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LEFT AND RIGHT B-FREDHOLM OPERATORS
JIBUM TA ITPABUI B-®PEJIIOJIbMOBI OIIEPATOPH

We introduce the families of left and right B-Fredholm operators in Banach space, realize their stabilization with the help
of finite-rank operators, and prove a spectral mapping theorem for the left and right B-Fredholm operators.

VBeneno ciM’i JiBuX i mpaBux B-¢penronsmoBux omeparopiB y 6aHaXoBOMY MPOCTOpi, HPOBEACHO cTabiiisawito 3a 10-
MIOMOT'OK0 OTIEPATOPiB CKIHYEHHOTO PaHry Ta JOBEICHO TEOPEMYy IO CIEKTpalbHE BiTOOpaKeHHs JUIs JIBHX 1 NMpaBHX
B-¢dpenronsmoBux oneparopis.

1. Introduction. M. Berkani in [1] studied the class of B-Fredholm operators on a Banach space.
This class is defined by: If we have T a bounded linear operator acting on the Banach space X
and for each integer n, then we define the restriction from 7" to R(7™) denoted by T,, viewed as
T = T|giny: R(T™) — R(T") (for n = 0, Top = T). Now, we say that 7" is a B-Fredholm
operator if for some integer n the range space R(7") is closed and 7, is a Fredholm operator, in the
sense of having null space N (7},) of finite dimension «(7},) and range R(T;,) of finite codimension
B(Ty), the difference ind(T,) = a(T},) — B(T},) = ind(T) is known as the index of B-Fredholm
operator 1" (see [1]). M. Berkani and M. Sarih extended in [2] this notion and they given the class
of semi- B-Fredholm for which 7,, is either upper or lower semi-Fredholm, in the sense that either
N(T,) is finite dimensional and R(T;,) closed, or R(T},) is closed of finite codimension. In this
paper, we extend our research to ’left and right B-Fredholm operators”. We say that T is a left
Fredholm operator if R(T") is closed, a(7") < oo and R(7’) is a complemented subspace of X, and
we call T a right Fredholm operator if 3(T") < oo and N (T') is a complemented subspace of X.
The notion of left and right Fredholm operators was introduced by the several mathematicians, for
example, in [3] A. A. Boichuk, A. M. Samoilenko studied this notion. We shall see that the left
B-Fredholm operator BF;(X) on a Banach space X in general properly contain the left Fredholm
operator ®;(X), and the right B-Fredholm operator BF,(X) on a Banach space X contain the
left Fredholm operator ®,.(X). And we show that each a left B-Fredholm (resp., right B-Fredholm)
operator is a quasi-Fredholm operator in the sense of M. Mbekhta and V. Muller in [7]. Conversely,
a quasi-Fredholm operator such as there exists d such that R(7™) is a closed subspace of X for
each integer n > d and R(T) + N (T?) is a closed subspace of X, is a left B-Fredholm (resp., right
B-Fredholm) operator.

In Theorem 2.1 and in the case of operators acting on a Hilbert space H we prove that T € L(H )
is a left B-Fredholm (resp., right B-Fredholm) operator if and only if " = Q) & F, where () is a
nilpotent operator and F is a left Fredholm (resp., right Fredholm) operator. In Proposition 2.4, we

! Corresponding author, e-mail: faical abdmouleh@yahoo.ft.

© F. ABDMOULEH, T. BEN LAKHAL, 2022
ISSN 1027-3190. Yxp. mam. ocypn., 2022, m. 74, Ne 10 1299



1300 F. ABDMOULEH, T. BEN LAKHAL

prove that if 7" is a left B-Fredholm (resp., right B-Fredholm) operator and if F' is a finite dimensional
operator then 7'+ F' is also a left B-Fredholm (resp., right B-Fredholm) operator.

