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PSEUDO ALMOST PERIODIC SOLUTIONS IN THE ALPHA-NORM
AND STEPANOV’S SENSE FOR SOME EVOLUTION EQUATIONS

MCEBJIO-MAMKE MEPIOAWYHI PO3B’SI3KA B AJIb®A-HOPMI
TA B PO3YMIHHI CTENAHOBA JIUIA JESAKUX EBOJIIOIIMHUX PIBHSAHB

Our aim is to present the concept of double-measure ergodic and double-measure pseudo almost periodic functions in
Stepanov’s sense. In addition, we present numerous interesting results, such as the composition theorems and completeness
properties for these two spaces of the considered functions. We also establish the existence and uniqueness for the double-
measure pseudo almost periodic mild solutions in Stepanov’s sense for some evolution equations.

BBeneHo NOHATTS eproguyHuX (QyHKIiH MOABIHHOT Mipy Ta IceBao-Maibke mepiognuHux (yHKUii moaBiitHOI Mipu B po-
3yminHi CrenanoBa. Kpim Toro, HaBeneHo 0arato IiKaBUX pe3ylbTariB, IO BKIIOYAIOTH SK TEOPEMH IIPO KOMIIO3HIIIIO,
TaK 1 BIaCTHBOCTI MOBHOTH UIS IIMX JABOX IPOCTOPIB PO3NISAHYTHX (YHKIiIH. BcTaHOBIEHO TakoX iCHyBaHHS Ta €IU-
HICTb IICEBI0-Malke MePioANIHHX CIA0KUX PO3B’S3KIB MOABIHHOT Mipu B po3yMiHHI CTenaHoBa IS AESKUX SBOITIOLIHHIX
PiBHSHB.

1. Introduction and preliminaries. Roughly by 1924-1926, the Danish mathematician Bohr
[3] pioneered the almost periodic functions theory that generalize the notion of periodicity, the so-
called almost periodicity is very useful in distinct domains involving harmonic analysis, dynamical
systems, physics, etc. C. Zhang [10, 11] defined the concept of pseudo almost periodicity, as a natural
generalization of the notion of almost periodicity. Lately, T. Diagana [5] initiated the concept of
Stepanov pseudo almost periodicity as a generalization of pseudo almost periodicity.

In this paper, we prove the existence and uniqueness of double-measure pseudo almost periodic
(or (u,v)-PAP) solutions in Stepanov’s sense for the equation

[0() — g(t,0(1))] = ~A[o(0) ~ g(1,0()] + 10 0(0) for 120 o

v(o) = v, € Xo,

such that —A is the generator of a semigroup (7'(t));>0 on a Banach space (X, ||.||). For 0 < a < 1,
the domain of the operator A% is denoted by D(A®) and the Banach space X, := (D(A4%), ||.|la),
where ||z||o = |[|[A%x||. Furthermore, we suppose that

(HO0) dM,, w > 0 satisfying

e—wt

ta

! Corresponding author, e-mail: miraoui.mohsen@yahoo.fr.

AT (t)|| < My for t>0.
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For more details on the operator A% we can see [4, 9].

The research aim in this paper is to study basic properties of pseudo almost periodic functions
with measure in Stepanov’s sense, some composition theorems and their extensions. Specifically,
the notions of (u, ) pseudo almost periodicity in Stepanov’s sense and the double-measure pseudo
almost periodic mild solutions in Stepanov’s sense for equation (1) will be introduced.

Throughout this paper (X, ||.||), (Y;]|.]|) be two Banach spaces. Denote by B the Lebesgue
o-field of R and by M the set of all positive measures x on B with u(R) = +oo and p([a,b]) < co
Va,b € R, a <b.

We consider the following hypothesis taken from [2].

(MO0) For pp v € M,

lim sup Hl=rr))

fmsup o) =M < 0.

(M1) For all a, b, c € R, with 0 < a < b < ¢, there exist 79, ag > 0 satisfying
|7 |> 10 = ul(a+71,0+7)) > aou([r,c+7)).
(M2) For all 7 € R, there exist 5 > 0 and I = (¢,d) C R satisfying

u{a+71:a€ A}) <Pu(A) with AeB and ANI=02.

