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ON SKOROKHOD DIFFERENTIABLE MEASURES *
PO MIPH, JUDEPEHIIIMOBHI 3A CKOPOXOJI0OM

This paper is a survey of Skorohod** differentiability of measures on linear spaces, which also gives new proofs of some
key results in this area along with some new observations.

Hageneno ormsin audepeHuiioBHocTi Mip 3a CKOPOXOIOM Ha JIHIHHUX MPOCTOpax, SKUH MICTHTh TaKOX HOBI JOBEICHHS
JIESIKMX KITFOYOBUX PE3YJbTaTiB y Wil 00IacTi pa3oM i3 HU3KOK HOBUX CIIOCTEPEIKEHb.

1. Introduction. Among the major contributions to measure theory of Anatolii Vladimirovich
Skorohod, one of the most eminent probabilists of the XX century, it is customary to cite several
results of especial significance: the Skorohod representation of weakly convergent sequences of mea-
sures by almost surely convergent sequences of mappings, his approach to stochastic equations where
weak solutions are interpreted as measures on path spaces, the Skorohod space and his fundamental
results on weak convergence of measures on path spaces, the proof of exponential integrability of
norms of Gaussian vectors (prior to Fernique’s celebrated theorem), and Skorohod’s differentiability
of measures. All these seminal achievements — particularly the last one, the most analytic in this
list — have a clear probabilistic flavor, and definitely belong to measure theory and all have been
very well presented in many surveys and monographs. In particular, the first topic is discussed in
detail in my books [11] and [16] and the last one is thoroughly covered in [12]. Nevertheless, I find
Skorohod’s treatment of differentiation on the space of measures the most appropriate subject for
this memorial issue, and there are two reasons for this. One is a personal reason and the other one
is connected with recent activities in the study of BV spaces on spaces with measures and surface
measures in infinite dimensions.

Thus, this paper is a brief survey of Skorohod differentiability of measures, which also gives new
proofs of some key results in this area along with some new observations.

Skorohod differentiability of measures is one of several of the most natural options for diffe-
rentiability of families of measures. It is a classical situation in probability theory and mathematical
statistics that one has a family of measures p; on a measurable space (€2, B) depending on a para-
meter ¢ from an interval " or a more general parametric space with a certain differentiable structure.
What does it mean that ¢ — p; is differentiable? In many applications, a quite common setting
is this: the measures p; are given by densities f; with respect to a fixed measure A on €2, which
reduces the question to differentiable mappings on 7' with values in a suitable space of functions,
such as L'(\) or L?(\). Of course, one can also speak of the usual differentiability of the function
t — fi(x) for fixed . However, the whole space of bounded measures Mp on (£2, B) possesses a
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1160 V. 1. BOGACHEV

number of different important topologies which do not reduce to topologies on function spaces. First
of all, Mp is a Banach space with respect to the total variation norm || - ||, which leads to a natural
differentiation of mappings with values in this space. Next, there are two natural locally convex
topologies on Mp. One is the topology of setwise convergence generated by the seminorms

p— |w(B)|, BeB,

and the other one is the topology of duality with the space of bounded B-measurable functions, in
which generating seminorms have the form

e /fdu,
X

where f is some bounded B-measurable function. The latter is somewhat stronger than the former.
Finally, if X is a completely regular space and B is its Baire or Borel o-algebra, then there is a yet
weaker topology given by duality with the space Cy(X) of bounded continuous functions on X i.e.,
the topology induced by the seminorms

s /fdu, f e Cy(X).
X

This is precisely the topology relevant for our discussion of Skorohod’s differentiability. Note that this
topology is not comparable on the whole space of measures with the topology of setwise convergence,
but on subsets bounded in variation and on the set of nonnegative measures it is weaker than the
topology of setwise convergence.

All these topologies can be used for analysis of arbitrary families of measures depending on a
parameter (see [12, 50, 51]), but the Skorohod definition (as well as the Fomin definition) deals with
a quite specific situation where the family of measures consists of shifts of a single measure along a
fixed vector, that is, has the form u;;,, where

un(B) = u(B + h)

for a measure p defined on the Baire o-algebra Ba(X) of a locally convex space X (the o-algebra
generated by all continuous functions on X') or on the broader Borel o-algebra 5(X) (the one
generated by all open sets). In terms of integrals, we have

/ﬂ@mwmz/}m—mmm»
X X

It should be noted that differentiability of such families had already been considered by Pitcher [44]
for distributions of diffusion processes (with constant diffusion coefficients) in the path space. Ho-
wever, Pitcher was dealing with a stronger kind of differentiability, which was a particular case of
Fomin’s differentiability introduced in 1966 in [34] (see also [5, 32, 35]). Precise definitions are
given in the next section.
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ON SKOROKHOD DIFFERENTIABLE MEASURES 1161

2. Notation and terminology. Throughout the paper X will stand for a real locally convex
space. The space of bounded continuous functions on X with its sup-norm is denoted by Cy(X).
We recall some basic concepts connected with Radon measures on locally convex spaces (see [11] or
[26] for details), but the essence of the problems we discuss is such that without significant loss the
reader can assume that we deal with separable Hilbert spaces, as it was in the original construction
of Skorohod. The general framework of locally convex spaces is just more natural for Skorohod’s
differentiability, because it actually simplifies matters making them “coordinate-free”.

A measure on a o-algebra A in a space X will always mean a real (finite) countably additive
measure. A signed measure . is the difference of two mutually singular nonnegative measures ™
and p~, called its positive and negative parts. The measure || = p™ + p~ is called the total
variation of p and ||u|| = |u[(X) is called the variation norm of p. Convergence in this norm is
called convergence in variation. An equivalent norm is given by sup sc 4 |1(4)|.

