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COEFFICIENT BOUNDS FOR MULTIVALENT CLASSES OF STARLIKE
AND CONVEX FUNCTIONS DEFINED BY HIGHER-ORDER DERIVATIVES
AND COMPLEX ORDER

KOE®INIEHTHI OUIHKH IS BAT'ATO3HAYHUX KJIACIB 3IPKOIIOAIBHUX
TA OIIYKJIUX ®YHKIIN, BASHAYEHUX IMOXIITHUMHA BUILOT'O MOPSJIKY
TA KOMINVIEKCHUM ITOPAJAKOM

We determine coefficient bounds for functions from subclasses of p-valent starlike and p-valent convex functions defined
by higher-order derivatives and complex order introduced with the help of a certain nonhomogeneous Cauchy —Euler
differential equation for higher-order derivatives. Relevant connections of some of our results with the results obtained
earlier are provided.

3HaiiIeHo OLIHKY [T KoeQilieHTiB QyHKIIH, 10 HaJekaTh 10 MiAKIACIB p-3HAYHUX 3IPKOMOAIOHHX 1 p-3HAYHUX OITYKIIUX
(yHKLIH, SKi BU3HAYAIOTHCS MOXIAHMMH BHILOTO IOPSIKY Ta KOMIUICKCHUM ITOPSIIKOM i BBOASTHCS 32 JOMOMOIOIO MEB-
HOTO HeopHopinHoro nudepeHmianbHoro piBHsaHHA Komri— Eitnepa i moxigHUX BUIOIOTo MOpsaky. HaBeneHo BigmoBimHi
CHIBBiIHOIIEHHS MK AEIKUMH HAIIMMH PE3yJIbTaTaMH Ta pe3ysbTaTaMu, o OyJau OTpUMaHi paHile.

1. Introduction. Denote by A, (p) the class of multivalent analytic functions of the form

f(z)=2P 4 Z apz, zeU:={z€C:|z| <1}, pneN:={1,2 ..}, (L.1)
k=p+n
and let A(p) := A1(p), A(n) := A,(1), and A := A;(1).
Definition 1.1. Forp >q, pe N, ¢ € Ny :=NU{0}, 0 <~ < p— q, we say that the function
[ € An(p) belongs to the class S} (q,n,7) of (p,q)-valent starlike functions of order v, if it satisfies
the inequality
2f1+9)(2)
)

and belongs to the class Ky(q,n,~) of (p, q)-valent convex functions of order ~, if it satisfies

(2+q)
Re(l—l—M) >, zel.

Re >, z€0U,

f(1+(1) (z)

The classes Sj(q,1,7) =: S;(q,7) and Ky(q,1,7v) =: K;(q,) were introduced and studied by
Aouf [7-9], and note that S;(0,v) =: S;(7) and K;,(0,7) =: K,(v) are, respectively, the classes of
p-valent starlike and convex functions of order v with 0 <~ < p (see Owa [18] and Aouf [3, 5, 6]).
Also, we mention that S}(y) =: S*() and K;(v) =: K(v), with 0 < 7 < 1, were introduced and
studied by Robertson [21] (see also [24, 25]), if S7(0,n,v) =: S} (v), and K;(0,n,v) =: C,(v), if
0 <~ < 1, were introduced and studied by Srivastava et al. [26].
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Definition 1.2. For be C*:=C\{0},0<A<1,0<8<1,peN, qge Ny, and p > q, we
say that f € A, (p) belongs to the class H,,(p, q, \, B, b) if it satisfies

Re{1—|—117< 1 () +)\z2f(2+q)(z)) - 1)} - 12

p—q(1—=Nf@(2) + Azf+a(z

Remark 1.1. For different values of p, g, n, b, \ we obtain the following subclasses:
(1) Hn(p7 q7 07 57 b) = Sn(p7 Q7 /87 b) -

1 1 zf0+9()
1+b<p—q F@2) —1]| >p8,2€U5.

