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SIGNLESS LAPLACIAN DETERMINATION
OF A FAMILY OF DOUBLE STARLIKE TREES

BE33HAKOBE JIAILJTACIBCHKE BUSHAUEHHS CIM’I
MOJIBIMHO 3IPKOIIOAIEHUX JEPEB

Two graphs are said to be @)-cospectral if they have the same signless Laplacian spectrum. A graph is said to be DQS if
there are no other nonisomorphic graphs ()-cospectral with it. A tree is called double starlike if it has exactly two vertices
of degree greater than 2. Let H,(p,q) with n > 2, p > g > 2 denote the double starlike tree obtained by attaching p
pendant vertices to one pendant vertex of the path P, and g pendant vertices to the other pendant vertex of P,. In this
paper, we prove that H, (p, q) is DQS for n > 2, p > ¢ > 2.

JIBa rpadm Ha3mBarOThCs ()-KOCIEKTPAIbHUMH, SIKIIO BOHU MArOTh OJHAKOBI Oe33HAKOBi JaruiaciBChbki crekTpu. Ipad
HaszuBaeTbest DQS, skIno He icHye iHIUX Hei3oMOpdHUX rpadis, Mo € ()-KOCIEKTPaIbHUMH MO BiJHOLICHHIO J0 HbOTO.
JlepeBo HAa3WBAETHCS MOABIMHO 3ipKOMOMiOHIM, SIKIIIO BOHO Ma€ PiBHO JBi BepIINHK cTerneHs Oitbiioro 3a 2. Hexait Hy, (p, q)
3n > 2, p>q > 2 e N0ABIHHO 31pKONONIOHUM AEPEBOM, OJCP)KAaHUM 3a JOIOMOTOI0 TOAABAHHS p BHCAYHUX BEPIIHH 0
ozHiel BUCAYOT BEpIIMHM IUIIXY P, Ta ¢ BUCSYMX BEpIIUH A0 iHIIOI BUCSYOI BepuHU P,,. Y 1l po0OTi 3alpOIIOHOBAaHO
noseneHHs Toro, mo Hy(p,q) e DQS s n > 2, p > g > 2.

1. Introduction. All graphs considered here are simple and undirected. All notions on graphs that
are not defined here can be found in [4].

Let G = (V, E) be a graph with vertex set V(G) = {v1,...,v,} and edge set E(G), where
v1,v9,...,U, are indexed in the nonincreasing order of degrees, i.e., dy > d2 > ... > d,, where
d; = d;(G) = dg(v;) is the degree of the vertex v;, for i = 1,...,n. We denote the degree sequence
of G by deg(G) = (dy,da, . ..,dy). The number of triangles of G is denoted by ¢(G).

For v € V(G), the graph G — v is an induced subgraph of G obtained from G by deleting the
vertex v and all edges incident with it. For two disjoint graphs G and H, let G U H denotes the
disjoint union of G and H.

The line graph of a graph G, denoted by G, has the edges of G as its vertices, and two vertices
of G* are adjacent if and only if the corresponding edges in G' have a common vertex.

We denote by P, Cy,, and K ,_1 the path, the cycle and the star of order n, respectively.

The adjacency matrix Ag of G is a square matrix of order n, whose (i, j)-entry is 1 if v; and
v; are adjacent in G and 0 otherwise.

The degree matrix D¢ of G is a diagonal matrix of order n defined as D¢g = diag(dy, ..., dy).
The matrices Lg = Dg — Ag and Qg = Dg + Ag are called the Laplacian matrix and the signless
Laplacian matrix of G, respectively. The multiset of eigenvalues of Q¢ (resp., Lg, Ag) is called
the Q-spectrum (resp., L-spectrum, A-spectrum) of G. Since Ag, Lg and Q¢ are real symmetric,
their eigenvalues are real numbers. Moreover, Lg and Q¢ are positive semidefinite, and so their
eigenvalues are nonnegative. We use ¢1(G) > ¢2(G) > ... > ¢,(G) to denote the ()-spectrum
of G.
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Fig. 1. Double starlike tree H,(p, q).

