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ON THE PROBLEMS OF UNIQUENESS OF MEROMORPHIC MAPPINGS
FROM COMPLETE KAHLER MANIFOLDS INTO PROJECTIVE VARIETIES

PO IMMPOBJIEMU €IUHOCTI MEPOMOP®HUX BITOBPAKEHD
ITOBHUX MHOTI'OBHUAIB KAXJIEPA ¥ IITPOEKTUBHI MHOT'OBUIHN

We prove the unicity theorems for meromorphic mappings of a complete Kahler manifold into projective varietiest sharing
few hypersurfaces in subgeneral position without counting multiplicities, where all zeros with multiplicities greater than
a certain number are omitted. We also present the uniqueness theorem in which the assumption of nondegeneracy of the
mappings is no longer required. These results are extensions and generalizations of some recent results.

JloBeneHo TeopeMy €MHOCTI AJ1st MepoMop(dHHX BioOpaskeHb MOBHOTO MHOTOBU Ly Kaxiepa B IPOEKTUBHI MHOTOBHU/IH, 1[0
MAroOTh KiJIbKa CIIIJIBHUX TiMIEPIIOBEPXOHB Y IiA3arajisHOMY ITOJIOKEHHI, 0e3 MiIpaxyHKy KpaTHOCTEH, e BCl HyIi 3 KpaTHic-
TIO OLNbILE NMEBHOTO YKCIA MPOIYLICHO. TakoK HaBEJCHO TEOPEMY €IHHOCTI, B SIKii MPHUITYIIEHHS PO HEBHPOKEHICTH
BiZJOOpaKeHb OiIbIlie He BUMAaraeTbesl. Lli pe3ysbpTaTi € po3IUpeHHSIMH Ta y3aralbHEHHIMH JESKAX OCTaHHIX Pe3yNbTaTiB.

1. Introduction. In 1926, R. Nevanlinna showed that two distinct nonconstant meromorphic func-
tions f and g on the complex plane C can not have the same inverse images for five distinct values.
Over the last few decades, there have been many generalizations of Nevanlinna’s result to the case
of meromorphic mappings from C™ into the complex projective space P"(C).

We now consider the general case, where f: M — P"(C) is a meromorphic mapping of an
m-dimensional complete Kéhler manifold M into P"(C).

For p > 0, we say that f satisfies the condition (C,) if there exists a non-zero bounded conti-
nuous real-valued function A on M such that

pf*Q + dd®log h? > Ricw,

V=1
where f*() is the full-back of the Fubini— Study form Q on P"(C) by f, w = 5 D hgdz A
7‘7.]

_ V=1 _
A dz; is Kahler form on M, Ricw = dd°log(det(h;3)), d = 0 + 0 and d° = T(E) —0).
77

In 1986, Fujimoto [3] firstly gave a new type of uniqueness theorem for linearly nondegenerate
meromorphic mappings of complete Kahler manifold M, whose universal covering is biholomorphic
to a ball in C™, into P"(C) satisfying condition (C,). Since that time, uniqueness problems for
meromorphic mappings over M sharing few hyperplanes as well as hypersurfaces have been studied
intensively by many authors such as [5, 9] and others. Recently, Chen and Han [1, 7] obtained the
uniqueness theorems for meromorphic mappings from M into smooth projective algebraic varieties
V' intersecting hypersurfaces located in subgeneral position. To state their result, we recall the
following notation.
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Let N >nand ¢ > N + 1. Let V be a complex projective subvariety of P"(C) of dimension
kE (k<mn).Let Qi,...,Qq, ¢ > k+ 1, be ¢ hupersurfaces in P"(C). The family of hypersurfaces
{Qi}L_, is said to be in N -subgeneral position with respect to V' if, forany 1 < iy < ... <iy41 <

N+1

When N = n, we say that {Q;}/_, is in general position with respect to V.

Now, let d be a positive integer. We denote by I(V) the ideal of homogeneous polynomi-
als in Clxo,...,x,] defining V' and by H, the vector space of all homogeneous polynomials in
Clzo, . .., zy] of degree d. Define

H,

(V)= 177w,

and H\/(d) = dim Id(V).
Then Hy (d) is called the Hilbert function of V. Each elements of I;(V') which is an equivalent class
of an elements ) € Hy, will be denoted by [Q)].

Let f: M — V be a meromorphic mapping. We say that f is degenerate over I;(V') if there
is [Q] € I;(V)\{0} such that Q(f) = 0. Otherwise, we say that f is nondegenerate over [4(V).
It is clear that if f is algebraically nondegenerate (i.e., the image of f is not contained in any
hypersurfaces of P™(C)) then f is nondegenerate over I4(V') for every d > 1.