Firstly, we recall some useful definitions:
1. AP(R,X) is the set of all continuous functions f € X® such that Ve > 0 3i(g) > 0
V(a,b) CR:b—a < e = 37 € (a,b) satisfying

[f(t+7)—fH)ll <e VieR

Such functions are named almost periodic.
2. £(R, X, i, v) is the space of f € X® such that

lim :1/!ﬂ$MM$=&

oo 7]
[—r7]

where 1 and v are two positive measures. Such functions are named ergodic.

3. EU(R x Y, X, u,v) is the set of all continuous functions f € X®*Y such that f(.,y) €
c ER, X, u,v) Vy € Y and f:y —— f(.,y) is uniformly continuous on each compact K C Y,
where p and v are two positive measures. Such functions are named ergodic uniformly.

4. PAPR, X, u,v) = AP(R, X))+ E(R, X, i, v) is the set of pseudo almost periodic functions.

5. Let f € X® be a function. The function given by

ffrR = LP((051); X),
t = A =F+)
is said to be a Bochner transform of f.

6. The boundedness in Stepanov’s sense of a function f € LfOC(R, X), p > 1, is characterized
by
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PSEUDO ALMOST PERIODIC SOLUTIONS IN THE ALPHA-NORM AND STEPANOV’S SENSE ... 1403

1 1
t+1 p P

sup /Hf )||Pds —sup /||f (t+9)|Pds | < o0,

which define a norm on the set BSP(R, X) of such function, i.e.,

1
t+1 »

IfllBs» = sup /Ilf(S)Ilpds = sup [[f(t+)llp-
teR ) teR

7. For f € BSP(R,X), p > 1, we say that f is almost periodic in Stepanov’s sense (or S?-
almost periodic), if f* € AP(R, L”((0,1), X)). The set of such function is denoted by SP AP(R, X).

8. A function f € X®*Y p > 1, where f(.,u) € BSP(R,X) Yu €Y, is said to be SP-almost
periodic in ¢ € R uniformly for v € Y if for all € > 0 and K C Y, compact, there exists a relatively
dense set P = P(e, f, K) satisfying

P
sup /||f(t+s+7,u)—f(t+s,u)||pds <e forall teR, 7€P, uelk.
teR

The set of such functions is denoted by SPAPU(R x Y, X).

The following interest results are useful in the sequel:

1. BSP(R; X) is a Banach space under the norm ||.||gs» (see [7, 8]).

2. (SPAP(R, X),|.||Bs») is a Banach space under the norm ||| gs» (see [8]).

2. Main results. 2.1. (u,v)-Ergodic functions in Stepanov’s sense. Motivited by Diagana et
al. in [6], we define the (u,v)-ergodic functions in Stepanov’s sense and give some properties. The
most important theorems and properties are contained in this subsection.

Definition 1. For f € BSP(R; X), we say that f is (u,v)-ergodic in Stepanov’s sense (or
SP — (u, v)-ergodic) if f* € E(R, LP((0;1); X), u, v), i.e

t+1

Jim s / I£)IPds | du(t) = .

[rr

where i, v € M and p > 1. The set of such functions is denoted EP(R, X, p, v).
Theorem 1. For p > 1 and p, v € M satisfy (M0), the space (EP(R, X, u,v),|.||Bsr) is a
Banach space.

Proof. Let f, g € EP(R, X, u,v) and X € C. It is obvious to see that A\f +¢g € EP(R, X, u,v) C
C BSP(R, X). It is sufficient to show that (EP(R, X, u, v) is closed in BSP(R, X).
For (fn)n C EP(R, X, u, v) satisfying lim, o || fn — fllBs» = 0. It follows that

t+1 t+1

[ [1soiras ) < < [ [ 1) - naolras | dute) +

[rr] \ 1 [—rr] \ ¥
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- !
+ / ( / fn(S)”dS) dut) <
[=rr] N1

t+1

< [ 15 slssaur+ [ { [ 15aleds ) auto)

[—r,r] [—r7] t
Then

1 T % =)

u|=r,r
Ze) /] / I£)Pds | aut) < SIS = Fulloss +
t+1
+ o ] /] ( Je pds) dut).

Therefore,

t+1

. 1 ’
i s / (/f pds) du(t) < M = fulssr ¥ € N,

(=]

Since lim,, s+ || f — fnllBS» = 0, one can see that

t+1

Jim s / / 1£(s)7ds | du(t) = 0.