In the third section, we prove the stability of a left and a right B-Fredholm operators, we show on
Theorems 3.1 and 3.2 that if 7" and S are two left B-Fredholm (resp., right B-Fredholm) operators
and the condition T'A + ST = [ is satisfy, then 7'S is a left B-Fredholm (resp., right B-Fredholm)
operators. Conversely, if T'S is a left B-Fredholm (resp., right B-Fredholm) operator, then 7" and S
are left B-Fredholm (resp., right B-Fredholm) operators such that TA + ST = I. Also, we prove a
spectral mapping theorem for left and right B-Fredholm operators, more precisely in Theorem 3.3, for
T € £(X) and f an analytic function on the usual spectrum o (T') of T', we prove that f (opr,(T)) =
= ogr,(f(T)), where opr,(T) = {\ € Csuch that(T' — X) ¢ BF;(X)}, and f(opr,(T)) =
= ogr, (f(T)), where opr, (T') = {\ € Csuch that (" — \I) ¢ BF,(X)}.

In the sequel if ' and F' are two vector spaces, the notation £ ~ F' will mean that £ and F' are
isomorphic. If E and F' are vector subspaces of the same vector space H we shall write £ =, F
if there exist two finite dimensional vector subspaces GG1 and Gs of H such that £ C F' + G and

E
F C E 4 Go. Next, if E C F then we denote the quotient space ¥ modulo F' by I (see [4],

Definition 1).

2. Definition and properties of left and right B-Fredholm operators.

Proposition 2.1. Let T € L(X). If there exists an integer n € N such that R(T") is closed
and the operator T,, is a left Fredholm operator, then R(T™) is closed and the operator T, is a
left Fredholm operator and ind(T,,) = ind(T},) for each m > n.

Proof: If T,,: R(T™) — R(T™) is a left Fredholm operator, then 7;, is upper semi-Fredholm
operator, so, for each m > n, the operator 7,"~": R(T") — R(T™) is also an upper semi-
Fredholm operator. Hence, R(7}*~") = R(T™) is closed in R(T™). Since R(T™) is closed in
X, then R(T™) is closed in X. Consider now the operator T,,: R(T™) — R(T™). We have
N(Ty) =NT)NRIT™) C N(T)NR(T™) = N(T,). So, a(Tyy,) < 0.

If the operator T, is a left Fredholm operator, then R (7},) is a complemented subspace of R(T™).
Since NV (T}"~™) is of finite dimension, then R(7},) + N (T,)*~") is also a complemented subspace
of R(T™).

This means that there exists a finite dimensional subspace F; of R(7™) such that

R(T") = Fi & (R(T;,) + N(T;'™™)).

Then R(T™) = T™ "(Fy) + T™ " (R(T)).

First, it is known that the image of a closed subspace by an operator upper semi-Fredholm
operator is closed, then 77"~ (F}) is a closed subspace of R(7™). It remains to show that the sum
is direct: Let z € T™ " (Fy) N T™ ™(R(T},)). Then there exist z € F} and y € R(T;,) such that
z=T"""(x) =T "(y). We obtain z —y € N (T, "), therefore, z =y + (v — y) € (R(T,,) +
+ N(T!m=™)) N F; = {0}. Hence, x = 0 and therefore z = 0, whence R(T™) = T™ "(F}) +
+ R(Tr,).

Thus, R(7T},) is a complemented subspace of R(7"). Consequently, 75, is a left Fredholm
operator.

Moreover, from [4] (Lemma 3.5), we have

N(T)NR(T™)  N(T™) +R(T)

N(T) N R(T™Y) — NI +R(T)
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Also, from [4] (Lemma 3.2), we get

R(T") X q R(T™Y) X
R~ RD)+N(T) 0 RT2) — R(T) + NI+

Hence, a(T},) — a(Tp+1) = B(T) — B(Th+1), which means that ind(7},) = ind(7y+1). It follows
then that ind(7,,,) = ind(7},) for each m > n.

Proposition 2.2. Let T € L(X). If there exists an integer n € N such that R(T") is closed
and the operator T, is a right Fredholm operator, then R(T™) is closed, the operator T, is a right
Fredholm operator and ind(T,,) = ind(T,,) for each m > n.