Theorem A ([1], Theorem 4.1). Assume V C P"(C) is an irreducible projective algebraic vari-
ety of dimension k(< n). Let f,g: B(1)(C C™) — V be two algebraically nondegenerate meromor-
phic mappings, both satisfying the condition (C,). Let D1, Do, ..., Dy be q hypersurfaces in P"(C)
of degrees dy,ds, ..., dq, located in N -subgeneral position (N > n) with respect to V. Suppose

T T,
5(r,m0) + T(r 7o) < oo and f,g satisfy the following conditions:

further that limsup,._,;

1
Ogr—l

(@) f7H(Dy) = g7 (Dy) for j = 1,2, 4,
(ii) £ = g on UL, f~1(Dy),
(i) f~Y(Dj N Dj) has dimension at most m — 2 for 1 < j < j' < q.
Then, one has f = g provided, for the least common multiple d of dy,ds, ..., dq,

2N —k+1

B (@) + B (@) (v )~ 1)} + 2 (v (@) - 1),

q > d

Our purpose in this article is to extend Theorem A to general cases. In the concrete, we will
consider nondegenerate meromorphic mappings over I;(V') sharing hypersurfaces without counting
multiplicity, where all zeros with multiplicities more than a certain number are omitted in the first
result. In the other, we omit the condition of nondegeneracy over I;(V') of the mappings.

In theorems below, we denote by v, the zero divisor of meromorphic function ¢. For a positive
integer k or k = 400, we set

vo(z) if wvo(2) <k,

0 it v,(2) >k,
Vg07§k(z) :{ <P( )

and vy, > (2) is similarly defined.
The following theorem is a generalization of Theorem A.
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Theorem 1.1. Let M be a complete, connected Kihler manifold whose universal covering is
biholomorphic to B(Ry) C C™, where 0 < Ry < co. Let V' be a complex projective subvariety of
P™(C) of dimension k, k < n. Let {Q;}{_, be hypersurfaces of P"(C) in N-subgeneral position
with respect to V' with deg(Q;) = d;, 1 < i < q. Let d be the least common multiple of d/s,
ie.,d=Ilcm(dy,...,dg). Let f,g: M — V be nondegenerate meromorphic mappings over 1;(V')
satisfying the condition (C,) for p > 0 with

dim {Z: VQi(£),<kiVQ;(f),<k; (Z) > O} <m-—2, 1 75 7,

where ki, ..., kq are positive integers or +00. Assume that

() min{vg, )<k, 1} = min{vg, ) <k, 1} for all 1 <i < g,

. q

@) f=gonlJ_, {2 va.p.zn(2) >0}

(2N —k+1)Hy(d) ¢ Hy(d)—1 p(2N —k+ 1)Hy(d)(Hy(d) — 1)

I
I k+1 2 i ki + 1 d(k+ 1) *
2(Hy(d) — 1
+M, then f = g.

When the assumption on linearly nondegeneracy or algebraically nondegeneracy or nondegene-
rate over I;(V') of the mappings are dropped, we have the following theorem.

Theorem 1.2. Let M, V and {Q;}!_, be as in Theorem 1.1. Let f,g: M — V be meromorphic
mappings satisfying the condition (C,) for p > 0 with

dim {2 vg,() <kvQ;(p).<k; () > 0p Sm =2, i # ],

where ki, ..., kq are positive integers or +0o. Assume that

() min{vg, () <k;» 1} = min{vg, )<k, 1} forall 1 <i < g,

. q

(i) f=gon Ui:l {z: VQi(f),<k: (2) > 0}.

¢ Hy(d)—1 pNHy(d)(Hy(d)—1) 2(Hy(d)—1)

Ifq > NHy(d
fq>NHy(d)+ . == y + =

2. Basic notions and auxiliary results from Nevanlinna theory. We will recall some basic
notions in Nevanlinna theory due to [6, 8, 10].

2.1. Counting function. We set ||z|| = (|z1* +...+ ]zm]2)1/2 for z = (21,...,2m) € C™
and define

, then f = g.

B(r):={zeC™:|lz||<r}, S(r)={zeC™:|lz]|=7r}, 0<r <o,

where B(oco) = C™ and S(c0) = @. Define

)m—l

Um—1(z) = (dd°||z|? and  o,,(2) := dlog||z||> A (ddclog||z\|2)m_1 on C™\ {0}.

A divisor E on a ball B(Ry) is given by a formal sum £ = Z py Xy, where { X, } is a locally
family of distinct irreducible analytic hypersurfaces in B(Ry) and p, € Z. We define the support
of the divisor E by setting supp(EF) = U 40 X,. Sometimes, we identify the divisor £ with a

Hv
function E(z) from B(Rp) into Z defined by E(z) := Z -
X2z
Let M, k be positive integers or +00. We define the truncated divisors EM! by

ISSN 1027-3190. Vkp. mam. ocypn., 2022, m. 74, Ne 11
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EM .— Z min{p,, M} X,
14

and the truncated counting function to level M of E by

M B
NMl(r,r; B) := /ntmr(f’l)dt’ ro <7 < Ro,

T0

where

/ EMy o if m>2,
nM] (t,E) = supp(E)NB(t)

Z|z\<tE[M] (2) it m=1.

We omit the character (M if M = +o0.