A measure v on A is called absolutely continuous with respect to a measure p on A if v(A) =0
when |u|(A) = 0. This is denoted by v < p, and in this case there is a function o € L*(|u|),
called the Radon — Nikodym derivative of v with respect to u, such that v is given by density o with
respect to p, which is written as v = g - .

The Borel o-algebra B(X) of a topological space X is generated by all open sets. The Baire
o-algebra Ba(X) is the smallest o-algebra with respect to which all continuous functions are mea-
surable, i.e., it is generated by all sets {f > 0}, where f € Cy(X). If X is a metric space, then
B(X) = Ba(X), but on general topological spaces the Baire o-algebra can be strictly smaller, for
example, this happens if X is an uncountable power of the real line (in other words, the space of all
real functions on an uncountable set with the topology of pointwise convergence).

Borel and Baire measures are measures on Borel and Baire sets, respectively. As noted above,
there is no difference between these two classes of measures on a metric space.

A Borel measure on a topological space X is called Radon if, for every Borel set B and every
e > 0, there is a compact set K C B such that |u|(B\K) < . On a complete separable metric
space, all Borel measures are Radon.

A family M of Radon measures on X is called uniformly tight if, for every ¢ > 0, there is
a compact set K such that |u|(X\K) < € for all g € M. If M is bounded in variation, then
uniform tightness implies that M has compact closure in the weak topology. The converse is true for
complete separable metric spaces, but not for arbitrary spaces (even simple ones such as the space of
rational numbers).

The Sobolev space W1 (R™) consists of integrable functions f such that their generalized partial
derivatives 0, f are also integrable functions. The space BV (R™) of functions of bounded variation
consists of integrable functions f such that their generalized partial derivatives 0., f are bounded
measures (see [53]). For example, the indicator function of [0, 1] belongs to BV (R), but not to
WHL(R), its generalized derivative is the difference of Dirac’s measures at 0 and 1.

Definition 2.1. Let X be a linear space, let A be a o-algebra of subsets of X, and let p be a
measure on A. The measure p is said to be Fomin differentiable along a vector h € X such that
A+the Aforall Ae A andt € R if there is a finite limit

dni(A) = lim p(A+th) — u(A)

VAe A
t—0 t

It follows by the Nikodym theorem (which asserts that a sequence of countably additive measures
on a o-algebra bounded on every set is bounded in variation and that if this sequence converges on
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1162 V. 1. BOGACHEV

every set, then the limit is a countably additive measure, see, e.g., [11], § 4.6) such that A — dpu(A)
is automatically a bounded measure on A absolutely continuous with respect to p. It is called the
Fomin derivative of p along h. The Radon—Nikodym density ﬁlﬁf of dpu with respect to u is called
the logarithmic derivative of p along h.

The terminology is explained by the fact that if 1 is a measure on the real line, then it is Fomin
differentiable along 1 if and only if it has an absolutely continuous density o with respect to Lebesgue
measure with ¢’ € L}(R) and then dyp = ¢/ dz and 8 = ¢/ o.

The situation is similar on R": a measure u on R"™ is Fomin differentiable along all basis vectors
e; if and only if y has a density ¢ from the Sobolev class W11 (IR™), in which case d.,u has density
Oz, 0 and e,y = Oz, 0/ 0.

Thus, Fomin’s differentiability corresponds to the topology of setwise convergence. However, it
was shown in [5] that it yields an a priori stronger differentiability in the total variation norm: one
automatically has

li Hth — K
im ||[—————

—td
t—0 hit

-0

This definition is quite similar to the definition of the partial derivative O f for a function f on a
locally convex space X and a vector h € X by the equality

i) =t 1O EI 1)

whenever this finite limit exists.

Yet another convenient description of Fomin’s differentiability is available for Radon measures
on locally convex spaces: such a measure p is Fomin differentiable along a vector A if and only if
there is a Radon measure v absolutely continuous with respect to o such that the integration by parts
formula

[ont@utdr) = - [ 5@ vido) @1
X X

holds for all functions f from the class FC(X) of all functions on X of the form f(z) =
= fo(li(z),...,ln(x)), where fo € Cg°(R™) and ly,...,l, € X*. In this case we have v = djpu.
This integration by parts formula can be rewritten without using derivatives as follows:

/ [f(z +th) — f(z)|p(dx) = —//f(x + sh)v(dx)ds (2.2)
0 X

X

for all functions f of the form indicated above, hence, also for all bounded Borel functions f, which

can be also written as
t

Pth — b = /Vsh ds.
0

The equivalence of both identities for smooth cylindrical functions f is verified by differentiation
in £. Once identity (2.2) holds for smooth cylindrical functions, it extends to bounded Borel functions,
because Radon measures with equal integrals on cylindrical functions must coincide.
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ON SKOROKHOD DIFFERENTIABLE MEASURES 1163

Definition 2.2. A4 Radon measure 11 on a locally convex space X is called Skorohod differen-
tiable along a vector h € X if there exists a Radon measure v such that the measures (pp, — )/t
converge weakly to v as t — 0, that is,

nm/f(“t’?_f@) u(dz) = —/f(:p)y(dq:) Ve Cy(X).
X X

t—0

The measure v is called the Skorohod derivative of | along h and denoted by dj .

We shall see below that it is sufficient that the sequence of measures (u¢, , — )/t be bounded
in variation for some sequence ¢, — 0 of nonzero numbers. Hence it suffices that this sequence be
Cauchy in the weak topology. This was the original definition of Skorohod in the case of Hilbert
spaces (see [49], § 21), which was followed by the proof of existence of the weak limit ». However,
there is a general result of A. D. Alexandroff (see [2] or the modern exposition in [11, 16]) that on
an arbitrary topological space, every sequence of measures (., on the Baire o-algebra that is Cauchy
in the weak topology converges weakly to a measure on the Baire o-algebra. Hence on complete
separable metric spaces (we recall that on such spaces all Baire measures are automatically Radon)
the limit measure is always Radon. However, on general spaces the weak limit of a sequence of
Radon measures can fail to be Radon. Nevertheless, we shall see below that such a thing cannot
occur for sequences arising in connection with Skorohod’s differentiation.

