Gand a,B € G. If f: G — C is analytic on G, then, for all A € C and n > 1, we have

fla) = (1 = A f(e) + Af(B) +

£ 20N @)a— ) + DA PGB - 0] + Sur(@ap) ()
k=1 "
where the remainder S, x(a, o, 3) is given by

1

Sua(a, a,B) = 1 {(1 —N)(a— oz)"Jrl /f(”+1)[(1 — s)a + sa|(1 —s)"ds +

nl
0
1
+( )n+1)\ n+1/fn+l a+86]3 dS] (3‘2)
0

1
In particular, for A = 3 we obtain the trapezoid type identity

)= L@,
#3532 @)a - ) + (DFOGE)E - ] + Tala,0,8), (33)
k=1

where the remainder T, (a, c, B) is given by

1
Tola, a, B) := 2%, [(a —a)"t! / FOI[(1 — s)a+ sa](1 — s)"ds +
0

1
+ (—1)"“(5—a)ﬂ+1/f<ﬂ+1>[(1—s)a+sﬂ]s"ds .
0

Proof.  Assume that 6 C G is taken to be close rectifiable curve in G' and such that o(a) C
C ins(9). By using the analytic functional calculus (1.1) and Lemma 1, we get

- / FE(E —a) e = (1= N (@) + M () [ (€~ )de +
é
+ Y =B [€- ke - o) td +
k=1"" s
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+Zk, AB(8) o [(6- e - )t +

)

+ 7}”(1—A);/ _ )t (/fn+1) a+3g](1s)”ds) (€ —a) tde +

+ = (=1 9 /(5 gt (/f (1 = 5)€ + sB]s™ ds) (€ —a) e =

6

1
n' (1— / (217”/ a)" LD [(1 — s)a + s€] (€ — a)%zg) (1—s)"ds +
0 )

n:

0 6

where for the last equality we used Fubini’s theorem.
By using the functional calculus for the analytic functions

G3Em (E—a)" Pt — s)a+ s¢] € C

and
Go&m (B—OmT (1 —s)e+spleC
we have
7 / (6 =) (1~ s)a+ s€](€ —a) 7 =
)
= (a— )" D1 = $)ar + sd
and
21/ (B =&ML D1 — 5)¢ + s8)(€ — a)~Nde =
0
= (8= a)" " fMI[(1 = s)a+ ).
Therefore,

/ (27” / — o)t ity [<1s>a+sf]<§a)1dg)<1s)nds
0

ISSN 1027-3190. Vkp. mam. scypn., 2022, m. 74, Ne 8
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1094 S. S. DRAGOMIR

1
/ Q)" FHD[(1 = )+ sa)(1 — s)"ds =
0

1
a—oz"“/f"Jr1 [(1—s)a+ sal(l—s)"ds
0

and
1
/ (1/ B =" FI[(1 = 8)E + 5B ~ a>1d£> s"ds =
271
0
1
/ n+1fn+1 [(1—s)a+36]3”ds:
0
1
=(B—a"*t /f(n+1)[(1 — s)a + sB]s™ ds.
0
Since
1 & k
o [E-o =1 o[- ate- o =)
5 5
and
o [(6- 98- g = (5 - )
5

for K =1,...,n, hence by (3.4) we get the representation (3.1) with the remainder (3.2).

Theorem 2 is proved.

Remark?2. Withe the assumptions from Theorem 2 and by using the scalar identity (2.5) we
have, for n = 0, that

f(a’) = (1—)\)f(oz)+)\f(ﬁ)+5,\(a,a,ﬁ), (35)

where the remainder S)(a, «, ) is given by

1
Si(a,a, B) = (a —« /f' (1 —s)a+ sa)ds —
0

1
/f’ (1= s)a+ sB)ds
0
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In particular, we have

f(a) = 7+T(ava76)v (36)

where the remainder 7'(a, o, 3) is given by

N |

T(a,a, B) =

1 1
{(aa)/f’((ls)a—i—sa)ds(Ba)/f’((ls)a+sﬁ)ds].
0 0

We also have the following theorem.
Theorem 3. Let B be a unital Banach algebra, a € B, G be a convex domain of C with
o(a) C G and o, B € G with a # B. If f: G — C is analytic on G, then

(@) = = [F@)(B =) + F(B)a = )] + W
X ; %{f(k)(a)(a — Oé)kil + (_1)kf(k)(/8)(/8 - a)kil} + Ln(aa a?ﬂ)? (3‘7)
where
1
Ly(a,a, ) := (ﬁn!(c;)(_a—a [aa /f”Jrl (1 —=s)a+sa)(l—s)"ds +
0
1
+ ( n+1 f "H‘l) a + sﬂ)s dé’]
]
and
(o) = g [F@)a - o)+ F(B)(B - a)] +
+ Bia %{f(k)(oz)(a—oz)’”'1 + (—1)kf(k)(ﬁ)(5—a)k+l} + Pa(a, a, B), (3.8)
k=1
where

