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GENERALIZATIONS OF STARLIKE HARMONIC FUNCTIONS
DEFINED BY SALAGEAN AND RUSCHEWEYH DERIVATIVES

V3ATAJIBHEHHS 3IPKOIIOJIBHUX TAPMOHIUYHUX ®YHKIII,
IO BUBHAYEHI INOXITHUMHU CAJIAI'EHA TA PYHIEBESA

We investigate some generalizations of the classes of harmonic functions defined by the Sildgean and Ruscheweyh
derivatives. By using the extreme-points theory, we obtain the coefficient-estimates distortion theorems and mean integral
inequalities for these classes of functions.

JlocnmipkeHo JesKi y3araJdbHEHHS KIaciB rapMOHIYHMX (YHKIIH, mo Bu3HadeHi noximHumu Canarena ta Pymeses. 3
BUKOPHCTAHHAM TEOPii eKCTPEMaIbHUX TOYOK OTPHMAHO TEOPEMH IIPO CIIOTBOPEHHS OLHOK KOe]iIlieHTIB Ta HEPiBHOCTI
IUTS IHTETPAbHUX CepeHiX I MUX KiaciB QyHKIiil.

1. Preliminaries. Let A denote the class of functions of the form
o
f) =24 2", (1)
k=2

which are analytic in the open unit disk U = {z € C: |z] < 1}.

A continuous function f = u + v is a complex-valued harmonic function in a complex domain
G if both v and v are real and harmonic in G. In any simply-connected domain D C G, we can write
f =h+7, where h and g are analytic in D. We call h the analytic part and g the co-analytic part
of f. A necessary and sufficient condition for f to be locally univalent and orientation preserving in
D is that |h/(z)| > |¢'(2)| in D (see [2]).

Let H denote the family of continuous complex-valued functions that are harmonic in U. Denote
by Sy the family of functions f € H of the form

f=h+g, h(Z) :Z—ankzk, g(Z) :Zb/ﬂzkv (2)
k=2 k=2

which are univalent and orientation preserving in the open unit disc U. Thus, f(z) is then given by

f(z) =2+ Z apz® + Z by2k. 3)
k=2 k=2
A function f of the form (3) is said to be in S3, () if and only if (see [2, 4, 5])

%(argf(7“€w>)>a, 0<f<2m Jz|l=r<l1l, 0<a<l. (4)

Similarly, a function f of the form (3) is said to be in S5,(«) if and only if
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0 0 ")
i —_ ¢ < = .
ae(argae(f<re ))>>a, 0<O<2m |zl=r<l1 Q)
We note that (see [7]) a harmonic function f € S, () if and only if
RIS o<1, where Jaf(2) = 2H(2) — 29 (2).

f(z)
Definition 1 [1]. For f € A, A > 0 and n € N, the operator DY, is defined by DY : A — A,

DY (2) = f(2),
DY f(2) = (L= N)DSf(2) + Az(DRf(2)) = DA(DRf(2)), z€U.
Remark 1. 1If f € A, then
2)=z+ Z[l + (k= D\"ag2®, zeU.
Remark?2. For A = 1 in the above definition we obtain the Sdldgean differential operator [13].
Definition 2 [12]. For f € A, n € N, the operator R" is defined by R": A — A,
ROf(2) = f(2),
(n+ DRf(2) = 2(R"f(2)) +nR"f(2), z€U.
Remark3. 1If f € A, then
— 1
—z+z n—l—k zk, zeU,
which is the Ruscheweyh differential operator [12].
Definition 3. Let v, A > 0, n € N. Denote by L™ the operator given by L™ : A — A,
L0f(z) = (L=7)R*f(2) +1DXf(2), z€eU.
Remark4. 1f f € A, then

L f(z —z—i—Z{ )\]”+(1—7)W}akzk, zeU.

We consider the linear operator L%, : H — H defined for a function f = h +g € H by
yf=L"h+ (—=1)"Lng.