Let ¢ be a non-zero meromorphic function on B(Ry). We denote by ug (resp., v2°) the divisor
of zeros (resp., divisor of poles ) of . The divisor of ¢ is defined by v, = I/g —vg.
For a positive integer M or M = oo, we define the truncated divisors of v, by

I/S[DM}(Z) if VLM](z)gk,

V(=) = min (M, 0,(2)}, o00,(2) = an

0 it vy (2) >k

We will write N, (r,79) and Ng}/gk(r, ro) for N(r,ro; Vg) and NMI (7 rg; V&Sk), respectively.
2.2. Characteristic function. Let f: B(Ry) — P"(C) be a meromorphic mapping. Fix a

homogeneous coordinates system (wp: --- : wy,) on P*(C). We take a reduced representation f =
= (fo: -+ : fn), which means f;, 0 < ¢ < n, are holomorphic functions and f(z) =
= (fo(2): --- ¢ fu(2)) outside the analytic subset { fo = ... = f, = 0} of codimension at least two.
Set || fll = (Ifol?+ ...+ |fn|2)1/2. Let H be a hyperplane in P"(C) defined by H = {(wo, ..., wn):

1/2
apwo + ... + apwy, = 0}. Weset H(f) = aofo+ ...+ anfn and ||H|| = (]a0|2+...+\anl2) 2

Then the pull-back of the normalized Fubini—Study metric form © on P*(C) by f is given by
fry=ddlog || f||*.
The characteristic function of f (with respect to Fubini— Study form 2) is defined by

T

dt
Tf(T, To) = / W / f*ﬂ ANvm_1, 0<ryg<r< Rp.

t=ro B(1)

By Jensen’s formula we have

Ty(r,m0) = / log || fllom — / log||fllom, 0<ro<r< Ry.
S(r) S(ro)
Through this paper, we assume that the numbers 1y and Ry are fixed with 0 < rg < Rp. By

notation “|| P, we means that the asseartion P holds for all r € [rg, Ro] outside a set ' such that

dr<ooincaseR0:ooand/
Efoo—r

dr < oo in case Ry < oo.

E
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2.3. Some propositions. Let {Q;}]_, be ¢ hypersurfaces in P"(C) of the common degree d.
Assume that each Q; is defined by a homogeneous polynomial Q; € Clx1, ..., zpt1]. We regard
Clx1,...,Tnt+1] as a complex vector space and define rank{Q; }icr = rank{Qi}ie R for every subset
R C {1,...,q}. It is easy to see that

rank{Q;}icr = rank{Q; }icr > n+1 — dim(ﬂ QZ).
1ER
Hence, if {Q;}7_, is in N-subgeneral position, by the above equality, we have rank{Q;};cr > n+1
for any subset R C {1,...,q} with fR = N + 1.

Proposition 2.1 ([6], Lemma 3). Let V' be a complex projective subvariety of P™(C) of dimen-
sion k, k <n. Let {Q;}{_,, ¢ > 2N —k+1, be q hypersurfaces of the common degree d in P™(C)
located in N -subgeneral position with respect to V. Then there are positive rational constants wj,
1 < i < q, satisfying the following:

() 0<w; <1Vie@=A{1,...,q}. ,

(i1) Settlzg+w1: max;cQ wj, one gets Zi:l

W o —F+1 =95 W

(iv) For R C {1,...,q} with its cardinality R = N + 1, then Z cp Vi <k+1.

(v) Let E; > 1, 1 <i < q, be arbitrarily given numbers. For R C {1 ..,q} with R = N +1,
there exists subset R° C R such that §R° = rank{Q; }icre = k + 1 and

125 <] E-

i€R i€ R°

o(q—2N +k—1)+k+1.

The constants w; appearing in the above theorem are called Nochka weights and @ is called
Nochka constant with respect to {Q;}7_;.
Let {Q;}icr be a set of hypersurfaces in P"(C) of the common degree d. Assume that each Q;

is defined by Z aux =0, where Zy = {I = (t1,...,tp1) € N*TL 1 + .+t = d},

t .
al =2l x5 and (x1: -+ xp41) is homogeneous coordinates of P™(C).

Let f: B(Ry) — V C P"(C) be a meromorphic mapping with a reduced representation
f=(fi: - fay1). We define
Qi(f) =Y auf’,
IeT,

where f1 = f' .. fi’ff for I = (t1,...,tny1). Then f*Q; = vg, (s as divisors.

Lemma 2.1 ([6], Lemma 4). Let {Q Yicr be a set of hypersurfaces in P"(C) of the common

degree d and let f: B(Ry) — P"(C) be a meromorphic mapping. Assume that ﬂq ) QiNV =a.
1=

Then there exist positive constants « and 8 such that
ol £ < max |Qi(H)] < BILFII*
i€ER

Lemma 2.2 ([6], Lemma 5). Let {Q;}!_, be a set of hypersurﬁzces in P"(C) of the common
degree d. Then there exist (Hy (d)—k—1) hypersurfaces {T; }H )7L P*(C) such that for any

subset R C {1,...,q} with R = rank{Q;}icr = k+1, we get rank{{Q; };crU{T; }Hv(d } _
= Hy(d).

ISSN 1027-3190. Vkp. mam. ocypn., 2022, m. 74, Ne 11
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Lemma 2.3 ([10], Lemma 3.4). Let {Lz-}fivl(d) be a family of hypersurfaces in P"(C) of the
common degree d and let f be a meromorphic mapping of B(Ry) C C™ into P"(C). Assume that
{Li}fi‘/l(d) is linear independent. Then, for every 0 < ro < r < Ry, we have

TF(T, 7”0) = de(T‘, T[)) + 0(1),

where F is the meromorphic mapping of B(Ry) into P"(C) with the representation F =
= (L1(f): -+ Lay@a)(f))-

Proposition 2.2 ([2], Proposition 4.5). Let F1, ..., F,1 be meromorphic functions on B(Ry) C
C C™ such that they are linearly independent over C. Then there exists an set {a; = (a1,...
ey Qi) ?jll with o > 0 being integers, |o;| = Zm_l laij| < i for 1 < i <mn+1 such that
the generalized Wronskians We, .. i (F1,..., Fat1) j;‘é 0, where Wea, . anii (F1y-. o, Fog1) =
= det(D* Fj)lgi,jgnﬂ'

The set {a; = (1, - .. ,aim)}?;rll satisfying Proposition 2.2 is called the admissible set of F.