Two graphs are (Q-cospectral (resp., L-cospectral, A-cospectral) if they have the same Q-
spectrum (resp., L-spectrum, A-spectrum). A graph G is said to be DQS (resp., DLS, DAS) if
there is no other nonisomorphic graph (Q-cospectral (resp., L-cospectral, A-cospectral) with G.
Obviously, if a graph is DLS, then it is not necessary DQS. For example, consider, K7 3 that is
Q-cospectral with K3 U K.

The problem “which graphs are determined by their spectra?”” originates from chemistry. Gilinthard
and Primas [6] raised this question in the context of Hiickels theory. Since this problem is generally
very difficult, van Dam and Haemers [14] proposed a more modest problem, that is, “Which trees
are determined by their spectra?”.

A tree is called starlike if it has exactly one vertex of degree greater than 2. We denote by

T(l1,la,...,la) the starlike tree with maximum degree A such that
T(li,lg,....ln) —v=P, UP,U...UP,, (1.1)
where v is the vertex of degree A, [1,lo,...,la are any positive integers. A starlike tree with

maximum degree 3 is called a T'-shape tree. A tree is called double starlike if it has exactly two
vertices of degree greater than 2. Denote by H,(p,q) the tree obtained by attaching p pendant
vertices (vertices of degree 1) to one pendant vertex of P, and ¢ pendant vertices to the other
pendant vertex of P, (see Fig. 1). It is clear that H,,(p, q) is double starlike if and only if n > 2 and
pP=q=2.
Note that:
Liu et al., proved that double starlike trees H,,(p,p), n > 2, p > 1, are DLS [9];
Lu and Liu proved that double starlike trees H,(p, q) are DLS [10];
Hi(2,1) is the star K 3 which is not DQS, since it is -cospectral with K3 U K7 [14];
Hi(p,q) = Ki ptq, which is DQS when p + ¢ # 3 [8];
H,(1,1) & P,12, which is DQS [14];
Omidi and Vatandoost proved that starlike trees with maximum degree 4 are DQS [12];
Bu and Zhou proved that starlike trees whose maximum degree exceed 4 are DQS [3];
if p > 1, then H,(p,1) is a starlike tree, which is DQS [3, 12];
Omidi gave all T'-shape trees, which are DQS [11].
In this paper, we prove that for n > 2, p > ¢ > 2 the double starlike tree H,(p, q) is DQS.
2. Preliminaries. Some useful established results about the spectrum are presented in this
section, will play an important role throughout this paper.
Lemma 2.1 [13, 14]. For any graph, the following can be determined by its adjacency and
Laplacian spectrum:
(1) the number of vertices;
(ii) the number of edges.
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For any graph, the following can be determined by its adjacency spectrum:

(i) the number of closed walks of any length;

(iv) being regular or not and the degree of regularity.

For any graph, the following can be determined by its Laplacian spectrum:

(V) the number of components;

(vi) the sum of the squares of degrees of vertices.

For any graph, the following can be determined by its signless Laplacian spectrum:
(vil) the number of bipartite components,

(viii) the sum of the squares of degrees of vertices.

Lemma 2.2 [1]. Let G be a graph with n vertices, m edges, t triangles and vertex degrees
n
di,ds, ... dy. Let Ty, = § , 1qi(G)k, then
1=

n

n n n
Ty=n, Ti=)» di=2m, Th=2m+Y» d, Ti=6t+3Y d?+) di.
=1 i=1 i=1 i=1

Lemma 2.3 [7]. Let G be a graph with V(G) # & and E(G) # &. Then

di(d; +mi) + d;j(d; + my)
di —l—dj

di+1 S/Ll(G) Smax{

Vv € E(G)} ,

where 111(G) denotes the spectral radius of Lg and m; denotes the average of the degrees of the
vertices adjacent to vertex v; in G.

Lemma 2.4 [4]. Let G be a graph. Then q,(G) > 0 with equality if and only if G is a bipartite
graph. Bedsides, the multplicity of 0 as the signless Laplacian eigenvalue of G, is the number of
bipartite components of G. Moreover, Specq(G) = Spec,(G) if and only if G is a bipartite graph.