[ 7,7
Theorem 1 is proved.

Proposition 1. The space EP (R, X, u, v) is translation invariant, where i, v € M satisfy (M2)
and p > 1.

t+1
Proof. Suppose that f € EP(R, X, u,v), we define F' by F(t) =

I f(s)||pds> *Then

t
F belongs to £(R, R, i, v) and, from the translation invariance of £(R, R, i, v), we have

1
t+1 P

v([—lrr / /”f5+a|!pds du(t) =

[=7r]

1
:m / F(t+a)du(t) -0 as r — 4oo.

[7737‘}

Therefore, f(. +a) € EP(R, X, p, v).
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Theorem 2. E(R, X, u,v) C EP(R, X, u,v), where i, v € M satisfy (M0) and (M2), p > 1.
Proof. Suppose that f € E(R, X, u, v). By Holder’s inequality, we get

(o) - ()
[=rr] [—rr] \O

1-1 1
p p

<| [ dute /(/ f(s+t)”d8)du(t) -
0

—r,r] [=rr]

P

= (u([—r, 7)) / (/f (s + ) 1f(8+t)d8)du() <

(=]

3=

1
< (=, )Nl / ( / f(8+t)d8) dp(t)
(=]

Using the Fubini theorem, we have

/(/fS—i—tds)d,u —/1 /|yfs+tudu() ds.
0

[=r,] —7,r]

It follows that

t+1
(e / ( [ 156 pds) ault) <

1
(u([—nﬂ))l_;llflloé’/ /If(5+t)||du(t) ds | =

0 [7“"']

:(MY;W”Q 0/1 oy [ s llaut | as

[77‘77'}

ot
v([=r7])

IN

1
P

From translation invariance of £(R, X, u, v), we have

lm — L / (s + D) ldu(t) = 0 s € [0,1].

r—>—400 ]/([
[ 7]

Apply the Lebesgue dominated convergence, we get
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t+1

i s / / 1£(s)Pds | du(t) = 0.

Theorem 2 is proved.
Example1. Let p > 1 and the function f given on R by

1
F) = TaXi i+ sphinit ool ()
Obviously, f is not continuous on R, then f is not ergodic. But f is ergodic in Stepanov’s sense.

Indeed, if we take > 1 and p > 1, we have

r /t+1 % +oo / t+1 P
1 1
— Pds | dt < — Pds | dt <
o | [ ) ae< o [{ [aepas) as
—r t 1 t
+oof [t]+2 P
1
2/ / pdS té
1 [t]
1 1
o +00 k+1( ktappp P
<o [| ] s as
k=1"7% 3
< L= 1 = G — 0 — +
S g2 12r oo o

A characterization of (u, v)-ergodic functions in Stepanov’s sense is given by the following proposi-

tion.
Proposition 2. Let u,v € M and I be a bounded interval (eventually I = ¢). Let f €

€ BSP(R, X). Then the following statements are equivalent:
D) feERX, ),

2 i e [ (/ - I$(s)17as )  dult) = 0,

M<{t ctroinrs ([ \f<t>||pds)é > e}>

3) for any € > 0, lim, =r D)

t+1 -
Proof. Let A= v(I), B = /I</t Hf(s)||pds) du(t), C = u(I).
(1)=-(ii). We have

t+1
1
o || s | e -
[rr]\f !
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t41 1
N V([TlT]A)( / (/ f(s)pds) du(t) — B) _
[=r,7] t

t+1
) s B
T A( [i](/f d) au(?) u([m]))'
(iii)=>(ii). Let 1
t+1 P
\T: /(/f(s)pds> >e}
I t

B; { /(/+f d) <s}.

and

From the equality

/ (/+f Pds)

[T\

t+1 % t+1
-/ ( / f(S)”dS) dutt) + | ( [ 156 pds) dpu(t)

As Be

we deduce that for r sufficiently large

L e (I
< fllass A0 BT <
< fllpss st + el =) <
L
< HfHBSpV([ﬁ‘ﬁfj)\ 5 +e‘j§{iﬁjﬂ§ - “([AD)
W)
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Then, for all € > 0,

t+1 -
timswp e[| [ | dute) <.
[=r]\I \t
Therefore, (ii) holds.
(i))=(ii1). We have
1 t+1 1
e AN T Pd d
o || s e =
[—r]\I \t
. t4+1 1
_— P
>V@¢JHIEX /\u@nds R

= W\ D

Proposition 2 is proved.