Proof. In the same way as the previous proposition we show that if R(7™) is closed, then
R(T™) is closed. For n € N, suppose that T}, is a right Fredholm operator. We shall show that
T+ is a right Fredholm operator.

T,, is a right Fredholm operator, then codim(R(7},)) < oo in R(T™). So, there exists F a finite
dimensional subspace of R(T™) such that R(T") = F @ R(T,,) = F @ R(T™"!). This implies that
the injection 4,, : R(T"*') — R(T™) and the projection p,, : R(T™) — R(T™*!) are both Fredholm
operators. We can easily check that 7,,,1 = p, o T' o 4,,. Hence, if T,, is a right Fredholm operator,
then 7,41 is also right Fredholm operator. Consequently, if 7}, is a right Fredholm operator, then
T, is likewise right Fredholm operator. We get the equality of the index by the same way as in the
proof of the previous proposition.

Definition 2.1. Let T € L(X).

(i) If, for some integer n € N, R(T™) is closed and the operator T), is a left Fredholm operator,
then T is called a left B-Fredholm operator.

(ii) If, for some integer n € N, R(T™) is closed and the operator T, is a right Fredholm
operator, then T is called a right B-Fredholm operator.

Observe from the definition of left and right B-Fredholm operators all nilpotent operators and
all bounded linear projections are left and right B-Fredholm operators. Hence the class BF;(X)
(resp., BF (X)) of left B-Fredholm (resp., right B-Fredholm) operators contains the class of left
Fredholm (resp., right Fredholm) operators as a proper subclass. Note also that obviously every B-
Fredholm operator is a left B-Fredholm (resp., right B-Fredholm) and every left B-Fredholm (resp.,
right B-Fredholm) operator is upper semi B-Fredholm (resp., lower semi-B-Fredholm).

Definition 2.2. Let T' € L(X) be a left (resp., right) B-Fredholm operator and n any integer
such that R(T") is closed and T, is a left (resp., right) Fredholm operator. Then we define the
index of T denote by ind(T) as the index of the left (resp., right) Fredholm operator T,,. From
Propositions 2.1 and 2.2, this definition is independent of the choice of the integer n. Furthermore,
if T is a Fredholm operator, this reduces to the usual definition of the index.

Definition 2.3 [5]. Let T € L(X) and

AT)={neN;VmeN, m>n= (R(I")NN(T)) C (R(T™)NN(T))}.

Then the degree of stable iteration dis(T) of T is defined as dis(T) = inf(A(T)). If A(T) = &
then dis(T') = oo.

Definition 2.4. Let T € L(X). Then T is called a quasi-Fredholm operator of degree d if there
is an integer d € N such that:

(i) dis(T) = d,

(ii) R(T™) is a closed subspace of X for each integer n > d,
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(iii) R(T) + N (T?) is a closed subspace of X.

In the sequel QF (d) will denote the set of quasi-Fredholm operators of degree d.

Proposition 2.3. Let T € L(X). Then T is a left (resp., right) B-Fredholm operator if and only
if there exists an integer d € N such that T € QF(d) and:

(i) dim(R(T% NN(T)) < oo (resp., codim(R(T) + N (T9)) < o),

(i) R(T) 4+ N(T?) (resp., R(TY NN (T)) is a complemented subspace of R(T?).

Proof. Suppose that T' € BF;(X). Then, there exists n € N such that R(7™) is closed and T,
is a left Fredholm operator in R(7™). Then dim(R(T"™) NN (T)) < oo and R(T) + N(T") is a
complemented subspace of R(T™).

Let m > n, then R(T™) N N(T) € R(T™) NN(T). Since dim(R(T™) NN (T)) < oo, the
sequence (R(T?) NN (T)), is a stationary sequence for p large enough. Therefore,

d=dis(T) €N and dim (R(T%) NN(T)) < co.

If R(T) + N(T") is a complemented subspace of R(7™), then there exists F' € R(T™) such that
R(T") =F & R(T)+ N(T™).