For a function f € H of the form (3), we have

BE) =2+ [nkn,N) + (1= y)puk,n)]azk+

k=2
=™ lyn(k,n, A) + (1= y)u(k,n)bez, 2z €U,
k=2

(n+k—1)!

where n(k,n,\) = [1 + (k — 1)\]" and pu(k,n) = k-
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1390 A. 0. PALL-SZABO

Definition 4. For —B < A< B < 1and n € N, let gﬁ(A,B) denote the class of functions
f € H of the form (3) such that

L3 (=) — L5 f(2)

B f(s) — Acn gz 0 Y ©

Remark5. Dziok et al. studied the case v = 0 in [3], while the case v = 1 and A = 1 was
studied in [4].

Note that the classes g%(A, B) for the analytic case, i.e., g = 0, were introduced by Janowski
[8]. Jahangiri [6, 7] and Silverman [14] studied the classes Sj;(a) = 5%(204 —1,1) and S5,(a) =
= g’}i(Za —1,1) for the harmonic case.

2. Coefficient estimates.

Theorem 1. A function f € H of the form (3) belongs to the class g;_‘[(A, B) if it satisfies the
condition

> (onlak] + Belbr]) < B — A, %
k=2

where
a =0(A,B,n,y,\ k) +o(1,1,n,v,\ k),
Br = 6(A, B,n,v,\, k) + (1, 1L,n,v,\, k),
(A, B,n,v,\, k) =yn(k,n,\)[(k —1)AB + B — A]+

(B—An+Bk—A
n+1

6(A, B,n,y, A k) = yn(k,n, A)[(k = 1)AB + B + Al+

+(1 = y)u(k,n)

)

(B+ An+ Bk + A

L=k, ) ==

Proof. We know from Definition 4 that f € g;:‘[(A, B) if and only if

LY f(z) — L5, f(2)
BLY f(z) — ALY, f(2)

<1, zel.

It is sufficient to prove that
L3 f(2) = L3 f(2)| = |BLG f(2) — ALY f(2)] <0, 2z €U\ {0}
Letting |2| =7, 0 <r < 1, we have
L5 f(2) = L3, f(2)] = | BLY f(2) — AL f(2)] <

o0

< PMMmM%—DA+O—thm
k=2

k
n+1 x|+

ISSN 1027-3190. Yxp. mam. ocypn., 2022, m. 74, Ne 10



GENERALIZATIONS OF STARLIKE HARMONIC FUNCTIONS ... 1391

> [W,n, N2+ (k= DA+ (1= )(k, n)Qn;’fl“] Ibelr® — (B — A)r

k=2

+ Z [’yn(k,n, M[(k—1DAB+ B — Al + (1 —y)u(k,n) (BZ i]; — A)} |ag |+

k=2
+>° [W(k, n, \)[(k — DAB + B+ A + (1 — y)u(k, n) <BZ i ]f + Aﬂ |bg|r* <
k=2

< T{Z(%MM + Brlbk)r*t — (B - A)} <0,
k=2

whence f € g%(A, B).
Theorem 1 is proved.
Lemmal. [fA>1,~v€0,1],n>0, - B<A<B<1,keN, k>2 then

ap > k(B—A), pr>k(B-A),

where i, By is defined in (7).
Proof. 1t is known that

First we prove that

(n+k—1)!

,u(k:,n):mZn—i—l. (9)

For the proof we use the mathematical induction method.

k—1)!
1. Let k > 2 be fixed and n = 0, then p(k,0) = O('(k—i)' =1 is true.
k!
Let k > 2 be fixed and n = 1, then pu(k, 1) :m >2e k!l >2(k—-1)! < k> 2is true.
2. Assume, for n = [, that the formula displayed below holds:
l+k—-1)
p(k, 1) = M >l+le(l+k—1) >N E-DI(1+1)=(1+DI(k-1).