2.2. (p,v)-Pseudo almost periodic functions in Stepanov’s sense.

Definition 2. A function f € X® is said to be (p, v)-pseudo almost periodic in Stepanov's sense
if it can be written in the form

f=g9+h,

where g € SPAP(R,X) and h € EP(R,X,u,v). The set of such functions is denoted by
SPPAP(R, X, u,v).

We have the following diagram:

AP(R,X) C PAP[R,X,u,v) C BC[R,X) c C(RX)

N N N N .
SPAP(R,X) C SPPAP(R,X,u,v) C BSP(R,X) C IP (R X)

loc

Theorem 3. Let pu, v € M satisfy (M2). Then the decomposition of a (u,v)-pseudo almost
periodic function in the form f = g+ h, where g € SPAP(R, X) and h € EP(R, X, p, v), is unique
and so

SPPAP(R, X, u,v) = SPAP(R, X) & EP(R, X, u, v).
Proof. Let the operator

B:BSP(R,X) —  L®(R,Lr([0;1]; X),
f = .

Clearly, this operator is isometric linear. We have SPAP(R, X) = B~}(AP(R, L?((0;1); X))) and
EP(R, X, u,v) = B~YER, LP((0;1); X), u, v)). Using the fact that

AP(R, LP((0;1); X)) () E(R, LP((0;1); X)), 1, v) = {0}

ISSN 1027-3190. Yxp. mam. ocypn., 2022, m. 74, Ne 10
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and B is isometric linear, we obtain
“HAP(R, L¥(( ) (B~ ER, LP((0;1); X), p,v)) = {0}

and so
SPAP(R, X) (&P (R, X, p,v) = {0}.

Theorem 3 is proved.
Theorem 4. Let pn € M satisfies (M1). Then SPPAP(R, X, u,v) equipped with the norm

| fllsePap@ x up) = llgllseap@x) + 1Rller @, x 10,05

where f =g+ h, g€ SPAP(R, X) and h € EP(R, X, u,v) is a Banach space.

Proof. Let (f,)n be a Cauchy sequence in SPPAP(R, X, u, v), then, for all n € N, there exists
(gn, hn) € SPAP(R, X)) x EP(R, X, p1, v) such that f,, = g, + hn.

For £ > 0, there exists ng € N, n > ng, such that, for all m, we have

an - meBSp = ||gn - gmHBSp + ||hfn - hmHBSp < €.

Then, for all m,n > ng, we get

”gn_gmHBSp <e and ||hn_hmHBSp <eE&.

Therefore, (gn), and (hy), are Cauchy sequences in the Banach spaces SPAP(R,X) and
EP(R, X, p,v), respectively. Then there exists (g,h) € SPAP(R, X) x EP(R, X, u, v) such that

Jim llgn —gllzsp =0 and  lim [, — hl|ps, = 0.

Let f=g+he SPAPR, X))@ EP(R, X, p,v) = SPPAP(R, X, p1,v), then

lim || fn — fllBsp = m lgn — gllBSp + Jdm |hn — hllBsp = 0.

n—-+o0o

So, (SPPAP(R, X, pu,v) is a Banach space.
Theorem 4 is proved.

Definition 3. For p,v € M and f € X®*Y continuous, we say that f is uniformly (u,v)-
pseudo almost periodic in Stepanov’s sense if f = g+h, g € SPAPUR XY, X) and h € EPU(R x
x Y, X, p,v). The set of such functions is designated by SPPAPU (R x Y, X, u,v).

The following hypothesis is useful in the rest.
(H1) For all 1 < p < o0, there exists L > 0 such that

1f(tz) = ft o)l < Llle —yl| VieR Ve,yeY.

Theorem 5 [8]. Let 1 < p < co and f € X®Y with f(.,z) € SPAP(R, X) Vx € Y. Assume
that f satisfies (H1) and x € AP(R,Y"). Then f(.,z(.)) € SPAP(R, X).