We have, for each n > d, R(T) € N(T9) + R(T) such that R(T) + N(T™) C R(T) +
+N(T9). Since N (T?) € N(T™), then R(T)+N(T9) C R(T)+N(T™). This shows that R(T")+
+N(T™) = R(T) + N(T9). If R(T™) C R(T?), then there exists F' € R(T?) such that R(T9) =
= F @ R(T) + N(T9). Therefore, R(T) + N (T?) is a complemented subspace of R(T%).

As though, R(T™) is closed for each m > n, we deduced that R(7") is closed for each
m > d. Moreover, we have R(T) + N(T?) = (T4~} (R(T%1)). Hence, R(T) + N(T?) is
a closed subspace of X. Consequently, T € QF(d) such that dim(R(T¢) N N (T)) < oo and
R(T) + N (T?) is a complemented subspace of R(T?).

Conversely, suppose that T € QF (d) such that dim(R(T%) NN(T)) < oo and R(T) + N (T%)
is a complemented subspace of R(7T'?). Thus, R(T™") is closed for each n > d, since, dim(R(T¢) N
NN(T)) < oo and R(T) + N(T?) is a complemented subspace of R(7%). Hence, Ty is a left
Fredholm operator. Finally, T € BF;(X).

Suppose that T € BF,(X). Then there exists n € N such that R(7™) is closed and T}, is a
right Fredholm operator of R(7™). Then codim(R(T) + N (T™)) < oo and R(T) NN (T") is a
complemented subspace of R(1T™).

Let m > n, then R(T)+ N (T") C R(T)+N(T™). Since codim(R(T) +N(T")) < oo, thus,
the sequence (R(T) + N (TP)), is a stationary sequence for p large enough. This shows that

d=dis(T) €N and codim (R(T) + N (T%)) < .
(

If R(T) NN (T™) is a complemented subspace of R(7™), then there exists F' € R(T™) such that
R(T™) = F & R(T) NN (T™). Hence R(T) NN (T?) is a complemented subspace of R(T¢).

We have codim(R(T) + N (T")) < oo. Thus, R(T™) is closed for each m > n, and then
R(T™) is a closed for each m > d. Therefore, R(T) + N (T?) is a closed subspace of X.

Hence, T € QF(d) such that codim(R(T) + N (T9)) < oo and R(T) NN (T?) is a comple-
mented subspace of R(T?).

Conversely, we suppose that T € QF(d) such that codim(R(T) + N(T%)) < oo and R(T) N
NN (T?) is a complemented subspace of R(T'?). Thus, R(T™) is closed for each n > d, as though,
codim(R(T)+N(T%)) < co and R(T)NN(T?) is a complemented subspace of R(T'?). Therefore,
Ty is a right Fredholm operator. Consequently, 7" € BF,(X).
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Theorem 2.1. Let X be an Hilbert space and T € L(X). Then T is a left B-Fredholm (resp.,
right B-Fredholm) operator if and only if there exist two closed subspaces M and N of X and an
integer d € N such that:

i) X=Ma& N,
(i) T(N) C N and T|y is a nilpotent operator,
(iii) T (M) C M and Ty is a left Fredholm (resp., right Fredholm) operator.

Proof. Since H is a Hilbert space, then each subspace of H admits a complemented. So
according to [2] (Theorem 2.6) we obtain the result.

Proposition 2.4. Let T € L(X) be a left B-Fredholm (resp., right B-Fredholm) operator and
F € L(X) be a finite rank operator. Then T+ F is also a left B-Fredholm (resp., right B-Fredholm)
operator.

Proof. If T is a left B-Fredholm (resp., right B-Fredholm) operator, then 7" is an upper semi-
B-Fredholm (resp., lower semi-B-Fredholm) operator. Hence, from [2] (Proposition 2.7) we obtain
that 7"+ F' is an upper semi-B-Fredholm.

Moreover, we have R((T + F),) = R((T + F)"™). Since R((T + F)"*!) =, R(IT""!) =
=R(T) and R((T' + F)") = R(T™).

If T is left B-Fredholm, then R(7},) is a complemented subspace of R(7") for some n € N.
Thus, R((T' 4 F),) is a complemented subspace of R((T + F)"). Consequently, T + F is a left
B-Fredholm operator. Now suppose that 7 is a right B-Fredholm.