Let Ly, ..., L,+1 be linear forms of n+1 variables and assume that they are linearly independent.
Let F = (Fy: -+ : Fpy1): B(Ro) — P*(C) be a meromorphic mapping and (o, ..., a,+1) be an
admissible set of F. Then we have following proposition.

Proposition 2.3 ([8], Proposition 3.3). In the above situation, set ly = |a1| + ... + |ant1| and
take t, p with 0 < tly < p < 1. Then, for 0 < ro < Ry, there exists a positive constant K such that,
for rg <r < R < Ry,

t 2m—1 p

Ll(F)Ln+1(F) R—r
S(r)
where z% = 2" ... 28 for z = (21,...,2m) and o = (o, . .., Q).

Taking a C-basis {[Ai]}f{:vl(d) of 1;(V) with A; € H;, we may consider C4(V') as a C-vector
space CHv(9) We consider [Q] € I;(V), where Q € Clxo, ..., x,]q is a homogeneous polynomial
of degree d. Then

Hy (d) Hy (d)
Q] = Z ai[Ai] = Z [a; Aj]
i=1 i=1

with a; € C, 1 <14 < Hy(d). Denote by
H=(a1: - : ag, ) € PO

the hyperplane in PHv (d)_l(C) which is called the associated hyperplane of () with respect to the

basis {[A;]}@.

We now consider a meromorphic mapping f: M — V and also consider the holomorphic
mapping F' = (A1(f): -+ : Ap,(q)(f)) of M to PHAv()=1(C). The mapping F is said to be the
associated mapping of f with respect to the basis {[Ai]}fivl(d). It is easy to see that Q(f) = H(F) =
=a1A1(f) + ... +am, @Ay @ (f)-

We need the following preparation lemma.

ISSN 1027-3190. Ykp. mam. ocypn., 2022, m. 74, Ne 11
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Lemma 2.4. Let V and {Q;}!_, be as in Theorem 1.1. Let f: B(Ry) — V be a meromorphic
mapping. Assume that image F (M) is contained in the l-dimensional projective subspace P'(C) of
PHV(=1(C), but not in any subspace of dimension lower than 1, where 1 < 1 < Hy (d) — 1. Set
lo=|a1| + ...+ |oys1| and take t,p with 0 < tlp < p < 1. Let w; be Nochka weights with respect
to {Qi}gzl. For each i, we take a real number w; satisfying 0 < w; < w;. Then, for 0 < ro < Ry,

there exists a positive constant K such that, for ro < r < R < Ry,

/

S(r)

2m—1

Tf(RaTo))p,

-Tr

. t
zoc1+...+ocl+1 Wo‘l'“aHl({T ) ‘ (HfHd(Zg:l‘:’i_l_l))to‘m < K<R
QY (f)---Qq"(f)

where F* = (Ay(f): -+ : Aip1(f)): M — PY(C) is a linearly nondegenerate meromorphic map-

ping.
Proof. Let Q;, 1 < i < g, be the homogeneous polynomial in C[zg,...,x,] of degree d;
djd;

defining hypersurface ();. Replacing Q; by Q,"™, i = 1,...,q, if necessary, we may assume that

Q1,...,Qq have the same degree of d.
Take a C-basis {[Ai]}fi‘/l(d) of I4(V), where A; € Clxo,...,zy]q. Consider a linear equation
system determining P!(C) :

ajjwy + ...+ a1, Hy (d)WHy (d) = 0,
AHy (d)-1-1,191 F -+ Oy () —1-1,Hy (@) @Hy (d) = O
Without loss of generality, assume that
rank (aij)ir2<i<my (a)i+2<i<iy (@) = Hv(d) =1 1.
By solving the above linear equation system, it implies that P!(C) is determined by
Wi2 = bipo1wr + ..o+ b2 f 1w,
Wiy (@) = bHy (@),1@1 + -+ bEy (@) 14191

Since F(M) C P!(C), it follows that

Ao (f) = bipo 1 Ar(f) + o+ big2ir1 A (),
Ay @) (f) = bay @A (f) + -+ bay @) 1414111 (f)-

Put B = (bij)i+2<i<H,(d),1<j<i+1- Then the above linear equation system can be rewritten as

follows:
Apa(f) A1(f)
: =B :
Ay ) (f) A (f)

ISSN 1027-3190. Vkp. mam. scypn., 2022, m. 74, Ne 11
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For each hypersurface @ of degree d in P"(C), take the associated hyperplane H : ajwi + . ..

o amy @Wiy @ = 0 in PAV@=L(C) of Q with respect to the basis {[A} D We have

Q(f)=F(H)=arAi(f) + ...+ apy @ Am,@)(f) =

Ai(f) Ao (f)
= (al...al+1) +(CL[+2...CLHV(d)) =
Al—l—l(f) AHV(d) (f)

A (f)
= ((al...alﬂ)—i—(aHg...aHv(d))B)
A (f)

Put Q* = H NP!(C). By a simple calculation, we can see that the equation of Q* in P!(C) is

w1
((al...aH_l)+(al+2...aHV(d))B) =0.
Wi+1

It follows that Q*(F™*) = H(F') = Q(f).