Definition 2.3. A Radon measure n on a locally convex space X is called continuous along a
vector h if limy_so ||peen, — pf] = 0.

This property was considered in [5] and later studied in [47] and other papers. The continuity
along h is equivalent to a formally weaker property that for every Borel set B the function ¢ — p(B+
+ th) is continuous. The continuity along h follows from Fomin’s or Skorohod’s differentiability.

Mixed derivatives dj, ...dp,p and higher order derivatives dj}y (in the Fomin or Skorohod
sense) are defined inductively.

The Fourier transform of a Radon measure 1 on a locally convex space X with the topological
dual X* is defined by the equality

u(l) = /exp(il(:p)),u(dx), le X™.

X

Obviously, this function can be also defined for any measure 4 defined on the o-algebra generated
by X*. It is known that Radon measures with equal Fourier transforms coincide (see [11], § 7.13).

The convolution of Radon measures ;1 and v on a locally convex space X is defined (see
[11, p. 146]) by the formula

wxv(B) = /,LL(B —z)v(dx).
X

It is known that this is also a Radon measure and /i * v = i/, hence p * v = v * .

Good examples of differentiable measures are Gaussian measures. Recall (see [10]) that a Radon
probability measure y on a locally convex space X is called centered Gaussian if every continuous
linear functional on X is a centered Gaussian random variable with respect to . The Cameron—
Martin space H of « consists of all vectors ~A with finite norm

|h| g = sup {l(h) e XF, [z < 1}.
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1164 V. 1. BOGACHEV

This subspace coincides with the set of all vectors h such that 7, is equivalent to . It is readily
verified that it also coincides with the set of vectors of Fomin’s or Skorohod’s differentiability.

The fact that here the set of vectors of differentiability is much smaller than the whole space
(and has measure zero) is not occasional: this is always the case for any nonzero measure on an
infinite-dimensional space.

An immediate corollary of Skorohod’s definition is the integration by parts formula

/ Onf () pld) = — / J(2) dyp(de)
X X

for every function f € C,(X) such that 0y, f(x) exists and is uniformly bounded. However, we shall
see below that this formula remains valid even for Borel functions f integrable with respect to dpu
such that 0y f exists and is p-integrable.

3. Basic properties of Skorohod differentiable measures. Here we give a brief overview of
basic properties of Skorohod differentiable measures, some results are given with proofs, others with
references.

First of all, it is readily verified that if x is Skorohod differentiable along vectors i and k, then
it is also differentiable along sh + tk and

dshitkit = sdppt + tdgp.

Next, for any Radon measure o on the same space X, we obtain
dp(px o) =dpp * o.
If o is a Radon measure on a locally convex space Y, then
dinoy(p®@0) =dpp®o.

Finally, if T: X — Y is a continuous affine mapping, then for the image 110 T~ of y under T’ we
have

drn(poT™') = (dpp) o T~

Let us proceed to some less obvious properties.

Theorem 3.1. Let pu be a Radon measure on a locally convex space X Skorohod differentiable
along a vector h. Then (2.2) holds with v equal to its Skorohod derivative dpv for all bounded
Borel functions f. Conversely, if there is a Radon measure v such that (2.2) holds for all smooth
cylindrical functions f, then u is Skorohod differentiable along h and v is its Skorohod derivative.

Proof. As explained above, (2.2) for smooth cylindrical functions is equivalent to the same
identity for all bounded Borel functions. If p is Skorohod differentiable, then we have (2.1) for
smooth cylindrical functions f. Then (2.2) also holds, which is verified by differentiation in .

Conversely, if we have (2.2) for smooth cylindrical functions, then it holds for f € Cy(X), but
for such functions the right-hand side of this equality is differentiable in ¢ and the corresponding
derivative at zero is the integral of — f against v, which shows that p is Skorohod differentiable and
v is its Skorohod derivative.

Theorem 3.1 is proved.

We shall see below that it suffices to have (2.2) with some Baire measure v that is not a priori
Radon, but then automatically such a measure extends to a Radon measure (of course, this may be
of interest only for those who deal with spaces on which not all Baire measures are Radon).
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ON SKOROKHOD DIFFERENTIABLE MEASURES 1165

Corollary3.1. Suppose that a Radon measure 11 is Skorohod differentiable along a vector h. It
is Fomin differentiable along h if and only if dyp << p, which is also equivalent to the continuity of
dnp along h.

Proof. 1f ;1 is Fomin differentiable along h, then dpp < p (see [5], [12] or [25]). Conversely,
if dp e is absolutely continuous with respect to u, then dpu is continuous along h (see [12]), but
then the right-hand side of (2.2) is differentiable in ¢, because the function under the integral sign is
continuous in s.

It follows that if p is twice Skorohod differentiable along A, then it is Fomin differentiable.
Therefore, if 1 is Skorohod differentiable along h, then p * p is Fomin differentiable along h.

Corollary 3.2. A Radon measure | on a locally convex space X is Skorohod differentiable along
a vector h is and only if there is a Radon measure v such that

o(l) = il(h)f(l) Vie X*.

In this case, v = dpp.

Proof. Both implications follow easily from (2.2). If dju exists, then the integration by parts
formula gives the desired equality, since Oy exp(il) = il(h)exp(il). Conversely, if v satisfies the
stated equality, then (2.2) holds for f = exp(il), which is easily verified by differentiation in ¢. Then
it follows that

t
P — = /Vsh ds,
0

which gives our claim.

The following simple observation seems to be new, it is of interest for the following reason: in
general locally convex spaces, where the Prokhorov theorem fails, a weakly convergent sequence
of Radon measures with a Radon limit need not be uniformly tight, but in the specific situation of
measures of the form (p, — )/t the situation is the same as in Polish spaces.