Let us show that N ((T' + F),) is a complemented subspace of R((T + F)"). We have
N((T+F)n) =N(T+F) NRUT + F)") = N(T) N R(T") = N (T,).

As T is a right B-Fredholm operator, then A/(7},) is a complemented subspace of R(7™). Hence,
N((T+F),) is a complemented subspace of R((T -+ F)"). Therefore, T+ F is a right B-Fredholm
operator.

Proposition 2.5. Let T € L(X). The following properties are equivalent:

() T € BF/(X),

(i) T™ € BF(X) for each m > 0,

(iii) T™ € BF(X) for some m > 0.

Proof. (1)=-(ii). Suppose that 7' € BF;(X) and let d = dis(7"). From Proposition 2.1 we obtain
that R(T™?) is a closed subspace of X and 7,4 is a left Fredholm operator. Since (T},,q)" =
= (T™)g4, then the operator (77)y is a left Fredholm operator. Consequently, 7™ is a left B-
Fredholm operator.

(il)=>(iii). This is obvious.

(iii))=(i). Suppose that 7" is a left B-Fredholm for some m > 0. Then there exists an integer
n such that R(T™") is a closed subspace of X and (7"),, is a left Fredholm operator. Since

(Tonn)™ = (T™)y,, hence, (Tynn)™ is a left Fredholm operator. Therefore, if the operator (75,,) is a
left Fredholm operator, then 7" is a left B-Fredholm operator.

Proposition 2.6. Let T € L(X). The following properties are equivalent:
() T € BF,(X),

(ii) T™ € BF.(X) for each m > 0,

(iii) T € BF.(X) for some m > 0.
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Proof. (i)=-(ii). Suppose that T" € BF,(X) and let d = dis(7"). From Proposition 2.2 we obtain
that R(T™9) is a closed subspace of X and T},q is a right Fredholm operator. Since (7},q)™ =
= (T™)g4, then the operator (T™), is a right Fredholm operator. Consequently, 7™ is a right
B-Fredholm operator.

(i1)=(iii). This is obvious.

(iii))=>(i). Suppose that T is a right B-Fredholm for some m > 0. Then there exists an integer
n such that R(7™") is a closed subspace of X and (1"), is a right Fredholm operator. Since
(Tonn)™ = (T™)y, then (T5,,)™ is a right Fredholm operator. Therefore, the operator (7)) is a
right Fredholm operator, which means that 7" is a right B-Fredholm operator.

3. A spectral mapping theorem for left and right B-Fredholm operators.

Definition 3.1. (i) Let T' € L(X). We call right B-Fredholm resolving set of T and we write
par, (T) the set ppr,(T) = {\ € C,(T — XI) € BF,(X)}. We call right B-Fredholm spectrum of
T, denoted oBF,(T), the set opr,(T) = {\ € C,(T — \I) ¢ BF,(X)}.

(if) Let T € L(X). We call left B-Fredholm resolving set of T and we write ppr,(T) the
set ppr,(T) = {\ € C,(T — \) € BF(X)}. We call left B-Fredholm spectrum of T, denoted
oBF(T), the set opr,(T) = {\ € C,(T — XI) ¢ BFi(X)}.

Proposition 3.1. Let T € L(X), then the left B-Fredholm (resp., right B-Fredholm) spectrum
of T is a closed subset of C such that

O'B]-‘Z(T) C O(T) and JB]:T(T) C U(T).

Proof. If A\ ¢ o(T) then T'— A\ € BF(X). Thus, T — AI is a left B-Fredholm (resp., right
B-Fredholm ) operator. So, opr,(T)) C o(T) and opr,(T) C o(T). If o ¢ opr,(T) then S =
=T — ol € BF|(X). If € is small and not equal to zero, by [7, p. 144] (Table 2) S — el is a
quasi-Fredholm operator. From [2] (Theorem 3.1) we have dim(N'(S —€l),,) = dim(N(S,,)) < oo.
Furthermore, R(S,,) is a complemented subspace of R(S™). So, there exists ' C R(S™) such that
R(S™) = F ®R(Sy). Hence, R((S —el)™) = R(S™) = F®R(Sn) =« F®R((S —€l)y,). Then
S — €l is a left B-Fredholm operator. So, pgr,(T") is open in C. Consequently, o, (T') is a closed
subset of C.