3. Let n =1+ 1, so we have to prove that

(L + k) 2l+2e (+k)! =+ DIk-DI1+2).

/L(k,l—f—l):m_

This holds using the previous item
I+EN=00+k)(I+Ek-D>U+E)(I+D(E-1)!>1+2)(I+1)(k—1)N
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1392 A. 0. PALL-SZABO

Now, using (8) and (9), we prove that oy, > k(B — A):
ap =0(A,B,n,v,\k)+o(1,1,n,v,\ k) >
> vk"[(k —1)AB + B — A]+
+(1 —9)[(B—A)n+ Bk — A+ ~k"(k — 1A+ (1 —~v)(k—1).
But

E'[(k— 1)AB + B — Al + k"(k — DA = k"[(B— A) + (k — DA(B + 1)] >

>0

> EkE"(B—A) > k(B—-A)
and
(B—An+Bk—A+(k—1)>Bk—1)+B—A+k—1=
=(k-1)(B+1)+B—A>(k—1)(B-A)+B—A=kB-A).

So, a, > y(B—A)k+ (1 —7)(B—Ak=FkB-—A).
Now we prove that 3, > k(B — A):

/Bk = 5(14737”7’7’)\7]{:) +5(]—7 1)”577)\ak) >
> k" [(k = )AB + B+ Al + (1= )[(B+ A)n+ Bk + A+
TR (k= DA+ 2+ (1— )20+ k + 1] >

>Ak"(k-=1)(B+1)+B+A+2/+(1-)[(B+An+2n+Bk+k+A+1].

But
(k—1)(B+1)+B+A+2=kB+k+1+A>
>k(B—A), B>-1, A>-1,
k+1+A>-kAesk(A+1)+A+1>0< (E+1)(A+1)>0
and
(B+An+2n+Bk+k+A+1>Bk+k+A+1> Bk — Ak,
because

E+A+1> Ak s k(A+ 1) +A+1>0s (K+1)(A+1) >0.

S0, By = (B — A)k + (1 —7)(B — A)k = k(B — A).
Lemma 1 is proved.
Lemma2. IfA>1,v>1,n>0, —B<A<B<I1,keN, k>2, then

ap > k(B—A), pr>k(B-A),
where i, By is defined in (7).
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Proof. First we note that

— 1)
(k=D jn kneN k>2 (10)

ST

Let k£ be fixed. If n = 0 then (10) holds true.
Suppose that, for n, (10) is true, then, for n + 1, we have

m+k)l=n+k)n+k—-1<(n+k)k"nl(k—1)<
< (n+ DEE"nl(k —1)! = £"(n + 1!k - 1)

Now

Oék;ka‘"[(k:—l)(B+1)+B—A]_(7_1)kn(B—A)n+Bk—A

n+1
by (8) and (10).
But (B— A+ Bk—A+k—1
—A)n+ —A+Rr -
B-A —1)(B+1
- <(B-A)+(E-1)(B+1)
and so

o > [y — (v = DIB = A+ (k - 1)(B+ D" > k(B — 4),
Be > k" [(k—1)(B+1)+ B+ A+ 2]+

(B+An+2n+Bk+k+A+1 S
n—+1 -

+(1 —y)k"
> (k- 1)(B+1)+ B+ A+2 > k(B - A),

because (B+ A)n+2n+Bk+k+A+1<(n+1)[(k—-1)(B+1)+ B+ A+2].
Lemma 2 is proved.