Theorem 3.2. Suppose that a Radon measure p on a locally convex space X is Skorohod
differentiable along a vector h. Then the family of measures (ug, — p)/t, where 0 < |t| < 1, is
uniformly tight.

Proof- Let ¢ > 0. There is a compact set K C X such that |dpu|(X\K) < e. The set
S={k+sh: ke K,|s| <2} is also compact as the image of the compact set K x [—2,2] under
the continuous mapping (k, s) — k + sh. Let us show that |ps, — p|(X\S) < elt| if |¢] < 1. Let
t > 0. It follows from (2.2) that for v = dju we have

t

= Hl(0\S) < [ ] 0\8) ds < onp 1| (X1S).
s€(0,1
0

It remains to observe that
[Wsn|(X\S) = [v][sn(X\S) < [V|[(X\K) <,

because |o| = |o|p for any measure o, which can be readily seen from the definition of |o|,
and (X\S) — sh C X\K. The latter is verified as follows: if y — sh € K with |s| < 1, then
y € K+ sh CS. The case t < 0 is similar.

Theorem 3.2 is proved.
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1166 V. 1. BOGACHEV

There is a useful characterization of differentiability in terms of conditional measures. We men-
tion here only the formulation with Skorohod’s differentiability, but a similar result holds for Fomin’s
differentiability (see [12], Chapter 3).

We recall (see [11], Chapter 10 or [12], Chapter 1) that for every Radon measure p on a locally
convex space X and every finite-dimensional subspace L in X one can find a closed subspace Y
such that X = L @ Y is a direct topological sum and there are Radon measures ¥ on L (called
conditional measures), y € Y, for which

we / W \uly (dy),

Y

where |u]y is the projection of |u| on Y under the natural projection operator. This representation
is understood in the following way: for every bounded Borel measurable function f on L @ Y, the
function

Yy /f(u, y) 1Y (du)
L
is Borel measurable on Y and

/ £ () pldz) = / / £ () 1 (dus) |l (dy).
X Y L

In addition, one has

lull = / 1| ey (dy),
Y

and conditional measures are unique up to a redefinition for y from a set of |u|y -measure zero.

Theorem 3.3. Let ey,...,e, be a basis in L. The measure (i is Skorohod differentiable along
all vectors in L precisely when the Skorohod derivatives d.,;i¥, i = 1,...,n, exist for |u|y -almost
all y and

/ ldewtt?| luly (dy) < oo.
Y

In this case,
de,pt = /deiuy uly (dy).
Y

This criterion implies the following result that is far from being obvious from the definition.
Corollary3.3. Let  be a Radon measure on a locally convex space X Skorohod differentiable

along a vector h. Then its positive part u, its negative part i~ and the total variation || are also
Skorohod differentiable along h. In addition,

I(dnluDll < lldnpll, Ndne™l < Ndppll,  Ndap™ || < lldnpell-

By using conditional measures and the one-dimensional integration by parts formula, we obtain
the following sharper version of the integration by parts formula.
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ON SKOROKHOD DIFFERENTIABLE MEASURES 1167

Corollary3.4. Let 1 be a Radon measure on a locally convex space X Skorohod differentiable
along a vector h and let f be a Borel function integrable with respect to |dpp| such that O f exists
everywhere and is |p|-integrable. Then

[ ont@ntdz) = - [ 1(a) duntaa).
X

X

Note that this formula is not immediate on the real line where it gives the equality

[ F@et)ds =~ [ f)dota)

for an everywhere differentiable function f and an integrable function o of bounded variation such
that f’o is integrable with respect to Lebesgue measure and f is integrable with respect to do.
Justification is easily reduced to bounded functions f. Now, if ¢ is continuously differentiable, then
this is a classical result (although, not obvious, because it is rather involved to show that fo is
absolutely continuous on bounded intervals). Finally, the general case follows by using convolutions.

Example3.1. Suppose that a Radon probability measure p on a locally convex space X is
Skorohod differentiable along a vector h and B is a Borel set such that the sections B N (RA + x)
are convex or empty. Then the measure I - i is Skorohod differentiable along h and ||dp,(Ip-p)|| <
< 2l dpp]|

Indeed, if X = R, u is Fomin differentiable, ¢ is the absolutely continuous density of p and B
is a bounded interval (a, b), then the generalized derivative of Ip is o(a)d, — 0(b)dy + Ip@’, so the
variation of this measure does not exceed

2sup [o(@)] + [l¢'llzr < 3ll¢ll -
x

The same is true if (a, b) is a ray. The case of Skorohod’s differentiability is similar, moreover, it can
be deduced from the considered case by using approximations with convolutions. The general case
follows from this estimate for differentiable conditional measures Y. Note that the same reasoning
applies if the indicated sections are unions of k intervals with some fixed k.

4. Setwise characterizations of Skorohod’s differentiability. In this section, we discuss
various properties of functions ¢ — p(A + th). We know that the continuity of such functions (for a
given vector h) is the continuity of i along h, and their differentiability is Fomin’s differentiability.
Another possible property is analyticity (see [12] and [25]). The place of Skorohod’s differentiability
in these terms is this.

Theorem 4.1. A Radon measure n on a locally convex space X is Skorohod differentiable along
a vector h precisely if, for every Borel set A, the function t — p(A + th) is Lipschitz on [0,1]. In
this case, such functions have a common Lipschitz constant.

Proof. There are several different proofs of this fact (of course, one implication is easy and
follows from (2.2) for indicator functions of Borel sets). Probably, the shortest one is based on
Theorem 3.3 about conditional measures, but here we include a more naive justification in the spirit
of the original proof in [8] where this fact was first proved. However, the proof below is slightly
shorter.

If v has compact support K, the proof is almost immediate. From the Nikodym theorem we
conclude that the measures (g, — p)/t with ¢ € (0, 1] are uniformly bounded in variation. These
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1168 V. 1. BOGACHEV

measures are concentrated on the compact set
S=K+1I, where I={sh:|s|<1}.