On the same way, let 5 ¢ opr, (T), then A =T — ol € BF,(X). If € is small and not equal
to zero, by [7, p. 144] (Table 2), A — €l is a quasi-Fredholm operator. From [2] (Theorem 3.1),
codim(R(S — €I),) = codim(R(S,,)) < oo. Furthermore, N'(S,,) is a complemented subspace of
R(S™). So, there exists F; C R(S™) such that R(S™) = Fy ® N (Sy). If R((S —el)™) =c R(S™),
then, R((S — eI)") = F ® N (S,) =« F ® N((S — €el),). Then S — €l is a right B-Fredholm
operator. So, pgr,(T') is open in C. Finally, ogr,(T) is a closed subset of C.

Proposition 3.2. Let T € L(X), then the right B-Fredholm spectrum opr, (T) of T is a closed
subset of C contained in the usual spectrum o(T') of T.

Proof. If A\ ¢ o(T) then T — \I € BF(X). Thus, T'— A\ € BF.(X) and X ¢ opr,(T). So,
opr,(T) C o(T).

Theorem 3.1. Let S, T, A, B be mutually commuting operators in L(X), satisfying TA +
+BS=1.T,5 € BF(X) ifand only if TS € BF;(X).

Proof. Suppose that T' and S are a left B-Fredholm operator. Then there exist A,, € L(R(T")),
B, € L(R(S™)) and K,, € K(R(T™)),Cy, € K(R(S™)) such that

AT, =T+ K,,  BnSp=1I+C,.
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Let
Gpn: R((TS)") — R((TS)"),
x+— (B"A, + A"B),)x.

If TA+ BS = I, then, according to [6] (Lemma 2.6), we obtain R((7°'S)") = R(T™) N R(S™).
Then G, becomes

Gp: R(IT")NR(S™) — R(T™) NR(S™),
x+— (B"A, + A"B),)x.

If T"(R(S™)) C R(S™), in fact, if 2 € T™(R(S™)), then there exists ' € X such that S"(2/) = .
Thus, (ST)"x = (T'S)"x = T"x C R(S™). Therefore, the operator G, is well defined. Since

GnT, Sy = (B"A,, + A"B,)T, S, =
= B"A,T,,S,, + A"B,T,S,, =
= B"(I + K,)Sy + A™(I + Cp)T,, =
= B"S, + B"K,,S,, + A"T,, + A"C,,T,, =
= B"S, + A"T,, + (B"K,S, + A"C,)T,) = + K.

It is clear that B"K,,S,, + A"C,, T, € K(R(T™) N R(S™)). Consequently, T'S € BF;(X).

Conversely, if T'S € BF(X), then (T'S),, and (ST),, are a left Fredholm operators.

Let T = T|r((rs)ym) and S = S|r(rsyny- Then (T'S), = TS and (ST), = ST. Thus, T'S and
ST are a left Fredholm operators. Therefore T and S are a left Fredholm operators in R((T'S)"). If
TA+ BS = I, then, according to [6] (Lemma 2.6), we obtain R((7'S)"™) = R(T™) NR(S™). Since
Sy, and T, are a left Fredholm operators. Consequently, 7" and S are a left B-Fredholm operators.

Theorem 3.2. Let S, T, A, B be mutually commuting operators in L(X), satisfying T A +
+BS=1.T,5¢cBF.(X) ifand only if TS € BF,(X).

Proof. Suppose that T" and S are a right B-Fredholm operators. Then there exist A, €
€ L(R(T™)), Bn € L(R(S™)) and K, € K(R(T™)),C,, € K(R(S™)) such that

TwA, =1+ K, and S,B, =1+ C,.
Let
Gn: R(TS)") — R(TS)"),
r+— (BA" + A,B")x.