Theorem 2. If f € H of the form (3) and f satisfies the condition (7), then f € Sy.
Proof. The theorem is true for the function f(z) = z. Let f € H be a function of the form

(3) and let us assume that exists & € {2,3,...} such that ap # 0 or by # 0. Since Bak >k,
B/BkA >k, k=2,3,..., proved in Lemma 1 and 2, then by (7) we have
oo
> (Klar| + klbx]) < (1)
k=2

and

W (2)| = |g'(2)] = 1= Kla|z[" Zk|bk||z|’“ >1- |z|Z Elay| + k|bg|) >
k=2

k=2
5 00
_B_AZ(ak‘ak‘"f'Bk’bk‘)Z1—‘2">0, zeU.
k=2
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1394 A. 0. PALL-SZABO

In this case the function f is locally univalent and sense-preserving in U. Moreover, if z1, 29 € U,
z1 # 2o, then

Zk Zk k k

1~ % -1 _k—1 -1y jk—1

—-— = E 2] 2y | < E |21 7|22 <k, k=23,
71— 22 =1 =1

Therefore, by (11), we have

|f(21) = f(z2)| = |h(21) — h(22)| — |g(21) — g(22)| >

o0 (o]
> 21—22—Zak(2f—z§> — Zbk(zf—zéf) >
k=2 k=2
o k k — k k
2y —z 2y —z
> -l (1- S 2] - S 4] ) -
s 1 2 P 1 2

> |21 — 2] (1 = klag| - Zk|bk]> > 0.
k=2 k=2

This leads to the univalence of f, so f € Sy.
Theorem 2 is proved.
Let NV denote the class of functions f = h + g € H of the form (see [14])

f(2) = 2= larl + (=1)" Y [belz5, (12)
k=2 k=2

and denote by SI\/(A, B) the class N N 87 (A, B).

Theorem 3. Let f = h+g be defined by (12). Then f € gy’?[N(A, B) if and only if the condition
(7) holds true.

Proof. For the ‘if” part see Theorem 1. For the ‘only if” part, assume that f & g;_‘[N(A, B), then,
by (6), we have

Z:O—z {0(1’ Lo, v, A k) |ag 2"+ 6(1,1,m, 7, A, ]{;)|bk‘§k‘—1]

- <l,zel.
(B—A) = 3" [o(A B, 7, A k) a2~ + 6(4, B, n, 7, A, k) byl
For z = r < 1, we obtain
Zk:2[0(17 1) n,?, )\7 k)|a/k,‘| + 5(1, 17 n, v, )\’ k)|bk|]rk‘—1 3 1

(B—A) =" [0(A,Bn,3, A k)lag] + 3(A, B,n, v, A, k) by rt !

The denominator of the left-hand side can not vanish for » € [0,1) and it is positive. So
220_2(ak|ak| + Br|br|)7* ™t < B — A, which, upon letting  — 1, yields to assertion (7).

Theorem 3 is proved.
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3. Extreme points.

Definition 5. We say that a class F is convex if nf + (1 —n)g € F for all f and g in F and
0 < n < 1. The closed convex hull of F, denoted by CoF, is the intersection of all closed convex
subsets of H (with respect to the topology of locally uniform convergence) that contain F.

Definition 6. Let F be a convex set. A function f € F C H is called an extreme point of F if
f=nfi+ Q1 —=n)fy implies fi = fo = f forall fi and fo in F and 0 < n < 1. We shall use the
notation EF to denote the set of all extreme points of F. It is clear that EF C F.

For the extreme points we use the Krein—Milman theorem (see [3, 4, 9]) which implies.

Lemma 3 [3, 4]. Let F be a non-empty compact convex subclass of the class H and J : H — R
be a real-valued, continuous, and convex functional on F. Then

max{J(f): f e F} =max{TJ(f): f € EF}.

Since H is a complete metric space, we can use Montel’s theorem [10].

Lemma 4 [3, 4]. A4 class F C H is compact if and only if F is closed and locally uniformly
bounded.