Theorem 6. Let p,v € M satisfy (MO0). Assume that x € SPAP(R,Y), K = {x(t);t € R} is
a compact subset of Y and f € EPU(R x Y, X, u,v). Then f(.,z(.)) € EP(R, X, p,v).
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Proof. Let f € EPUR XY, X, u,v) and K = {z(t);t € R} be fixed. Then, for all £ > 0, there
exists d. g such that, for all 1,22 € K, one has

) »
o1 ool < 6o = | [ 1500~ fls,z)lP | <57 vieR
Since K is a compact, then there exists a finite subset {x1,z2,...,2,} C K, n € N*, satisfying

K C UT,L_l B(xj, ¢ k). Therefore,

VieR Fi(t)=1,...,n: |a(t) -zl <6,

SIS

t+1 t+1 t+1

/Hﬂ&ﬂﬁwws /Hfsx F(5, w0 Pds /Wfsx s | <

t+1
[ st pds
t
Note that, forall i = 1,...,n, f(.,z;) € EP(R, X, u,v). Hence, for r large enough,
(T ' ()
e p([—r,r
T 1f(s,2(s)[Pds | dp(t) < ==r——5 +
V([_rur]);l t/ MV([_TvT])
1
1 n T /tt+1 P
+ / /||f s, x;)||Pds | du(t).
e 2 () 1l )
Consequently,
rof 1 5
€
p < — = ¢
l:ﬂgigopy / / Il f(s,xz(s))||Pds | du(t) < MM €

Finally, we obtain

r t+1

ggqu/ /wfsm (IPds | dutt) —o.

Theorem 6 is proved.
Corollary1. Let p,v € M. For © € AP(R,Y) and f € EPU(R x Y, X, u,v), we have that

Flow() € E°(R, X, p,v).
Proof. Since v € AP(R,Y), we obtain that x € SPAP(R,Y) and K = {z(t);t € R} is a
compact subset of Y. Hence, Theorem 6 is satisfied.

ISSN 1027-3190. Yxp. mam. ocypn., 2022, m. 74, Ne 10



PSEUDO ALMOST PERIODIC SOLUTIONS IN THE ALPHA-NORM AND STEPANOV’S SENSE ... 1411

Theorem 7. Let p,v € M satisfy (M2), f: R xY — X be a function such that f = g+ h €
€ SPPAPU(R x Y, X, u,v) satisfying:

() VzeY, g(.,,x) € SPAP(R,Y) and h(.,x) € EP(R,Y, u,v),

(if) z = x1 +x2 € PAP(R,Y, u,v), where x1 € AP(R,Y) and x2 € ER,Y, p,v),

(iii) f satisfies (H1).

Then f(.,xz(.)) € SPPAPR, X, pu,v).

Proof. Let f = g+ h, where g € SPAPU(R xY,X) and h € EPU(R x Y, X, u,v). Then we
have

[t (b)) = g(t,21(t)) + [f (& 2(t)) — f(t, 21(8)] + h(t, 21(1)) =
— G(t) + F(t) + H(1).

From Theorem 5, it follows that G(.) € SPAP(R, X) and, by Corollary 1, we have that H(.) €
€ EP(R, X, u,v). Now, it is sufficient to show that F(.) € EP(R,Y, u,v). Indeed, for r» > 0 large
enough, we obtain

roft+l y . /e !
G | [ iEerds | any < S [ i) - aeips | dute) =
1 T t+1 %
o [ Pleatolras | aut -

Therefore, using the fact that zo € EP(R, X, u, v), we get

t+1
Jim / / I1F(s) pds)
r%+ool/

Theorem 8 [1]. Ifu € SPAP(R, X) and v defined by
t

v(t) == / T(t— s)u(s)ds forall teR,

—0o0

then v € AP(R, X).
Theorem 9. Let pu,v € M satisfy (M0) and (M2). If u € EP(R, X, u,v) and v given by

¢
u(t) == / T(t—s)u(s)ds forallteR,

—00

then v € E(R, X, u,v).
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Proof. Let vi(t) = /t o T(t — s)u(s)ds, k =1,2,..., vx is a continuous function and
satisfies o
t—k+1
[ow (8] < / [Tt — s)u(s)|lds <
t—k
t—k+1
< [ 1= anau)ds -
t—k

k
— [ e TElA e - 7)lar -

k—1

— MaJA an/

. efw(kfl)
k—1

)ldr <

Hence, by using the Holder inequality, we get

e—w(k=1) ?