1
Pa(a,a,f) = La —a)"t? / FrD((1 = s)a+ sa)(1 — s)"ds+

0

+(=1)"H (B — )™t / PO = s)a+ 58)s" ds]

The proof follows in a similar way to the one from Theorem 2 by utilising the functional calculus
for analytic functions (1.1) and the scalar identities (2.6) and (2.7).
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1096 S. S. DRAGOMIR

The case n = 0 produces the following simple identities for each distinct o, 5 € G
1

fla) = 5_a[f(a)(ﬁ—a) +f(B)(a—a)] + L(a,a, B),
where
G-aa-a) 1
L(a, o, B) := (a-a |: (1= 8)a+sa)d f’ 1—3a+sﬂ) ]
/ -
and
£(a) = = [f(@)(a — o)+ F(B)(B — )] + Pla,a )
where

1 1
P(a,a, ) := ﬂi |: (a — a)Q/f'((l —s)a+ sa)ds — (B — a)Q/f’((l —s)a+ sﬁ)ds] .
0 0

4. Norm inequalities. The following result providing norm error estimates, holds.
Theorem 4. Let B be a unital Banach algebra, a € B, G be a convex domain of C with
ola) C Gand o, € G. If f: G — C is analytic on G, then, for all A\ € C and n > 1, we have

the representation (2.3) and the remainder Sy \(a, o, B) satisfies the norm inequalities

1
Sna(a,0,B)] < {1 ~Alla=al™* [0 - s)a+ salf| (1 - s)ds +
0

s" ds] <

sup,cio.y | /1 = $)a -+ sal |

1
S =l i - a0
0

(1
n+1

1 1 P 1/p
. w(/ Hf<n+1)[(1—s)a+sa]H ds>
< 1= Allla = af**1§ (ng 17 +

1 1
for p,q > 1, where — + — =1,
P q

/ Hf (n+1)] Ja+ sa Hds

[(1—s)a+ sp]|,

+1

— — S)a S S
N8 — ol a7 ! (4.1)

for p,q > 1, where — + — =1,
p q

/;Hf(”“)[(l —s)a+ sB]HdS.
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In particular, we get the representation (3.3) and the remainder satisfies the norm inequalities

T (a, o, B)|| < [CL oan+1 /Hf "+1 Ja + sa H (1—s)"ds +

shds| <

1
= att [0 - s)a+ 58
0

1
n+1SUpseol]Hf (1= s)a + sd]]|,

1/p
I+ mq+11>/</0 Jr+0ta - s>a+sa]H”ds> )

la —a L1
for p,q>1, where — 4+ — =1,
P q

<7
- 2n!

/1Hf("+1)[(1 — S)a + sa]Hds
0

1
n+1 sup,epo,y| [ fTVI(1 — s)a + s8],

+ 18— al™t arri e e )
2n!

1 1
for p,q>1, where —+— =1,
p q

1
/0 Hf<"+1>[(1 —s)a+sﬁ]”d8.

Proof. By using the representation (2.4), we obtain

[Sna(a, o, B S \1—)\’ - nH/f”+1 s)a + sal(1 — s)"ds|| +
1
+ [AL|[( —a”“/f”"'1 s)a + sPB]s" ds]
0
1
< o |1t=Allta ==} [ 701 = s)a+ sala - s +
0

= | [ £ = 0 sl | <

1
< [1 Al =™ [ s)a+ sal| 1 - 5ds +

ISSN 1027-3190. Vkp. mam. scypn., 2022, m. 74, Ne 8
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1
48 =l |0 = sjat s]sm ds
0
This proves the first inequality in (4.1).
By using Holder’s integral inequality, we have
/anH s)a+ sa H 1—s)"ds <

IA

Similarly,

Therefore,

(

1
supseion || £V - s)a + s /0 (1 s)"ds,

=: A.

S. S. DRAGOMIR

([l - s s} ([ -spmas) "

1 1
for p,q > 1, Whel‘e*—l-* 1,

supse(o,1) (1 / Hf’”rl s)a + sa Hds

1
nrl SUDs¢(0,1] Hf(nﬂ)[(l — s)a + sal Ha

W </01Hf<n+1>[(1 ~ s)a+ Sa]de8>

1 1
for p,q > 1, where — 4+ — =1,
P q

/ Hf(”H s)a+ sa Hds

s"ds <

/Hf(”ﬂ) s)a + sf]

1 SUPseo,1 Hf(nH) (1= s)a+ s3] }

(nq—i—ll/q(/ Hf(nJrl) [(1-9)a —&-sﬁH )

1
for p,q > 1, where 7+f:1,
p q

/()le<"+1>[(1 — s)a + sf]|ds

IN

1/p

(4.2)
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1 n
nrl SUPse(o,1] Hf( D1 = s)a+ sd],
1 1 » 1/p
1 o[ 10w )
A< gt = Ao — oty e DR T
for p,g > 1, where — + — =1,
p q

/01Hf<n+1>[(1 ~ S)at sa]Hds

(1
n+1sup5601Hf”+1 [(1—s)a+sA],

(nq+11/q</ an+1 1—sa+sBH )

1 1
for p,q > 1, where — + — =1,
P q

1
A8 — af" !
mn.

[0t s

By using (4.2) we get the second part of (4.1).