(i) Hy(p,q,1,8,b) =: Cp(p,q,B,b) =

1 1 2f 2+ (2)
1+b<p_q<1+ FD () —1]| >p8,2z€Uj5.
(i) Hy(p, 0, A, B,b) =: Gy (p, A, B,b) =

~{ream el Grtmnere ) >0 s <v)

Moreover, G1(p,0,3,b) =: Sp(y,b), v =pB, 0 < B <1 (see [13] with A =1and B = -1
and [11] with m = 0), that is,

:{fGAn(p):Re

:{feAn(p): Re

Sp(7,b) = {f € A(p): Re [p+ 1<Zf’(Z)

b\ f(2)

2
and G (p, 1, 8,b) = Cp(7,b), v = pB, 0 < B < 1 (see [10] with B = —1, A = 1-%, 0<~<p

—p>] >%zEU,0§v<p},

and [11] with m = O), that is,

2f"(2)
f'(z)
(iv) H,, (1,0, A, B,b) =: SC,, (A, B, b) (see [1]), that is,

SC,(\, B,b) = {f € A(n): Re [1 + i(uzflg}é;f{;gjzz) - 1)] > 8, ze U},

and, also, H; (1,0, \, 8,b) =: S(\, 3,b), 0 < 8 < 1 (see [22]).
) Si(p, ¢, B,cosae™) =:85(q,7), v = (p— ¢)B, 0 < B < 1, that is,

Cp(v,b) = {fGA(p): Re[p+i<1+ —p)] >7,z€U,0§7<p}.

Sp(a,7) = {f € A(p): Re

‘ ] >vcosa,\a|<g, ZGU,O§7<p—q}.
z

Also, S5(0,v) =Sy (v) (see [4, 19, 23]).
i) C1(p, q, B, cos e™™) =: C¥(q,7), v = (p— q)B, 0 < B < 1, that is,
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Cp(g,7) =

‘ (2+q)
em<1+zf(z)>] >~cosa, z €U, |al < g, OS'y<p—q},

= {f € A(p): Re F0(2)

and Cp(0,7) =: Cp(7) (see [10, 23]).

(vii) H;(1,0,0,0,b) =: S(b) and H;(1,0,1,0,b) =: C(b) (see [15-17]).

Definition 1.3. A4 function f € A, (p) belongs to the class B, (p,q, \, 3,b) if w = f(z) satisfies
the following nonhomogeneous Cauchy — Euler differential equation (see [14])

) d2+a) d1+a),, dDw d@g

z m+2(1+ﬂ)zm+#(1+ﬂ)mZ(p—Q+M)(p—Q+M+1)m7 (1.3)

where g € H,,(p,q, A, 3,b), p € R with up > q—p, and p € N, q € Ny.

Note that B1 (1,0, \, 8,b) =: H(\, B, i1, b) (see [1, 12]) and B,,(p, 0, A, B, 11, b) =: Gn(p, A, B, 11, b)
(see [11] with m = 0).

2. Coefficient estimates for the function class H,, (p, g, A, 3,b). Unless otherwise stated we
assume that b e C*, 0 <A <1, 0<pB<1,peN,geNyg,p>q, u>q—p,and p € R. Let I'
denotes the well-known Euler integral of the second kind, that is,

o0

I'(z) := /tz_le_tdt,

0

that converges absolutely on D := {z € C: Rez > 0}, therefore I'(1) = 1 and I'(m + 1) = m! for
all m € N.
Theorem 2.1. Let the function f € A, (p) defined by (1.1) belongs to the class H,(p, q, \, 8,b).

Then
21+ Ap —q—1)]6(p, g+ 1)(1 = B)[b]
n[l+Xp+n—q—1)]0(p+n,q)

laptn] <

and

20(n)[1+ Mp— g = DI3(p, g + 1)(1 = B)lb) ’f—@ﬁlﬂ)

S R Gy DT A — g — ol g)

[n+j+ 2p(1 — B)|b]],
j=0

k>p+n+1,

p!
where 0(p,q) == ———, p > q.
(p:q) TR
Proof. For f € A,(p) given by (1.1) we define the function F) , , by
(1= NFO(=) + A= f040 ()

Praalz) = EEVErEN Y Y @D

that 1s,
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(0.9]
Fypq(z) =21+ Z Ap 1 2 €T,
k=n+p

where
1+ Ak —q—1)]d(k,q)

Ao = 1+ Xp—q—1)]6(p,q)

ag, k>n+p. (2.2)

From (1.2) and (2.1) we have

1 1 2zF! (z
1+< )W()_1>

Re —
b\p—q Fxpql?)

>3, zel.