Repeating the above way for each hypersurface @;, we get the family hyperplanes {Q;}7_,. By
the assumption, it is easy to see that ﬂiER Q; = o for any subset R € {1,...,q} with R = N+1.
Note that rank{Q; };icr = rank{[Q;]}icr > dimV +1 =k + 1.

Since F™* is linearly nondegenerate, { A;(f) }ig is linearly independent over C. Then, by Propo-
sition 2.2, there exist an admissible sets {«, ..., a;} such that

W (F*) = det(DY A (£)) 1< <1 2 0.

Let z be a fixed point. Then there exists R C @ = {1,...,q} with R = N + 1 such that
1Qi(f)(2)] < 1Q;(f)(2)| Vi € R, j ¢ R. Since ﬂieRQiﬂV = @, by Lemma 2.1, there exist
positive constants o and 3 such that o f||? < max;er |Q:(f)] < B|f||?. We consider two cases.

Case 1: | < k. We have rank{Q}};cr = [ + 1. It implies that {Q}}/_, are in N -subgeneral
position in P/(C). Take the Nochka weights w; and the Nochka constant & with respect to {Q; }?:1
in P!(C). There exists a subset R® C R such that R® = [ + 1 and R satisfies Proposition 2.1(v)

d 4
with respect to number {BHfH} . We have

Qi(f)(2) i=1
B4 ) * B ) Bl ()
g<lQi(f)(Z)l> = g(\Qi(f)(ZN) = ig()(IQi(f)(Z)\)'
For R® = {r¥,... ,T?+1} C R, we set

Wgo = det <DaiQ:g(F*) (I<v<i+ 1))1<‘<l+1'

Then there exists a nonzero constant C'ro such that Wro = CroWa, . ay, (F™). Hence, we get

ISSN 1027-3190. Ykp. mam. oscypn., 2022, m. 74, Ne 11
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F IR Way (I [Wecares FIE 17 ( AU
ERC T | (i 5
Wil
=T RN Gl

where K is a positive constant. Then, by the definitions of ()] and F™*, we get

Hf(Z)Hd(Z?:l wiilil)|Wa1A..az+1(F*)(Z)| < K, |WR0(Z)| =K ‘WRO(Z)‘
@ w - 0 o 0 * * :
QP (D) Q" (1)(2) I lenel I, ) e)
Wgo
Put Spo = ———————— Then, for each z € C"™, we get
S | BGATS

O LA (g O]
QY (NE) - Q5 (D))

Case 2: | > k. We have rank{Q}},cr = k + 1. Take the Nochka weights w; and the Nochka
constant @ with respect to {Q; }?:1 as in Lemma 2.1. Similar to Case 1, there exists a subset R* C R

< Ko|Spo(2)]-

d V4
such that 1R = k + 1 and RV satisfies Proposition 2.1(v) with respect to number {WH)} .
i=1

QUG
Bl B B
EQ(\@Z( )z >r> <g<\cz< 1z >\> ig()(r@( Nz >\>‘

By Lemma 2.2, we can choose a family of hypersurfaces {Tz}ij in P*(C) such that
rank{{Q; }icro U{T;}._5} =1+ 1. For R® = {r{, ..., 7 ;}, we set

We also have

— Q; )* * <y < Qg vk (I < 3<] - .
Wgo det(D QL(F*) (1 <v<k+1),DUT}(F7) (1<j <1 k))lgigl—f—l

Then there exists a nonzero constant C'r,, such that Wr, = Cr,Wa,..q, (F). Similar to the above,
we have

1F ) W s (FE)] Wanar (FD)E)] 1 ( BIFE]E\
D)@ E)] | aten e g<lQi(f)(z)|> =

Wor o (F) 1)1
I1._ .. Qi)

B L /1E )\Hf( >ud<’+l ,

1. . lQis \H

where K’ and K| are positive constants. It implies that

<K/‘
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q

@I S W (F)A]_ Wio(2) .
QP (1)) Q5" (N() I1.,. eI 1T

WRO _ WRO
I .enI nn II..eE]] e
1= 2D Wy (F2)(2)]

QP (N)(2)--- Q" (H)(=)]

Put SRO ==

, we also get

< KO’SRO(Z)"

I+1
We now apply Proposition 2.3, for p satisfying 0 < 2t< g . |as\) <p<land, for 0 <rg <
sS=
<r<R<1, we get

of RQm—l p
/ |za1+"'+al+1KOSRo| om < Kl( I de(R, 7"0)) .
-7
S(r)
Therefore,
* t 2m—1 P
/ Lot tan Wal...a”rl(f ) (HfHd(Z?:l@H*l))tgm < K(R Tt (R, 7‘0)> .
1H(N)=) - Qg ()(2) Ll

S(r)

Lemma 2.4 is proved.