Hence by the Alaoglu—Banach—Bourbaki theorem about weak-* compactness of balls in duals to
Banach spaces (combined with the fact that the dual to C'(S) can be identified with the space of
Radon measures on S) there is a Radon measure v on S that is a limit point of the sequence of
measures n(py,/, — ) in the weak topology. It follows that v(l) = exp(il(h))pu(l) for all [ € X,
hence v is the Skorohod derivative of y along h. By construction, the derivative is concentrated
on .S, but the same reasoning shows that it is concentrated on every compact set K + I, hence on
the their intersection K.

We now turn to the general case. We have ||y, — pf| < Ct for some C and all |¢| < 1. Take
increasing compact sets K,, with |u|(X\K,) — 0. Next, construct inductively larger increasing
compact sets Sy, such that S, = K, +nl, where I = {sh: |s| < 1}. Itis clear that S = J,2; Sn
is invariant under translations by all vectors th and |u|(X\S) = 0. Let us set

1/2
frr1(z) = / Is, . (x + sh)ds.
~1/2
Then 0 < f, <1, fu(x) =1ifx €Sy, fu(z) =0if 2 € Sy42, and
|f(z+th) — f(z)| <2[t| forall t.

The measures u, = fy - 1 given by densities f,, with respect to u converge to the original measure
w4 in variation and pi, 11 = pn on Sy,. In addition,

[(n)en — pn| < (C +2||ull)1t] = Mlt],

which is seen from the equality

(fn':u)th_f-:u:(fn',u)th_fn'ﬂth‘}'fn'ﬂth—fn’ﬂ

and the estimates
| (fr - 1)en — fro - puen| < 218] [1aell

and ||, — p|| < C, |fn] < 1. Since the measure p,, with compact support in S, 12 is Skorohod
differentiable along h, its Skorohod derivative is concentrated on .S, 12 and ||dp || < M.

We also observe that dp 2 and dp i, coincide on Sy,. Indeed, let ¢ be a bounded Borel
function vanishing outside S,, + I/2 such that the functions ¢ — ¢ (x + th) are continuous for all
x € X. Then, for each ¢ € [0,1/2], we have

t

[ 6+ th) = vt i) = [ [+ 5h) dugans (o) s,
X

X 0

and the same is true for j,12, but the left-hand sides for p,41 and py4o coincide. By the continuity
of 1) along h the right-hand sides are differentiable in ¢, hence their derivatives coincide, which
means that ¢ has equal integrals against dp 4,41 and dppn2. So, in order to prove the coincidence
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ON SKOROKHOD DIFFERENTIABLE MEASURES 1169

of both measures on S, it suffices to verify the following fact: if ¢ is a Radon measure such that
the integral against o for every function v with the stated properties is zero, then |o|(S,) = 0. If
not, there is a compact set K C S, with o(K) > 0 or o(K) < 0. We can assume that o(K) > 0.
There is a closed hyperplane Y such that X is the direct topological sum of Y and RA. By using this
decomposition, we can construct a sequence of Borel functions ,, with n > 1 such that 0 <, < 1,
Yn(z)=11ifx € K, Yp(x) =0 if z € S, + I/2, the functions ¢ — 1, (z + th) are continuous for
every € X, and ¢, () — Ik (z) for all z. To this end, we set

O(y,t) =inf {s > 0: y+th+ sh € Kory + th — sh € K}, yeY, teR,
¥y =1 —min(nd,1).

When y is fixed, the function 0(y,t) of ¢ behaves as follows: it vanishes on some compact set and is
of the form c¢—t or c+t on the intervals of the complement of this compact set (more precisely, ¢ —¢
on the left halves of such bounded intervals and ¢+ ¢ on the right halves). Note that if ¢, (y,t) > 0,
then 0(y,t) < 1/n, so there is s € [0,1/n) such that either y + th + sh € K or y +th — sh € K,
which means that y+th € K+1/2 C S, +1/2. Thus, ,, = 0 outside S,,+1/2. If y+th € K, then
O(y,t) = 0. If 0(y,t) = o > 0, then né(y,t) > 1 for all n large enough, so that ¢, (y,t) = 0. By
the dominated convergence theorem the integral of v,, against o is positive for all n large enough,
which is a contradiction.

Finally, we observe that |dju,|(X\S) = 0. Indeed, otherwise there is a compact set K C X\S
with dp, i, (K) > 0 or dpp,(K) > 0. There is an absolutely convex neighborhood of zero V' such
that (K 4+ V) N (Sp42 + V) = @. There is also a bounded continuous function f with support in
K +V such that its integral against d, i, is nonzero. However, the integrals of f(x +th) and f(x)
against p, are zero for sufficiently small ¢, because f(x) = f(x + th) = 0 for all x € S,,42, so by
differentiating (2.2) we arrive at a contradiction.

After these preparations we obtain a bounded measure v on the set .S such that on every fixed set
Sy, this measure coincides with dpuy, for all £ > n 4+ 2. We extend v by zero outside S. It follows
that (2.2) holds for every bounded Borel function f vanishing outside some .S,,. Since the measures
lth, 14, v are concentrated on .S, we conclude that (2.2) holds for all bounded Borel functions, so that
v is the Skorohod derivative of y along h.

Theorem 4.1 is proved.