Theorem 4 is proved.
Remark3. In the case n = 0 we have the representations (3.5) and (3.6) and the remainders

Sx(a,a, B) and T'(a, «, 3) satisfy the bounds

15(a, , B)| < 1 = Alfla — o /Hf'[(l — s)a + sa]||ds +
0

1
+ NI = ol [ 1101 = s)a+ s8] s <
0

sup,efo, 1) [1f/[(1 — s)a + salll,

|
1 1/p
< 1= Mla—«f </0 Hf’[(l—s)oe—i—sa]des> +

1 1
for p,g > 1, where — + - =1,
p g

supseo, i [[/[(1 = s)a + sp]ll,

1 1/p
B = al ( [ sl -9+ 55]||pds)

1 1
for p,g > 1, where — + — =1,
p q

\
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1100 S. S. DRAGOMIR

and

1
7@, )] < 5| la = all [171(1 = 9)a-+ salds +
0

1
18—l / 1711 = $)a + s8)[[ds| <
0

fsupse[O,l] ”f,[(l - S)a + Sa} H7

la —«f (/;Hf/[(l—s)a—i—sa]”pds)l/p +

1 1
for p,q > 1, where — + — =1,
p q

DN |

supsefo, ||/ [(1 = s)a + spll;

w2 al ([ 1510 = spa+ sras) "

1 1
for p,¢g > 1, where — + - = 1.
p g

Corollary2. With the assumptions of Theorem 4 we have

[Sn.a(a, , B < (11 = Allla = al™t + [A][18 — al|"*] %

1
(n+1)!

X max{ sup Hf(”“)[(l — s)a+ sal
s€[0,1]

 sup Hf(“+1>[<1—s>a+smH}

s€[0,1]

and, in particular,

1
1Tn(a, e Bl < 5 [lla = al™** + 18 = all"**] x

(n+1)!

X rnax{ sup Hf(”ﬂ)[(l —s)a+ sa}”, sup Hf(”“)[(l — s)a+ 3[3’]”}
s€[0,1] 5€[0,1]

We have the following theorem.

Theorem 5. Let B be a unital Banach algebra, a € B, G be a convex domain of C with
ola) C Gand a,p € G with o # . If f: G — C is analytic on G, then, for n > 1, we have
the representations (3.7) and (3.8) and the remainders Ly (a,«, 8) and P,(a,«, 3) satisfy the norm
inequalities
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| Ln(a,a, B)|| < a)(a — )| x

1
w15 —al?

|:a0<"/f"+1 s)a+ sa H (1 —s)"ds+

s" ds] <

|H —a)(a— ) Hx

1
Hg=al [ £ (1= 5)a+ 56)
0

1
= nljf -

- , 1
n+1

1/p
W </01Hf(”+1)[(1 —s)a+ sa]des>

1 1
for p,q>1, where — 4+ — =1,
p g

I / Hf ”+1 Ja + sa Hds

SUPse(o, 1]Hf (1—s)a+saH|

X |lla—= o™

1 _
s |V = )+ 55

([ - saa)

1 1
for p,q>1, where — 4+ — =1,
P q

1
/0 | #4011~ s)a+ 5] ds

+[|8 = all”

and

1

1
HPn(a, aaﬁ)H < m |:a — aHn+2 /Hf(n+1)((1 —s)a+ sa)H(l — 5)"ds +
0

1
Hg =l [0 (1= 9a+ s9)
0

s" ds] <
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[ 1
1 S Pselo,) | £ +D[(1 = s)a + sa]],
1 1 » 1/p
S (n+1)7(1 _ d >
__ 1 la— o] (nq + 1)V </0 Hf [( s)a+sa]H s .
~ nllf -« 1 1
for p,q > 1, where — + — =1,
. P oq
/ Hf(nﬂ)[(l —8)a+ sa]Hds
L 0
(n—{— - supgepo, | fHV[(1 = s)a+ sB]|) _
- - fn+1 1—3 a—l—sﬂ )
+ 18— al™+? <”q+ 1y </ | I (44)
1
for p,q > 1, where f+ - =1,
1 p q
[0
0 _
Proof.  From Theorem 3 we have
1
|Ln(a, e, B)|| < m}}(ﬁ a)(a — )|
1
|: a— ) /f"+1 s)a+ sa)(l — s)"ds||+
0
1
/an a—i—sﬁ)s ds]
0
1
< mp=all® a)(a—a>H I =) [ £ = s)a+ sa)(1— 5)"ds| +
0
1
6=l [ £ = s)a+ ) s
0
1
= nwg |H (a— a)}{a a||n/Hf(n+1)((1 - S)Oé+sa)‘ (1—s)"ds+
0