Assume that F*: M — PY(C), G*: M — P (C) are linearly nondegenerate and [ > [*. By the
assumptions, it is easy to see that P'(C) N P!"(C) = PY(C) with I’ > 0 and we also can see that
{Q; }?:1 are in NN -subgeneral position in P! (C). Put b’ = min{l’, k}. We will consider the Nochka
weights w; and the Nochka constant & with respect to {Q); };1-:1 in N -subgeneral position in P" (C).
With this notation, we will prove the following lemma.

Lemma 2.5. Let M, Q1,Q2,...,Qq be as in Theorem 1.1 and f,qg: M — P"(C) be mero-
morphic mappings. Let P be a holomorphic function on M and [ be a positive real number such
that

q
(. Hy(d) -1 1
> (1 - 2(+)1> Q5 T ¥Qit9) = 5 Wwa(r) + vwge) < Brp. (2.1)

IF|PP| < C(|fllgIN® with some positive constants C and «, then

‘< (2N — W + 1)Hy (d) zq: Hy(d) —1 N p(2N — W + 1)Hy (d)(Hy (d) — 1) N

41 ki +1 d(h +1)

ale

=1

Proof. Since the universal covering of M is biholomorphic to B(Ry),0 < Ry < oo, by using the
universal covering if necessary, we may assume that M = B(Ry) C C™. We consider the following

cases.
T (r,70) + T, (r,70)

log(1/(Ro — 1))

Case 1: Ry = oo or limsup,_,p, = 00. Integrating both sides of inequal-

ity (2.1), we get
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q
BNp(r) = (Z wiNg,(1)(r,10) = Ny, (pe)(r,m0) + > wiNg, () (r,70) — Ny, (o (7, To)) _
=1 =1
T d(Hy(d) — 1)w;
- ; ( @V(Eﬁilr 1))w (Ty(r,ro) + T4(r,m0)) + O(1). (2.2)

Applying Lemma 2.4 to @; = w;, 1 <1 < ¢, we obtain

t . 2m—1 p
/ (1 o < e () )

S(r)

al+...togyr Wa1~~~al+1 (F*)

TR Qe (=)

z

By the concativity of the logarithmic function, we have

q
/ log |21+t g 4 d(Z wi — 1 — 1) / log || fllom + / 10g [ Wa,...arp (F¥)|om —

S(r) =1 5(r) 5(r)

q
—Zw/m&mmsw@w 1+mﬁmm)
im1 () t RQ—T
S(r

By the definition of the characteristic function and since | < Hy(d) — 1, we get the following
estimates:

q q
d(Z w; — Hv(d)>Tf(7’, ro) < Y wilNg,(f)(r,m0) — NWa apsy () (1) +
=1

=1

1
+ K3 (log+ — +log™ Ty (r, 7‘0)> )

Using Proposition 2.1 (ii), (iii) and by simple calculation, we obtain

l

2N — b +1)Hy(d
<q — ( e 1) V( ))de(T T’O (ZWzNQ f)(?" ’l“(]) NWal.A.al_,'_l(F*)(r’ 7“0)) +
i=1

1
+ K4 (10g+ + log+ Ty (r, 7’0)> .
—r
Similarly, we have
(2N — W + 1)Hy(d)
H <q - Wl dTy(r, o) ZWZNQ (ryro) — NWal.“al*_,'_l(G*)(r’ ro) | +

+ K; (log+ + log™ T (r, r0)> .

o—T
Combining these inequalities with (2.2), we get
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(2N — 1 + 1)Hv(d)>dT(T7 o) -3 MT(T, ro) +O(1), (2.3)

h+1 k; +1

PWMZ@—

=1

where T'(r,r9) := Ty(r,r0) + T4(r,70)-
On the other hand, by Jensen’s formula and the definition of the characteristic function, we have
the following estimates:

BNp(r) =8 / log |Plon, +O(1) < a / (log || f[| +log |[g]|)on + O(1) =
S(r) S(r)
= a(T¢(r,r0) + Ty(r,70)) + o(T¢(r,10) + Ty(r,70))- (2.4)

Together (2.3) with (2.4), we obtain

H (q 2N+ 1)Hv(d)>dT(r’ -3 d(Hy(d) — 1)

ik e <
W1 e e GRS

=1
< aT(r,r9)+ o(T(r,m0))
for every r outside a Borel finite measure set. Letting 7 — oo, we deduce that

Le
d

(2N — W +1)Hy(d) = Hy(d)—1 _ PN — I + V) Hy (d)(Hy(d) — 1)
7 W1 Tkl o d(h + 1)
with p = 0.
Tr(r,ro) + Ty(r,m0)
log(1/(Ro —))
in the case where B(Ry) = B(1). Suppose that