Corollary4.1. Let {1} be a net of Radon measures on a locally convex space X Skorohod
differentiable along vectors hg, such that these vectors converge weakly to a vector h and there is a
Radon measure p with ji(l) = liénﬁ&(l) for every | € X*. Suppose also that

sup ||dp, el < C < 0.
63

Then p is Skorohod differentiable along h and ||dpu| < C.
Proof. Suppose first that X = R”. Then for every function f that is a linear combination of
functions of the form exp(i(v,z)) we have

[ [t th) = 7)) n(do) =t [ [ th)  F()] padn) =
J

Rn

—/t/f(a:—sh)dha,ua(dm)ds,

0 R»
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1170 V. 1. BOGACHEV

which does not exceed C|t| sup,, |f(z)| in absolute value. Hence this bound extends to bounded
continuous functions and further to bounded Borel functions. Therefore, in the general case we obtain
the same estimate for functions of the form f(ly,...,l,), where f is a bounded Borel function and
l; € X*. It follows that ||, — pf| < C|t].

Corollary4.2. Let u be a Radon measure on a locally convex space X and h € X. Suppose that
there is a measure v on the o-algebra generated by X* such that identity (2.2) holds for all smooth
cylindrical functions. Then v uniquely extends to a Radon measure that is the Skorohod derivative
of u along h.

Proof. 1t follows from the assumption that ||z, — p|| < [t|||v||. By the theorem p is Skorohod
differentiable along h and its Skorohod derivative dppu is a Radon measure. Now (2.2) yields the
equality v = dpu, hence v = dpu on the the o-algebra generated by X*. A Radon extension is
unique, because Radon measures with equal Fourier transforms coincide.

It also follows in the same manner that in Corollary 3.2 it suffices to have the measure v only on
the o-algebra generated by X*.

Corollary4.3. If u is a Radon measure on a locally convex space X such that for some h € X
there is a sequence of nonzero numbers t, — O with the property that, for every bounded continuous
Sfunction f on X, the sequence of integrals of f with respect to the measures (py,p, — )/tn is
bounded, then v is Skorohod differentiable along h.

Proof. By the Banach - Steinhaus theorem the norms of (p,,, — 1) /ty, in Cp(X)* are uniformly
bounded by some number C, but these are exactly the variations of (g, — 1t)/t,. Let us take the
standard Gaussian measure ~ on the real line and denote by ~° its image under the function ¢ — t.
The image of +* under the mapping ¢ — th will be denoted by o°. Let 4 = p * 0. Then

1E(L) = Ao (1) = o (el) — fi(l)

pointwise as ¢ — 0. Obviously, the measures p° are Fomin differentiable along h. Let us show that
||dnp®]] < C. For any function f € C,(X), we have

- / [/ — tah) — f()] i (de) =

o / / (x — tuh + esh) — f(z + esh)] u(dz) 1(ds) =

X

//f (x —esh)t [,utnh— ](dw) (ds),

R X

which is estimated in absolute value by C'sup,, |f(z)|. Hence the integral of f against dju° does
not exceed C'sup, | f(z)|, which implies the announced bound.

We now show that the integration by parts formula characterizing Skorohod’s differentiability is
equivalent to an inequality. This is a complete analog of the classical characterization of functions in
BV (R) by the estimate

[ ¢ @@ ds < Csuplota)

for all smooth compactly supported functions .
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Corollary 4.4. A Radon measure v on a locally convex space X is Skorohod differentiable along
a vector h € X precisely when there is a number C > 0 such that

/8hg0 w(dz) <Csup|<p( )| Ve e FC(X).

Proof. We have

[ ot =ty — o) ) = [ [ dugt — sh) ds () =
X 0

X
= /t/@hgp(x — sh) u(dzx) ds,
0

X

which is estimated by C'tsup,, |¢(x)| for every ¢ € FC(X) and ¢t > 0. Therefore, we have

11 — pull < Cle].

Corollary4.5. A Radon measure 1 on a locally convex space X is infinitely differentiable along
a vector h € X (in Fomin's or Skorohod’s sense) precisely when there are numbers Cy, > 0 such
that

/8hg0 p(dx) < C, sup|<p( )| Ve FC(X).

Proof. We conclude that dpp exists and continue inductively using the integration by parts
formula. Fomin’s differentiability follows, since a measure twice Skorohod differentiable is Fomin
differentiable.

Once the situation with the Lipschitz property is clarified, it is natural to ask about absolute
continuity. Similarly to the Lipschitz property, one can think of the absolute continuity of the
mapping t — pu, with values in the Banach space of measures and the absolute continuity of scalar
functions ¢ — (A + th). Moreover, such absolutely continuity can be required on an interval or on
the whole real line. These subtle and interesting questions had remained open for quite a long time
until A. Shaposhnikov published his short note [48] with complete proofs of the following results.
We reproduce here the proof of only one of these results, since it is quite illuminating.

Theorem 4.2. A Radon measure . on a locally convex space X is Skorohod differentiable along
a vector h if and only if the mapping t — pp, with values in the Banach space of Borel measures
equipped with the total variation norm is absolutely continuous on the interval |0, 1].

Proof. By the definition of absolute continuity, for every € > 0 there is § > 0 such that, for any
disjoint intervals [sy, 1], ..., [sk, k] in [0, 1] of total length

k

Z|ti_5i| <(57

=1

we have

k
> it — psnll < e
=1
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We show that for every Borel set A in X the function ¢ — p(A — th) is Lipschitz on [0, 1]. To this
end, we employ the following simple, but useful observation due to G. M. Fichtenholz (see [33] or
[27], Exercise 4.5.18): if f is a function on the interval [0, 1] such that, for every £ > 0, there is

0 > 0 with the property that Zn . | f(bi) — f(a;)| < e for every finite collection of intervals [a;, b;]
1=
in [0, 1] (possibly, overlapping) with Zn ) |b; — a;| < 6, then f is Lipschitz.
1=
Given ¢ > 0, we take the corresponding § € (0,1). Then, for any finite collection of intervals

[a1,b1], ..., [ak, bk (possibly, overlapping) in [0, 1] with
k
Z|ai—b¢| < <1,
i=1
we can pick numbers c1, ¢, . .., ¢; such that the intervals
la1 +c1,b1 + 1], [ag +ca,ba + o), ..., [ar + cr, by + ci)

also belong to [0, 1], but are disjoint (here it is important that 6 < 1). Then

k

k
> (A = aih) = p(A = bih)| <> lpash—cih — Hop—cinll < €
=1 i=1

Therefore, our function ¢ — p(A — th) is Lipschitz on [0, 1].
Theorem 4.2 is proved.
Theorem 4.3. Let p be a Radon measure on a locally convex space X and h € X. The
following conditions are equivalent:
(i) for each Borel set A C X, the function t — (A + th) is absolutely continuous on [0, 1];
(ii) for each open set U C X, the function t — p(U + th) is absolutely continuous on |0, 1];
(iii) for each bounded Borel function f on X, the function

trs [ Fa) pndn) = [ o+ ) (o
X X

is absolutely continuous on [0, 1].