Lemma 2.5 [16]. Iftwo graphs G and H are Q-cospectral, then their line graphs G* and H"
are A-cospectral. The converse is true if G and H have the same number of vertices and edges.

Lemma 2.6 (Interlacing theorem [14]). Suppose that N is a symmetric n X n matrix with eigen-
values a1 > ao > ... > an. Then the eigenvalues by > ba > ... > by, of a principal submatrix of
N of size m satisfy a; > b; > apn_mai for it =1,2,... m.

Lemma 2.7 [S]. If G is a graph of order n, then q2(G) > do(G) —1 and ¢3(G) > d3(G) — /2.

A connected graph with n vertices is said to be unicyclic if it has n edges. If the girth of a
unicyclic graph is odd, then this unicyclic graph is said to be odd unicyclic.

Lemma 2.8 [2]. Let G be a graph Q-spectral with a tree of order n. Then G is either a tree or
a union of a tree of order f and c odd unicyclic graphs, and n = 4°f.

Lemma 2.9 [15]. Let G be a graph of order n and v € V(G). Then, for i =1,2,...,n—1,
¢i+1(G) =1 < qi(G —v) < q:(G),

where the right equality holds if and only if v is an isolated vertex.
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3. Main results. We first bound the second largest and the third largest signless Laplacian
eigenvalues of H = Hy,(p,q) withn > 2 and p > g > 2.
Lemma 3.1. For a double starlike tree H = H,,(p,q) with n > 2 and p > q > 2 we have

() @H)<q+3+

(i) g3(H) < 4.
Proof. Let u and v be the vertices in H = H,,(p, q) of degree p + 1 and ¢ + 1, respectively.

q+2’

(i) By Lemma 2.9 we have
@(H)—-1<q(H—-u)<q(H).
It follows from Lemmas 2.3 and 2.4 that

1
H — < 24+ —
qi( u) < g+ +q+2,

from which we conclude that

1
H) < go(H — 1<qg+3+—.
q2(H) < go( u) +1<q+ +q+2

(ii) Let Ny, be the (p+q+n—2) X (p+ g+ n—2) principal submatrix of the signless Laplacian
matrix of H formed by removing the rows and the columns corresponding to » and v. In this case,
the largest eigenvalue of N,,, is less than 4. By Lemma 2.6 we have

g3(H) < 4. (3.1)

Lemma 3.1 is proved.

Proposition 3.1. Let G be a connected graph Q-cospectral with H,,(p,q), n > 2 and p > q >
> 2. Then:

() di(G) <p+1;

(i) d2(G) < q+4;

(ii)) d3(G) < 5.

Proof. (i) By Lemma 2.1, G has n + p + ¢ vertices and n + p + ¢ — 1 edges. It follows
from Lemma 2.4 that G has only one bipartite component. Therefore, GG is a tree, since G is
connected. By Lemmas 2.3 and 2.4, we have d;1(G) + 1 < 1(G) = 11 (G) <p+2+
A=di(G)<p+1.

(i1)) By Lemma 3.1(i) we obtain

1
and so
p+2

1
©2(G) = q2(Hn(p,q)) < q+ 3+ g

By Lemma 2.7 d(G) < q + 4.

(ili) By Lemma 3.1(ii) we get ¢3(G) = gq3(Hn(p,q)) < 4. It follows from Lemma 2.7 that
d3(G) < 5.

Proposition 3.1 is proved.
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Proposition 3.2. Let G be a connected graph Q-cospectral with H,(p,q), n > 2 and p > q >
> 2. Then G is a double starlike tree with the degree set

deg(G) = <p—|—1,q—|—1,2,...,2,1,...,1).
—— ——
n—2 p+q

Proof. It follows from Lemma 2.1 that G is bipartite with n + p + ¢ vertices and n +
+p+q—1 edges. So, G is a tree. Denote by n; the number of vertices of degree k in G
for k € {1,2,3,...,d1(G)}. By Lemma 2.1(i), (ii), (viii) and Lemma 2.2 we have the following
equations:

d1(G)
d me=n+p+g,
k=1
di(G)
Y kng=2(n+p+q-1)
k=1
d1(G)
S Knp=@+1)’+(q+1)>+p+q+4n-2),
k=1
di(G)
B =0p+1)°+(g+ 1) +p+q+8(n-2).
k=1