Case 2: Ry < oo and limsup,_,

< oo. It suffices to prove the theorem

. (2N — I + 1)Hy (d) Zq: Hy(d) —1 N p(2N — W + 1)Hy (d)(Hy (d) — 1) N

h+1 ki +1 d(h' +1)

ale

=1

Then, by Proposition 2.1(iii), we get

(4D =00 +1) | Shw @ =1 pHv@)(ivid) =) | o

2N — b +1
1 M : 2o kit 0 T
Combining the above inequality with Proposition 2.1(ii), we obtain
q -
Hy(d) -1 aw  pHy(d)(Hy(d) — 1)
ill—-—t—r> | - (l+1)— — . 2.5
;“( ki—l-l) (D)= > d )
Put
t= P
a . aw\’
d(Zizlwi —(+D - d)
t(l+1 tw; Hy(d) —1 )
tr = ((+1) and wf = ﬂ, where @; = w;| 1 — L , 1 <1 < q. It follows from our
*+1 ’ t* k; +1

assumption [ > [* that t* > ¢ and w] < w; for all 4. It is easy to see that
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p

n « " awt '
d<zi:1 wi — (1" +1) - o >

tr =

Since (2.5), we have

d(Zd}i —(l+1) - O‘;’) > pHy (d)(Hy (d) — 1)

and so

(Zw—ﬁ+1 ﬁg>mnwwww—n:;=

*4+1
I+1°

+1
2p I(l+1)
(53““0 H @ -1 2 =

41
2p [+1,01%(1* +1)
(Z ’a8|> pHy (d)(Hy (d) — 1) a2 =h

Then we may choose a positive numbers p and p* such that

I+1 I*+1
0< 2t<Z\as\> <p<l1l and 0< 2t*<z |a5\> <p' <L

s=1 s=1

= pHy (d)(Hy(d) — 1)

Therefore, we get

and

Walmalﬂ(f ) and ¢ = A1t HBea Wiﬁlmﬁl*ﬂ(g ) . We deduce
o ) - Qq"(f) L 1'(9)---Qq"(9)
that ¢'¢t” PP% is holomorphic and hence v := log |¢'4!” P*#%| is plurisubharmonic on B(1).

Put (;5 — Za1+...+az+1

We now write the given Kéhler metric form as w = A Z _h;5dziAdz;. From the assumption
Z7]

that both f and g satisfy condition (C),), there are continuous plurisubharmonic functions u1, u2 on
B(1) such that

1 ou 1
e“det(hgz)z < |fIIP,  e*det(hiz)? < |gll”.

Therefore,
etutizdet(hg) < e f1°gll” = @I 1[PPI FI1Pllgll” <
< Clol' [ | flIPH e gl <
< Clglf I 4t Bt g ARt i =) 2.6)
with some positive constant C. Note that the volume form on B(1) is given by
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v=1\™
dV := cpdet(h;;)vy,  where ¢y = (2> .

By the result of S. T. Yau [11] and L. Karp [4], we have necessarily / eitutuz gy —
B(1)
= 00, because B(1) has infinite volume with respect to the given complete Kahler metric (cf. [4],
Theorem B).

Now, from inequality (2.6), we have
/ eu+u1+u2dv < C / |¢‘t|¢|t* ”thd(Zi-’:l wi—l—l) HgHt*d( ;."21 wf—l*—l)vm'
B(1) B(1)
Thus, by the Holder inequality and by noticing that

vm = (dd°||[*)™ = 2m||z[*" " om A d]|]),

we obtain
[ ey <
B(1)
2 2
=¢ / 2] £ AE ), / [ ||| A st =), | <
B(1) B(1)
1
1 2
<C 2m/r2m_1 / |¢|2t||f||2td( gzloii—l—l)o_m dr %
0 5(r)
1
1 2
% 2m/r2m—1 / ‘¢|2t*HfH2t*d( ?lef—l*—l)a_m dr
0 S(r)
Applying Lemma 2.4 to @; and w;, we get
. R2m71 p
[ AP e, < gy (Bt )
5(r)
and )
. . . R2m—1 P
[ 1B g st ), < K( S m>)
-7
S(r)
outside a subset £ C [0, 1] such that / dr < 4o0. Choosing R = r + ———— - , we have
pl—r eTf(T‘, 7”0)

T¢(R,ro) < 2T (r,70). Hence, the above inequality implies that
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20d(S0_ | 11 Ko Ky 1\
SA PP, < T2y < it (s )

Tg(r,r0) + Ty(r,r0)
log(1/(Ro —))

1 1 e 1 %
/,r,Qm—l / ’¢|2t||f||2td ERE) —l)o_m dr < /T2m—1 (1 _ZT)p <10g — r> dr < oo.
0 0

7’

< oo. It implies that

since lim,_, g,sup

Similarly,

1 1
* *d * 1 2p
/TQm—l / ‘w|2t || ||2t 1 qwi—l —l)o_m /r2m 1 log dr < 0o.
(1—r)p 1—r
0 0

T’

Hence, we conclude that / Ut tu2qy, < oo, which is a contradiction.
B(1)
Lemma 2.5 is proved.
Lemma 2.6. Let M,V {Qj}?:1 in Theorem 1.1 and f,g: M — P"(C) be meromorphic map-
pings. Suppose that images F*(M) and G*(M) are contained in P'(C) and P'" (C) respectively
with I* <. Then f =g, if

(2N —h' + D)Hy(d) & HVM)—l+JXMV—h“%DHVMXHVM)—1) o

Wl 2okt 1 A + 1) ML

q >

where h' = min{k,l'} as in Lemma 2.5 and o = 2(Hy (d) — 1).
Proof. Assume that f £ g, we may choose distinct indices ig and jo such that

P := fi 950 — [joGic # 0.