Remark4.1. 1f the measure i is compactly supported, then the properties specified above are
also equivalent to the absolute continuity of the functions ¢ — (K + th) for all compact sets K.

The reader may wonder why the conditions in (i) —(iii) are not symmetric with respect to ¢ unlike
the definition of differentiability, in which ¢ of any sign is allowed. However, a closer look reveals
that no symmetry is lost, because for A we can also take A — h, so that A—th = (A—h)+(1—t)h
with nonnegative 1 — ¢ for ¢ € [0, 1].

It should be noted that the equivalences mentioned in the previous theorem do not include the
assertion that p is Skorohod differentiable. As shown in [48] by an explicit (but highly nontrivial
example), they do not imply differentiability.

Theorem 4.4. There is a Borel probability measure 1 on the real line such that the functions
t — wu(A —t) are absolutely continuous on the interval [0, 1] for all Borel sets A, but not all these
functions are Lipschitz, so that v is not Skorohod differentiable.
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The corresponding example constructed in [48] is as follows (we omit the details of verification
that are unexpectedly involved and can be found in [48]). For every m € N we set o, () = sin® mx
and

o(x) = (m*P2™) o (x), we (27, 27 (am, + 2™)],

where a,, are natural numbers picked such that the distances between the indicated intervals are
greater than 1007, i.e., am+1 — am > 2™ 4 50. At all remaining points we set o(z) := 0.

Thus, the absolute continuity of the functions ¢ — u(A — th) on all intervals is weaker than
the Skorohod differentiability. It turns out that the situation is different if we impose the absolute
continuity on the whole real line in place of every compact interval.

Theorem 4.5. Let p be a Radon measure on a locally convex space X and h € X. Suppose
that, for every Borel set A C X, the function t — (A — th) is absolutely continuous on the entire
real line in the sense that, for every € > 0, there exists 6 > 0 such that, for every finite set of

k
disjoint intervals [s1,t1], [s2,ta], ..., [Sk,tx] with total length E - |tk — sk| < 0, the inequality
1=

Zf_l ‘u(A —tih)—u(A— sih)‘ < € holds. Then the measure 1 is Skorohod differentiable along h.

The proof of this result also employs the Fichtenholz observation.

5. The classes BV and SBV. In the last two decades, there has been a growing interest in
analogs of classes BV for measures on infinite-dimensional spaces, introduced in [36, 37] and further
studied by many authors, see [3, 4, 13, 22-24, 28 -31, 38, 39, 43, 45, 46], and related constructions
of surface measures appearing in connection with such classes. About surface measures associated
with differentiable measures, see [1, 12, 15, 21, 52]; note also that Skorohod suggested a construction
of surface measures in [49].

The characterization of Skorohod differentiable measures on R™ as measures with densities from
the class BV (R™) of functions of bounded variation leads naturally to the idea of defining classes BV
on infinite-dimensional spaces via Skorohod differentiable measures. The idea is this: for a fixed nice
reference measure p (say, a Gaussian measure), a function f is of bounded variation if the measure
f - 1s Skorohod differentiable. Actually, even two classes of functions appear depending on whether
the corresponding derivatives are vector measures of bounded variation or bounded semivariation.
Let us recall that a measure A with values in a separable Hilbert space H defined on B(X) is said
to be of bounded semivariation if every scalar measure A(k) = (k,A) is countably additive. It is
known that in this case

V(A) = sup [AGR)] < .

|kl <1

However, this does not mean that A is of bounded variation defined by
n
Var(A) =sup Y [A(B;)|n,
i=1

where sup is taken over all finite partitions of X into disjoint Borel sets B;.

We first consider the case of Gaussian reference measures. Suppose that «y is a centered Radon —
Gaussian measure on a locally convex space X and H is its Cameron—Martin space. Every vector
h € H generates a measurable linear functional h that belongs to the closure of X* in L?(v) and is
defined by

l(h):/l(x)ﬁ(x)y(d:z:), le X*.

X
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1174 V. 1. BOGACHEV

For example, if 7 is the countable power of the standard Gaussian measure on R, then ﬁ(:p) =
oo

= E ) hyntpn, b= (hy) € [2. The series above converges in L?(v) and also almost everywhere.
n—=

Definition 5.1. The class BV (v) consists of all functions f € L'(vy) such that fhe L'(~) for
all h € H and there is an H -valued measure Af of bounded variation satisfying the identity

/ (@) (Af, ) () = — / [£(2)0np(x) — ha) f (@)p(2)] 1 (dx) 5.1)

X

Sforall p € FC(X) and all h € H.

It is easy to show that the Sobolev class W1 (v) is contained in BV () and Af = Dy f - 7.

Definition 5.2. The class SBV (v) consists of all functions f € L'() such that fh e L' (%)
for all h € H and there is an H-valued measure Af of bounded semivariation satisfying (5.1).

In the finite-dimensional case the classes BV () and SBV (vy) coincide as sets, but their norms
are different. Even for smooth functions f, where Af is given by a vector density Dy f with
respect to ~y, the BV -norm may be much larger, since it involves the integral of | Dy f|g, while the
SBV -norm deals with the integrals of |0y f| with |h| < 1.