If S*(R(T™)) C R(T™), in fact, if x € S™(R(T™)), then there exists 2’ € X such that 7" (z") = x.
Thus, (T'S)"x = (ST)"xz = S"x C R(T™). Therefore, the operator G, is well defined. Since

TpSpGr = TpSn(BuA™ + A, B™) =
= T,,S0 B A™ + T, S, A B" =
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=T,(I+Cp)A" + S,(I+ K,)B" =
=T,A"+T,C,bA" + S, B" + S, K, B,, =
=T,A" + S,B" + (T;,C, A" + S, K,B,) = I + C.

It is clear that 7,C, A™ + S, K, B, € K(R(T™) N R(S™)). Consequently, T'S € BF.(X).

Conversely, if 'S € BF,(X), then (7'S),, and (ST),, are a right Fredholm operators.

Let T = T'|R((rs)») and S = S|r((rs)n)- Then (T'S), = TS and (ST),, = ST, thus, T'S and
ST are a right Fredholm operators. Therefore, T" and S are a right Fredholm operators in R((T'S)").
If TA+ BS = I, then, according to [6] (Lemma 2.6), we obtain R((T'S)™) = R(T™) N R(S™).
Since, S,, and 7,, are a right Fredholm operators. Consequently, 7" and .S are a right B-Fredholm
operators.

Corollary3.1. Let P(X) = (X — M I)"™ ... (X — X\, I)"™ be a polynomial with complex coef-
Sficients. Then P(T) = (T'— X\ I1)™ ... (T — X\, I)™ is a left B-Fredholm (resp., right B-Fredholm)
operator if and only if , for some 1 < i < n, (T —\I) is a left B-Fredholm (resp., right B-Fredholm)
operator.

Theorem 3.3. Let T' € L(X) and f an analytic function in a neighborhood of o(T') of T. Then

flosr,(T)) = opr (f(T)) and f(opF.(T)) = osF,(f(T)).

Proof. Let ;1 € opr,(T) and f an analytic function in a neighborhood of o(T). If o(T) is a
compact subset of C, then the function f(z) — f(u) possesses at most a finite number of zeros in
a(T). So,

)= f(p) = (z=w)™ (== A)™ .. (2 = An)""g(2),

where g(z) is a non-vanishing analytic function on o (7). Thus,

f(T) = f(p)I = (T — pI)™ (T — M I)™ .. (T = A\ D)™ g(T),

-1 1

where ¢g(7") an invertible operator. So, [¢(T")]" is a B-Fredholm operator, then [¢(T")]™" is a
left B-Fredholm operator. If f(T') — f(u)I € BF;(X), then by Theorem 3.1 we obtain (f(T") —
— f(w)D[g(T))~ € BF(X). Thus, (T — pul)™ (T — \I)™ ... (T — \I)™ € BF(X). So,
from Corollary 3.1, we have (T' — pl) € BF;(X), a fact which contradicts our assumption. So,

€ or,(T). Hence, f(u) € opr,(f(T)). Consequently, f(opr (1)) C or,(f(T)).
Conversely, let a € opr,(f(T)), then o € o(f(T)). Hence, there exists o € o(T") such that

f(p) = a. We have

f(2) = f(p) = (2 = )™ (z = )™ - (2 = pn) ™" g(2),

where ¢(z) is a non-vanishing analytic function on o (7). Thus,
F(T) = f) I = (T = p)™(T = pa1)™ . (T = pn D)™ g(T) = f(T) — o,

where g(T) is an invertible operator. If f(T) — ol ¢ BF;(X), then (f(T) — al)[g(T)]™! ¢
¢ BF(X). From Corollary 3.1, there exists 8 = {u, t1,...,n} such that T'— SI ¢ BF;(X).
Hence, 8 € opr,(T) and f(B) = «. Thus, o = f(B) € f(opr,(T)). Consequently, opr,(f(T)) C
C f(osr,(T)).

We do the same steps that we applied for the first equality and get opr, (f(T)) C f(opr, (T)).
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