Theorem 4. The class g;}[ (A, B) is a convex and compact subset of H.
Proof. For 0 <n <1, let fi, fo € S7\-(A, B) be defined by (2). Then

nfi(z) + (1 —mn) 2= (mlarkl + (1 =n)lagkl)z"+
k=2
nz nlbr k| + (1 —n)|bak[2")
k=2

and

o0
S {antnlasil + (1= nlaspl| + Bylnlbrl + (1 = m)lbasl=*|} =
k=2

—UZ{Oék!am\-i—ﬁk\blk\}-i- (1-mn Zak\GQk!+5k!ka!<

k=2 k=2
n(B—A)+ (1 —-n)(B—A).
Therefore, the function ¢ = 7 + (1 — 1) fo belongs to the class S \(A, B), so Si (A4, B) is

convex. B
On the other hand, for f € &},/(4, B), |2| <7 and 0 < r < 1, we have

FEI <+ (lag + [brh)r™ < v+ (anlak| + Brlbel) < 7+ (B — A).
k=2 o

From this comes that g% (4, B) is locally uniformly bounded. Let

(oo} o0
z) = z—l—Zae,kzk +Zbe,kzk7 2eU, keN,
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1396 A. 0. PALL-SZABO

and f € H. Using Theorem 3, we have

o0

S (anlacsl + Brlbex) < B~ A, keN.
k=2

If fe — f, then |a. x| — |ax| and |be x| — |bx| when k — oo, k € N. This gives condition (7).
Therefore, f € 57?[ (4, B) and the class §§}l (4, B) is closed. We can now say, by Lemma 3, that
the class 5% (A, B) is compact subset of H.

Theorem 4 is proved.

Theorem 5. The set of extreme points of the class gﬁN(A, B) is EgﬁlN(A, B) ={hy: ke N}U
U{gr: k€{2,3,...}}, where
B-—A ,

Z

hs = h =z —
1 Z, k(z) z Qg

gk(2) =z + (—1)"3/6_ AEk, zeU, ke{2,3,.. .} (13)
k

Proof. 1f we use (7), we can see that the functions of the above form are the extreme points of the
class 83 /(A, B). Supposing that f € ESY,\-(A, B) and f is not of the form seen above, there exists

m € {2,3,...} such that 0 < |a,,| < or 0 < |by| < 0 < ap| < , then
m Bm m
1 -
putting Y= ’;m_’a;{n’@ = ﬂ(f _nhm)’ we have 0 < n < 1ahm7¢ € S?*'[N(Aa B)v hm 7é 4
~ B-A
and f = nhy,, + (1 —n)e. Thus, f ¢ ESY,\-(A, B). We get the same result for 0 < |b,,,| < 5
m

Theorem 5 is proved.
If the class F = {f € H: k € N} is locally uniformly bounded, then its closed convex hull is

coF = {Zﬂkfki om=1,m >0,k GN}-

k=1 k=1

Corollary 1. Let hy, gy be defined by (13), then

Sfin(A,B) = {Z(nkhk +0kgk): Y (mk+ k) = 1,00 = 0,7k, 0, > 0, k € N}.
k=1 k=1

For each fixed value of k£ € N, z € U, the following real-valued functionals are continuous and
convex on H:

J(f)=laxl, Tf)=Ikl, T)=I1fR)]. IT)= ‘%f(Z) , fEeH.
The real-valued functional
21 1/
J(f) = ;ﬂ/’f(reia)’w@ ., fEH, v>1, O0<r<l,
0

is continuous on H. For 7 > 1 it is also convex on H (Minkowski’s inequality).
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Corollary?2. Let f € §7ZN(A, B) be a function of the form (12). Then

B-A B-A

|b/€’ S 3
Bk

where «ay, Bi are defined by (7). The result is sharp. The extremal functions are hy, g of the
form (13). N
Theorem 6. Let f € S;}LN(A B) and |z| =r < 1. Then

T?

lag| < k=23 ...,

< fR) <r+

r —

p- =AUV E=00E D2 < oo <
(B=Ah+N"+(1=7)n+1)] o

(%)

sr+

The result is sharp. The extremal functions are ho of the form (13).
Proof. We only prove the right-hand side inequality. The proof for the left-hand side inequality
is similar and will be omitted. We have