The space BV (vy) is Banach with the norm

I fllsv = [[fll1 + Var(Af).

The space SBV () is Banach with the norm

| fllssv = [[fll1 + V(AS).

We now consider any differentiable reference measures. Let H be a separable Hilbert space
continuously embedded into a locally convex space X.

Let us observe that for any measure o on X Skorohod differentiable along all vectors in H we
obtain an H -valued measure Do defined by the equality

(Do(B),h); = dno(B).

As noted above, this measure is automatically of bounded semivariation. If H is infinite-dimensional
and o is not zero, then the measure Do has unbounded variation (see [12], Proposition 7.3.2).
However, if Do is regarded as an X -valued measure and X is a Banach space, then under broad
assumptions this X -valued measure has bounded variation (e.g., if the embedding H — X is
absolutely summing, see [11], Chapter 7). If 1 is a centered Gaussian measure and H is its Cameron —
Martin space, then Dy as an X -valued measure has vector density —x with respect to .

We now fix a Radon probability measure 1 on a locally convex space X Fomin differentiable
along all vectors from a separable Hilbert space H continuously embedded into X. Set

My (p) = {f € L'(p): fB € L'(n) Vhe H}.
Definition 5.3. Let

SV (w) = {f € L' (1) : the Skorohod derivative dy,(f - 11 exists for all h € H},
SBV () = SV (p) N My ().
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In other words, the class SBV () consists of all functions f € L' () for which

sup |fBulp1() < oo
ES!
and there exists an H -valued measure A f of bounded semivariation such that the Skorohod derivative
dp(f - p) exists and equals (Af, h)g + fBpu for each h € H.
It follows from Example 3.1 that if V' is a Borel convex set, then its indicator function Iy, belongs
to SBV (p).
Definition 5.4. Let BV (u) be the class of all functions f € SBV (u) such that the H-valued
measure A f has bounded variation.
Theorem 5.1. The set My (1) is a Banach space with the norm

[ fllar == 1 fllrgy + sup [1FBL 1 Lgw-
|h| <1

Theorem 5.2. (i) The set SV (u) is a Banach space with the norm

[ fllsv == IfllLrquw + sup |dn(f - )l
|h| <1

and for every function f € SV (u) there is an H-valued measure D(f - p1) of bounded semivariation
such that dy,(f - 1) = (D(f - u),h)Hfor all h € H.
(ii) The set SBV (u) is a Banach space with the norm

[fllsBv = [lfllar + 1 fllsv,

and for every function f € SBV (u) there is an H-valued measure Af of bounded semivariation
such that dp(f - ) = (Af,h)g + f - dpp for all h € H.
Theorem 5.3. The set BV (u) is a Banach space with the norm

IfllBv = lfllsBv + [IAS]].

See [22 —24] for the proofs.

I would like to close this discussion by mentioning a number of challenging open problems
connected with Skorohod’s differentiability of measures. Probably, the most intriguing one concerns
the so-called logarithmically concave measures (which are called convex measures in my book [11],
although this term is also used in the literature for some broader class of measures). Let us recall
that a Radon probability measure 1 on a locally convex space X is called logarithmically concave
(log-concave) if for all compact sets A and B one has

ptA+ (1 —t)B) > p'(A)p*H(B) Vtelo,1].

This is equivalent to the following: for every continuous linear operator 7': X — R the induced
measure 4 o T~! is either given by a density of the form exp(—V) with a convex function V or
is concentrated on a proper affine subspace and is given there by such a density. It was shown
by [41] that every absolutely continuous log-concave measure on R"™ is Skorohod differentiable
along all vectors, i.e., has a density of class BV. Therefore, if a log-concave measure on a finite-
dimensional space is not a Dirac measure, it must have nonzero vectors of differentiability. It is a
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1176 V. 1. BOGACHEV

long-standing open problem whether the same is true in infinite dimensions. However, the following
nice inequality was established by [41]: if a log-concave measure p on a locally convex space is
Skorohod differentiable along a vector h, then

ln = pll > 2 — exp(—||dppull/2).

It follows from this universal bound that dp e exists provided that ps, is not mutually singular with
w for some t # 0. Obviously, the converse is also true. On differentiability of log-concave measures,
see also [42]. We recall that log-concave measures on Hilbert spaces are weak limits of sequences
of uniform distributions on finite-dimensional convex compact sets (see [16], Exercise 2.7.52). So
for the study of differentiability of log-concave measures on infinite-dimensional spaces it would be
useful to look for possible uniforms bounds for the Skorohod derivatives of uniform distributions on
finite-dimensional convex bodies.

Another interesting open question concerns the subspace of Skorohod differentiability of general
measures. It is known (see [6, 7, 9] and [12], Chapter 5) that for any nonzero Radon measure p on a
locally convex space X the set D (p) of all vectors in X along which p is Skorohod differentiable
is a linear space that can be equipped with the norm ||h| p, = ||dxp| with respect to which it is
a Banach space whose closed unit ball is compact in X. The subspace D(u) of vectors of Fomin
differentiability is a closed linear subspace in D¢ (p). If X is a Fréchet space (say, a separable
Hilbert space), then D(pu) is separable with this norm (and isometric to a closed subspace in Ll(,u)).
However, it is not known whether D¢ () is always separable for measures on Hilbert spaces.

Skorohod differentiable measures are involved in the study of distributions of functionals on
infinite-dimensional spaces and fractional Besov-type classes on such spaces, see [14, 17-20, 40]. An
interesting problem is connected with extensions of Sobolev and BV classes from infinite-dimensional
domains. Skorohod differentiable measures fit naturally this framework, and one can expect that
further investigation of their properties will be fruitful and inspiring.

I am grateful to Alessandra Lunardi, Michael Rockner and Alexander Shaposhnikov for fruitful
discussions of Skorohod’s differentiability of measures.
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