< —Q
loe@lf < Ma A5

k-1

Then, for » > 0 and k£ > 1, we have

V([—lm']) / [Jor(8) ]| dp(t) <

[_T’T]

—w(k 1) g
< M,||A™* / / u(t —7)||Pdr | du(t).
4 s AW (1)

Since h € EP(R, X, p,v) which is translation invariant (Proposition 1), we deduce that the function
t — u(t — ) also ergodic in Stepanov’s sense. Then

li )| dp(
Jin o [ ol

[—r7]
which gives v, € E(R, X, pu,v) for each k£ > 1. Moreover,

fw(k 1)

lor (B[] < MallA™ aHWHUHBSW
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Hence
—w (k—1)

ZHvk ) < M|l A™ "HZ(

By using this, we conclude that the series Zk v (t) converges uniformly on R. Moreover, v(t) :=

>HUHBSP < oo

t
+
= / T(t — s)u(s)ds = ij v(t) is continuous on R and

— 00

—w (k—1)
@) < ZH’% ) < Ma||A™ “\IZ( )HUHBSZM

1 1 ”
) / @ ldu®) < Sy /

o(t) = > uk(t)
[=r,r] [—r,7]

)| dpe(

+Z il / o (1)
[—r,r]

Let £ > 0, there exists NV € N such that, for all n > N, we have

v(t) = > vk(t)

k=1

du(t)+

sup <e.

teR

From (M0), we obtain

Consequently,

t
Thus, t — v(t) := / T(t — s)u(s)ds is ergodic.

—0oQ
Theorem 9 is proved.
From Theorems 8 and 9, we get the following result.
Theorem 10. Let pu,v € M satisfy (M0) and (M2). If u € SPPAP(R, X, u,v) and v defined

by
t

v(t) = / T(t— s)u(s)ds for all teR,

—00

then v € PAP(R, X, u,v).
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2.3. (p,v)-Pseudo almost periodic solutions. 1In this subsection, we treat the existence and
uniqueness of pseudo almost periodic solutions to the neutral equation (1). In the following, we
assume that

(H1) f € S’ PAPU(R x X4, X, iu,v) and there exists Ly > 0 such that

£t 2) = f(t, )l < Lellz — ylla

for every x, y € X, and t € R;
(H2) g € PAPU(R x X4, Xa, 4, ) such that, for all bounded subset C' of X, the function g
is bounded on R x C' and there exists L, > 0 such that

lg(t,z) — g(t,y)lla < Lgllz — ylla

for every z, y € X, and t € R.
Definition 4. A continuous function v : (—oo,+00) — X is said to be a mild solution of
equation (1) on R, if

v(t)=T(t— o) [v(a) —g(o,v(0))| +g(t,v(t)) + /T(t —s)f(s,v(s))ds for any t>o.

(o

Theorem 11. Let p, v € M satisfy (M2). Under conditions (H0), (H1) and (H2), suppose that
I'l—«)

wl—a

Ly + MLy <1

Then equation (1) has a unique (u,v)-pseudo almost periodic mild solution, and we have

t
o(t) = gt v(t)) + / T(t—8)f(s,0(s))ds for t€R.
Proof. First, suppose that A: PAP(R, X,,, u,v) — C(R, X,,) given by

Av(t) :=g(t,v(t)) + / T(t—s)f(s,v(s))ds for teR.

—0o0

We can see that Av € C(R, X,,) is well-defined and continuous. Also, from Theorems 7, 10 and 2.26
in [6], Av € PAP(R, X,, p,v), thatis, A: PAP(R, X,, u,v) — PAP(R, X4, p,v). It remains to
prove that A is a strict contraction on PAP(R, X, i, v).

For u, v € PAP(R, X4, pu,v) and t € R, we obtain

! efw(tfs)
[Au(t) = Av(t)]la < Lgllu(t) = v(t)]la + Ma / WLf||u(5) — v(s)[lads <

—+00

< Lg+z\4aLJc/€
0

—ws

- ds | ||lu —v|so-

ISSN 1027-3190. Yxp. mam. ocypn., 2022, m. 74, Ne 10
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Then

+00
efws
[Au — Av||eo < Lg+MaLf/ " ds |||u—v|le <
0
I'l — «
< <L9+MaLfij1_a))||u—vlloo.

From the Banach fixed-point theorem, we deduce that the operator A has a unique fixed-point, which
is clearly belong to PAP(R, X, i1, V).

Theorem 11 is proved.
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