FEI <+ (agl + [be))r* < v+ (Jag| + [b)r* <

k=2 k=2

1 — 1 &
<r+ 7Za2‘ak‘+*252‘bk’ r? <
* 5 62k:2

o

1 2
< — <
<t =3 (ol + Bl
k=2
<r+——7r% m<a, <P, <P foral k>2

(€5
An other proof can be made using the Lemma 3 with extreme points.
Theorem 6 is proved..
Corollary3. If f € 8} \/(A, B), then U(r) C f(U(r)), where
B-A

a2

r=1-—

and
Ulr)={z€C:|z| <r <1}
Corollary4. Let 0 <r <land £ >1.1If f € ‘SN‘»ZN(A B), then

2T
1 .
/‘f(rew d9< /)h2 re“’ 4o,
™
0
3
/‘LHf d9</‘LHh2 rét )( 49, £=1,2.....
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1398 A. 0. PALL-SZABO

4. Radii of starlikeness and convexity. We note that a harmonic function f € Sj,(«) if and
only if

g Lt (2)
f(z)
where Ly, f(2) = zh/(2) — 2zg'(2). For 0 < a < 1, f € 8§,(«) is equivalent with L4, f(2) € S5, ().
Let B C H. We define the radius of starlikeness and the radius of convexity of the class B:

>a, |zl=r<1,

R;(B) := }Ielg(sup{r € (0,1]: fis starlike of order « € U(r)}),

R (B) == }gg(sup{r € (0,1]: fis convex of order a € U(r)}).

Theorem 7. Let 0 < a <1 and oy, By be defined by (7). Then

1
« [ an . 1l—a . o B 1
R (Siv(4.B) = ;1%£<M mm{k—a’ k+a}> |

Proof. Let f € S}\(A, B) be of the form (12).
We note that f is starlike of order « in U(r) if and only if (see [7])

k-« k+a
Z(l_a!ak! 1o r) S (14)

k=2

Also, we have, from Theorem 3, that

2(3 sl + 52} <1

Since ay < Bk, k= 2,3,..., the condition (14) is true if

k—a Qg k+0<k1 Br
_— < d <
1_@7" —“B-A an 1—a -~ B-A’

1
l—a . ap B Rt
< =
T_<B—Amm{k:—a’k:—l—a}> , k=23,

So, the function f is starlike of order « in the disk U(r*), where

* .= inf 1-a min il B o
T\ B oA k—a' k+a ‘

k=23,...,

or

From the function

fio = hi(2) + gr(z) = 2 —
comes that the radius r* cannot be any larger.
Theorem 7 is proved.

Similarly, we get the following theorem.
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Theorem 8. Let 0 < a < 1 and oy, and By, be defined by (7). Then

v . l-a s B -
RS <SHN(A, B)) = jnf (B_A mm{ k(k— o) k(k+ ) }> '

Now, we will examine the closure properties of the class g‘;ft(A, B) under the generalized
Bernardi — Libera— Livingston integral operator L.(f), ¢ > —1, which is defined by L.(f) =
= L.(h) + L.(g), where

Lo(h)(z) = C“/tclh(t)dt and  Lo(g)(z) = C“/tclg(t)dt.

z¢ z¢
0 0

Theorem 9. Let f € g%(A, B). Then L.(f) € §7Z(A,B).
Proof. From the representation of L.(f(z)), it follows that

L@ =55 [t e + 5] a =
0

c+1 o1 k / — .
— e — tk | at t4 (=) S btk |dt| =
e / ( § ax ) + (+( ) k§_2 2
0 0 -

—z—ZAkz +( ZBkZ

where +1 +1
c c

A = — B =

EE R R PRT

by

Therefore,

> (ol Ag| + Br|Bxl) SZ(ak e . la k|+5kc bk|>
k=2

k=2

(e e}

<> (clar] + Brlbi|) < B — A.
h—2

Since f € g%(A, B), therefore by Theorem 1, L.(f) € g;:‘[(A, B).
Theorem 9 is proved.
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