By Lemma 2.5 H,(p,q)" and G are A-cospectral. In addition, by Lemma 2.1(iii) they have
the same number of triangles (six times the number of closed walks of length 3). In other words,

LG54 (3)

— 3 3 3

Let us denote by n; the number of vertices of degree ¢ in G for ¢ = 1,2, 3,4, 5. Therefore,
ny+ng+ngs+ng+ns=n+p+q—2,
ny+2ng +3nz+4ng +5n5 =2(n+p+q—1) —z,
ni +4ng 4+ 9ns + 16ns +25n5 = (p+ 12 +p+q+ (¢+ 1> +4(n —2) — y,
ny + 8ng 4 27nz 4+ 64ng +125m5 = (p+ 13 +p+q+ (¢ +1)3 +8(n — 2) — w,
6n3 + 24ny 4 60n5 = (p+ )p(p — 1) + (¢ + 1)q(q — 1) — 2,

where

r=dy+dy, y=di+ds, w=di+di, z=di(d}—3d+2)+dy(d}—3dy+2).

It follows that
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1222 -3y +w —2)

. —48(2x — 3y +w — 2)
= 12

:0, ng = 12 :O,

and so
nl:p+Qa n2:n_27 n3:ov d1:p+]—7 dQZQ+1

This means that GG is a tree having exactly two vertices of degree more than 2. So, GG is a double
starlike tree with the degree set deg(G) = (p +1,¢+1,2,...,2,1,...,1 )
—— ——
n—2 p+q

Proposition 3.2 is proved.

Proposition 3.3. There is no connected graph Q-spectral with Hy,(p,q), n > 2 andp > q > 2.

Proof. Let G be a connected graph Q-cospectral with H,(p,q) for n > 2 and p > ¢ > 2. By
Proposition 3.2, GG is a double starlike tree with deg(G) = (p +1,¢+1,2,...,2,1,...,1 ) Now

~— ——
n—2 p+q

we show that G = H,,(p, q). We consider the following two cases:

Case 1. The two vertices of degree greater than 2 are adjacent in G.

Suppose that there exist ¢ — a (resp., p — b) pendant vertices adjacent to the vertices of degree
p+ 1 in G, where a and b are nonnegative integers satisfying that

0<b<p, 0<a<gq
Let m’éL be the number of vertices of degree ¢ in G*. Therefore,

p+CI_1 p+1_b

1 _ P _ 9 _
mGL_a+ba mgL -5 mGL — Y% mGL_p_ba mgL_ - a,

quJ;}:av méL:n_2_a_b7 m'Z‘L:O> k¢{1,2,p,q,p+1,q+1,p+q}
Note that H,(p,q)” and G* are A-cospectral. By Lemma 2.1(ii), (iii), H,(p,q)” and G* have
the same number of edges and the same number of closed walks of length 4. Moreover, they have
the same number of 4-cycles. Lemma 2.1 implies that H,,(p, ¢)* and G have the same number of
induced paths of length 2, that is,

(1) () A0
03l o)
+a<q’2”> +(q—a)<§> +(n—2—a—b)©.

It follows that (p—1)(¢—1)+b(p—1)+a(¢g—1) = 0, a contradiction, since 0 < b <p, 0 <a<gq
and p > q > 2.
Case?2. The two vertices of degree greater than 2 are non-adjacent in G as shown in Fig. 2.
Suppose that there exist ¢ — a (resp., p — b) pendant vertices adjacent to the vertices of degree
p+1in G, where a and b are nonnegative integers satisfying that 0 < b < p, 0 < a < ¢q. We show
that @ = b = 0. Then, by counting the number of vertices in G and H,(p, q), we obtain
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2 11 -11 1
....—.