By the assumptions, P = 0 on | lq <{z VQ,(f ) > O}| |{z VQi(g), <k (2) > 0}) There-
=1
fore, we get vp(z) > g ? ) min{1, Z/Qi(f)7<k’i(z)}' It 1mp11es that
= =

vp(z) > HV — Zmln{H\/ = Lvg,f),<ki ()} (2.7)
Similarly, we also obtain
vp(z) > HV — me{HV — 1,vQ,(9),<k: (2)}- (2.8)

Next, by usual arguments in the Nevanlinna theory, we have

q
ZWiVQi(f)( ~ WWay oy (F) ) < Zwl min{l, vg,5)(2)} <
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q
< wimin{Hy (d) — 1,vg,)(2)} <
=1

q q
<> wimin{Hy (d) — 1, vg,(),<k, ()} + Y wimin{Hy (d) — 1,v0,(p),5k,(2)} <
i=1 =1

SO . Hy(d) -1
<Y @min{Hy(d) — L,vg,p) <k (2)} + Zwiﬁy@m (2).
i=1 i=1 ’
This follows from (2.7) that
q
Hy(d)—1 .
;%’ (1 - kz+1) VQu(5)(2) = Wy oy, () (2) S @(Hy (d) — D)vp(2).
Similarly, from (2.8), we get

S w <1 - %)y@(g)(z) (@) (2) < B(HY(d) — Drp(2).
i=1 ¢

Since two above inequalities, we obtain
Wi Hy(d) -1 1
; o (1 TR+l VQi(5) + Vi) = 5 Wwa(re) + vwscn) < Bre,

where (8 := 2(Hy(d) — 1). Then o = § and we have |P?| < C(||f]| - |lg])* with some positive
constants C. Applying Lemma 2.5, we get

(2N — ' +1)Hy (d) N I Hy(d) -1 L PN - W 4+ 1)Hy (d)(Hy(d) — 1) L@
h+1 ki +1 d(h' +1) d’

=1

q=

which contradicts the assumption.

Lemma 2.6 is proved.

3. Proofs of main theorems. Proof of Theorem 1.1. By the assumption on nondegeneracy over
1;(V') of the mappings f and g, it is easy to see that h’ = k. Applying Lemma 2.6, we get f = g if

(2N —k+ 1) Hy(d) <~Hy(d)—1 p(2N —k+ 1)Hy (d)(Hy(d) — 1) a

- et Tl T T d(k + 1) T
Proof of Theorem 1.2. Since the assumption, for all 1 < A’ < k < n, we have N >
L}M Therefore

- h/ + 1 . ’
q
Hy(V) =1  pNHy(V)(Ha(V)—-1) «

NH ,(V = >

q > NHgy( )+Z§ P y +o >
(2N — 1 +1)Hy(V) d Hy(V)—1 p@2N—-h +1)Hy(V)(Hy(V)-1)  «
> + + + —.
h+1 P k; +1 h+1 d

Applying Lemma 2.6, we obtain f = g.

ISSN 1027-3190. Ykp. mam. ocypn., 2022, m. 74, Ne 11



1522

DUC THOAN PHAM, NGOC QUYNH LE, THI NHUNG NGUYEN

References

1.

10.

11.

W. Chen, Q. Han, A non-integrated hypersurface defect relation for meromorphic maps over complete Kdihler
manifolds into projective algebraic varieties, Kodai Math. J., 41, 284 -300 (2018).

H. Fujimoto, Non-integrated defect relation for meromorphic maps of complete Kéihler manifolds into PN (C) x . ..
.. x PNk (C), Japanese J. Math., 11, 233 -264 (1985).

H. Fujimoto, A unicity theorem for meromorphic maps of a complete Kihler manifolds into P (C), Tohoku Math.
J., 38, 327-341 (1986).

L. Karp, Subharmonic functions on real and complex manifolds, Math. Z., 179, 535-554 (1982).

N. T. Nhung, L. N. Quynh, Unicity of meromorphic mappings from complete Kdhler manifolds into projective space,
Houston J. Math., 44, Ne 3, 769—785 (2018).

S. D. Quang, D. P. An, Second main theorem and unicity of meromorphic mappings for hypersurfaces in projective
varieties, Acta Math. Vietnam, 42, 455-470 (2017).

L. N. Quynh, Uniqueness problem of meromorphic mappings from a complete Kdhler manifold into a projective
variety; arXiv:1610.08822.

M. Ru, S. Sogome, Non-integrated defect relation for meromorphic maps of complete Kdhler manifold intersecting
hypersurface in P (C), Trans. Amer. Math. Soc., 364, 11451162 (2012).

M. Ru, S. Sogome, A uniqueness theorem for meromorphic maps of a complete Kihler manifold into P" (C) sharing
hypersurfaces, Proc. Amer. Math. Soc., 141, Ne 12, 4229 -4239 (2013).

D. D. Thai, S. D. Quang, Non-integrated defect of meromorphic maps on Kdihler manifold, Math. Z., 292, 211 -229
(2019).

S. T.Yau, Some function-theoretic properties of complete Riemannnian manifolds and their applications to geometry,
Indiana Univ. Math. J., 25, 659-670 (1976).

Received 18.10.20

ISSN 1027-3190. Vkp. mam. ocypn., 2022, m. 74, Ne 11