If we define the function g by

1+1< 1 W_1>_IB

b\p—q Fxpq(?)
g(z) :: 1 _6 b} Z G U’

then ¢ is analytic in U with g(0) = 1 and Reg(z) > 0, z € U. Since the above relation is equivalent
to

1 1 zF,,(2)
b\p—q Frpq(2)

and F) ;4 € An(p — q), it follows that

—1>=<1—/3>[g<z>—1]7 zeU,

9(z) = 14+ cn2"+ 12" 4+..., zel.

Therefore, we obtain

L ( L 2Fp,02)

- — 1] =1 =8)(cnz" +cnr1z" T +..), zel,
b p—qF)\7p,q(Z) ) ( )( +1 )

or, equivalently,
2Fpq(2) = (0 = @) Fapg(2) = (0= @)b(L = B)(caz" + cn1 2™ 4. ) Fapg(2), 2z €U
The last equality implies that
(k= p)Arg = (p— Ob(1 = B)(Ch—p + Ch-p-nAping + -+ nArng),
and putting k =p+n+r, r € Ny, we have
(n+ 1) Apinirg = (0 — Qb1 = B) (Cnr + rAping + ... + cnlpirg).

Applying the coefficient estimates |cx| < 2, k > 1, for the Carathéodory functions (see [20]), we
obtain

2(p—q)(1 — B)[b|
n+r

(1 + |Ap+n,q| +.o.+ |Ap+7“,q

).

| Aptntrgl <
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1312 M. K. AOUF, A. O. MOSTAFA, T. BULBOACA

But, for r = 0,1, 2, we get

2(p —q)(1 = B)b|

[Apinal < ;
2(p—q)(1 = B)|b
|Aptnt1,ql < (p ?Er 1 A) |(1 + | Apingl) <
_ 2= )1 = B)bl[n +2(p — a)(1 = B)lb]] 2.3)
- n(n+1) ’ ’
2(p—q)(1 —B)|b
Apsasaal < D20 4yl ) <
_2p =91 = B)bl[n+2(p =)0 = B)b][n + 1 +2(p — ¢)(1 = B[]
- n(n+1)(n+2) ’
respectively. By mathematical induction we have
20— )L =Bl o _
Mmmwﬂé7m%+”“«n+”£lh+ﬂ+2@—QXl—mb”—
_ 20— = BPITm) T
R g[nﬂw(p—q)(l—mwu, rzl. (24)

Then, from (2.3), (2.4) and &k = p +n + r, we get

2(p — q)(1 - B)BT(n) "™
Hral < =G =57 1 1

n+ji+20—q)(1-pB)bl], kE=p+n+1.
=0

From (2.2) we obtain

1+ Xp—q—1)]p,q)
L+ Ak —q—1)]0(k, q)

ay = Akg, k2>n+p,

so, we have

2(1—B)|b|[14+ Ap—q—1)]é(p,q+ 1)
n[l+Ap+n—q—1)]0(p+n,q)

|apn| <

lag| <

2FWM1_5WM1+A@—q—1HNRQ+Uk%?fH)

Tk —p+ DI+ Mk —q— D]o(kq) [+ 7+ 2p = @)1 = Bl

J=0

Theorem 2.1 is proved.
Putting A = 0 and A = 1 in Theorem 2.1, we have the next two results, respectively.
Corollary2.1. If f € S, (p,q, 5,b) (see Remark 1.1 (1)), then

2(1 = B)[blo(p, g +1)
nd(p +n,q)

|ap+n‘ <
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and
2(1 - 5)|b|1—‘(n)5(p’ q+ 1) k(IﬁlJrl)

<
o < Ry Dotk )

[n+j+2(p—q)(1—B)bl],
j=0

k>p+n+1.
Corollary2.2. If f € Cy(p,q,,b) (see Remark 1.1 (ii)), then

2(1—B)|bl(p — q)6(p, g+ 1)

<
fapsnl < nd(p+n+1,q)
and
k—(p+n+1)
2(1 = B)bIT(n) (P — 9)d(p, g + 1) :
ar| < n+j+2(p—q)(1—7p5)|bl,
k>p+n+1.
Considering 8 = ¢ = 0 in Corollaries 2.1 and 2.2, we obtain the next two special cases,
respectively.
2plb
Example2.1. If f € S,,(p,0,0,b), then |apyn| < lld and
n
k—(p+n+1)
2p|b|T"(n) :
< — 7 2plb k> 1.
Example2.2. If f € Cy(p,0,0,b), then |ap4n| < CL LI
xample 2.2. a —_
p n\D,Y,U,0), p+n _n(p+n)
k—(p+n+1)
2p*[b|T'(n) .
<t 2p|b k> 1.
ol < kD(k—p+1) ]1;[0 mots+2pbl], kzpant

Putting n = 1 in Example 2.1, we get the following example.
Example2.3. 1f f € S1(p,0,0,b), then

|ap+1| < 2plb|
and
2p[0) k—(p+2) '
yakrgm ][:[0 [+ 1+2pbl], k>p+2.