s"ds| =: B,

1
Hg=al [ [ (1 = 9a+ )
0

which proves the first inequality in (4.3). The second part follows by Holder’s integral inequality.
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The inequality (4.4) can be proved in a similar way.
Theorem 5 is proved.
Remark 4. In the case n = 0 we get

(@) = 3= 1#(@)(8 = @)+ F(B)(a — )] + Lia,x ),
where
209 < 6 - a)a = )
1
></Hf’((1 — s)a+ sa)ds — f'(sa+ (1 —s)B)||ds (4.5)
0
and
(@) = = [F(@)a =)+ F(B)(B — a)] + Pla,a.5)
where
|P(a, o, B)|| < ;x
PN = g

1 1
Ja—al? [17/(1 = s+ sa)jds + 18— all* [|17/((1 = s)a+ s5) Jds|.
0 0

Moreover, if there exist L, > 0 such that
/(1= s)a+ sa)ds — f'(sa+ (1 —s)B)|| < (1 — a)La|a — B
for all s € [0, 1], then by (4.5) we get
1
208 < LLa)16 - a)a - ).

5. Examples for exponential function. Let I3 be a unital Banach algebra, a € 5. Consider the
exponential function f(z) = exp(z), z € C and put

E, . := sup Hexp[(l —s)a+ sz]H <oo, m=>0.
s€[0,1]

Observe that
exp((1 — )\ + ta) = exp|(1 — t)\] exp(ta),
which gives
[ exp((1 = t)A +ta)|| = [exp[(1 — )A]|[| exp(ta)|| =
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= exp|(1 — 1) Re AJ|| exp(ta)|| <
< exp[(1 —t) Re A exp(t|lal) = exp [(1 — t) Re A + t]|a||] <
< exp(max{Re A, [[a[})

for any ¢ € [0,1], A € C.
Therefore,

E,. < exp (max{Rez, ||al|}).

Let B be a unital Banach algebra, a € B, G be a convex domain of C with o(a) C G and «,
B eG. If f: G — C is analytic on G, then by the inequality (4.1) we have

1
< o n+1 n+1 _
(a0, )1 < =gyl = all™*! sup 7011 = o)a-+ sal| +
+ g8 = ol sup || - s)a+ 53] 5.1)
2(n+1)! s€[0.1]

If we apply the inequality (5.1) for the exponential function, then we get the norm inequality

n

expa - SRALPT 12 L fexp@)(a - a)* + (~1)F exp(5)(5 — )]

<
2 k! -

1
< s e — ol exp(max(Rea o]} +

+ 118 = al"* exp (max{Re 5, [lal})| <

1

< - - _ n+1 _qn+1 '
< gyl —alP™ + 15— al*) explumax{Rea, Res, a]

By using the inequality (4.3), we have, for a # (3, that

20,00 < g6~ o=

'Iﬁ

x |[la — o™ sup Hf(”ﬂ)[( s)a+sa]H+
selo

(5.2)

+[|8 —al|l" sup Hf(nﬂ)[(l —s)a+ sﬂ]H .
s€[0,1]

If we apply the inequality (5.2) for the exponential function, we obtain

i o lexp(a) (B8 — a) + exp(B)(a — a)] —

expa —
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(B—a)(a—a) 1 B .
_ﬁ—a;m{exma)(a—@’“ (D exp(8)(8 — ) || <

1

< m”(ﬁ—a)(a—awx

X [Ha — af" exp(max{Rea, ||a||}) + || — a||" exp (max{Reﬂ, Ha||})] <

1

< ol ~ e -

x[lla —al" + 18 = a|"] exp(max{Re o, Re 3, [|al|}).

By using the inequality (4.4), we get

1
HPH(CL,Oé,ﬁ)H < m X

X |[la = af"*? sup Hf(nﬂ)[(l —s)a+ sa]H +
s€[0,1]

18— al**2 sup || 7)1 - s>a+smu] (53)
s€[0,1]

for a # .
By writing this inequality (5.3) for the exponential function, we have

n

exp(a) — ! Z %{exp(a)(a — )" 4 (—1)*exp(B) (B — a)’““}H <

5_0‘14::0

1 n
< g e ol explmax(Rea o]} +

+ 118 = a2 exp (max{Re 3, [lal})| <

1

< I [la —al"** + |8 — a||"*?] exp(max{Re a, Re 5, [lal|}).
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