Taking n = 1 in Example 2.2, we have (see [2], Corollary 1 and Theorem 4, and [10], Corollary 1
and Theorem 3 with A = 1 and B = —1) the following example.
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Example2.4. 1f f € C1(p,0,0,b), then

2p*[b|
<
|ap+1‘ =t
and
k—(p+2)
2p%|b| .
—_ 14+ 2plb k> 2.

§=0
Putting p = n = 1 and ¢ = 0 in Theorem 2.1, we have the next corollary (see [1], Theorem 1,

and Deng [12], Theorem 1 with n = 0).
Corollary2.3. If f € S(\, 5,b) (see Remark 1.1 (iv)), then

208l 77, _
9t < FET A =T] EO [+ 1+2(1 - B)lbl] =

~ G- )[1+)\ ﬁ”“‘ AW, k22

Remark2.1. Putting A = 0 in Corollary 2.3, we get the result obtained by Deng [12] (Corollary 2
with n = 0).

If we take 8 = 0 in Corollary 2.3 we get the next result (see also [1], Corollary 1).

Example2.5. 1f f € S(\,0,b), then

|lag| < H [j+2p)], k>2

</<:—1>![

Putting A = 0 in Example 2.5, we obtain the result of [17] (Theorems 2 and 3).
Example2.6. 1f f € S(0,0,b), then

k> 2.

lag| <

Remark2.2. For the special case A = 1, Corollary 2.3 reduces to the result of [15] (Theorem 2).
3. Coefficient bounds for the function class B, (p, q, A, 3, i, b).
Theorem 3.1. Let the function f € A, (p) defined by (1.1) belongs to the class B,,(p, q, A, 5, i, b).
Then
] 20 —q+p)p—qg+p+1)[1+AMp—q-1)]5p,q+1)(1 - 5|
P T nlp+n—gq+p)p+n—q+p+D)[L+AXp+n—q—1)]d(p+n,q)

and
x| < 20()(p—q+p)(p—ag+p+ DA+ AP —q—D(p.g+ (A - BB
k=gt p)k—g+p+ DIk —p+ D1+ Ak —q—1)]d(k,q)
k—(p+n+1)

< [ [n+7+20010-8)p],
=0

where k > p+n-+1and p € R with u > q — p.
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Proof. For f € A,(p) given by (1.1), since f € B, (p,q, \, 5, u,b), there exists a function
g € Hy(p,q, A\, B,b) of the form

o0
g(z) =2 + Z bzt, 2 e,
k=p+n

that satisfies the Cauchy — Euler differential equation (1.3). Equating the coefficients of both sides of
this differential equation it follows that

(k—q+p)(k—qg+p+1)
(p—g+u)p—qg+p+1)

k= ak,  k=2p+n, p>q-p.

Thus, by using the conclusions of Theorem 2.1 for the function g we obtain the required inequalities.
Theorem 3.1 is proved.
Putting ¢ = 0 in Theorem 3.1, we get the next special case (see [11], Theorem 3.1 with m = 0).
Corollary3.1. If f € G,(p, \, B, u, b) := B, (p,0,\, B, u, b), then

2p+p)(p+p+1)[1+Ap—1)(1 - 8)

|laptn| <
np+n+p)p+n+p+1)[1+AXp+n—1)]
and
k—(p+n+1)
axl < 20 (n)(p + p)(p+pu+1)[1+Ap—1)](1 - B)[b I [+ 20— B,

(k+p)(k+p+ DIk —p+1)[1+ Ak —1)] o
where k > p+n+1and p € R with u > q — p.

Putting p = n = 1 in the last corollary, we have the following result (see also [1], Theorem 2,
[26], Corollary 4, and [12], Theorem 2 with n = 0).

Corollary3.2. If f € H(\, B, 1, b) :=B1(1,0,\, 3,b), then

a+me+n [, li+20- Bl
I Py (e vy TR B
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