nn-12 2 -1 1, (¢
p o—o. - e o q
b li/Z/I/_12 Lh-1 1
Fig. 2. The graph G in Case 2 of Proposition 3.3.
a b
I+ L4+> +ptg=n+p+a
j=1 =1
Hence [ + a + b = n. On the other hand,
méL:a—i—b, mgtlzb—f—l, m%L:p—b, mgzl:a—i-l, méL:q—a,

mQGL:n—S—a—b, m’éLIO, k¢{172>p7q7p+11q—i_1}

Note that H,(p,q)" and G are A-cospectral. By Lemma 2.1, H,(p,q)* and G* have the same
number of edges and the same number of closed walks of length 4. Moreover, they have the same
number of 4-cycles. Lemma 2.5 implies that H,(p, ¢)* and G* have the same number of induced
paths of length 2, that is,

(3 () o) rolz) v () -
=(b+1)<p;rl> +(p—b)<g)+
—l—(q—a)(g) +(a+1)<q;1)+

+(p—a)<12’> +(n—3—a—b)®.

By a simple computation a(q — 1) + b(p — 1) = 0 and so a = b = 0. Therefore, [ = n. This means
that G = H,(p, q).

Proposition 3.3 is proved.

Lemma 3.2. Let G be a disconnected graph Q-cospectral with H,(p,q), n > 2 and p > q > 2.
Then G has no triangles.

Proof: By Lemma 2.4 G has one bipartite component. We show that ¢(G) = 0. Suppose
not and so t(G) > 1. Obviously, ¢(G) < 2, otherwise, since G is disconnected, it follows from
Lemma 2.8 that G has at least three odd unicyclic components each of them has a triangle. So
01(G), ¢2(G), q3(G) > 4, which is a contradiction to Lemma 3.1(ii). First suppose that ¢t(G) = 1.
Consider the following two cases:

Casel. Let d,(G) < 1, i.e., d,(G) = 0. Since G has only one bipartite component, one may
deduce that G has only one isolated vertex.

Subcase 1.1. By Lemma 2.8 G = K; U Hy, where H; is an odd unicyclic graph consisting of a
triangle. By Lemmas 2.5 and 2.1(iii), we have
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w0 -unit= (7)1 (17

Let us denote by n;, the number of vertices of degree ¢ for ¢« = 1,2, 3,4, 5. Therefore,
ni+ngt+ng+ngt+ns=n+p+q-—3,
ny +2ng 4+ 3nz +4ng +5n5 =2(n+p+qg—1) -z,
ny +4ng + 9ng + 160y + 2515 = (p+ 1) +p+q+ (¢ + 1)* +4(n — 2) — v,
ny + 8ng + 27nz + 64ny + 12515 = (p+ 1)> + p+q+ (¢ + 1) +8(n — 2) —w — 6,
6n3 + 24ns +60n5 = (p+ Dp(p — 1) + (¢ + 1)g(q — 1) — z,
where
r=d +dy, y=di+di w=di+d3, z=di(d? —3dy+2)+do(d3—3do+2).

—48(2x — 3y + w — 2+ 6)
12

By a simple computation ny =
+w—2=0.

Subcase 1.2. Let t(G) = 2. By a similar argument and by using the previous notations we obtain
G = K1 U Hy U Hy, and so

< 0, a contradiction, since 2x — 3y +

ni+ne+nyg+ng+ns=n+p+q—3,

ny + 2n9 + 3ns +4ng + 5n5 =2(n+p+q—1) —x,

ny + 4ng + 9ns + 16n4 +25m5 = (p+ 12 +p+q+ (¢+ 12 +4(n —2) — v,

ny + 8ng + 27nz + 64ng +125n5 = (p+ 1> +p+q+ (¢+ 1) +8(n — 2) —w — 12,
6n3 + 24n4 +60n5 = (p+ L)p(p — 1) + (¢ + 1)g(¢ — 1) — =

—48(2x — 3y +w — z + 12)
12

By a simple computation ny =
+w—2=0.

Case2. Let d,(G) > 1. By Lemma 2.8 if ¢{(G) = 1, then G = Y UT, where Y and T
are a connected graph consisting of a triangle and a tree, respectively. Consider the following two
subcases:

Subcase2.1. By using the previous notations

< 0, a contradiction, since 2x — 3y +

ni+ngtngt+ngt+ns=n+p+q-—2,

ny +2n9 +3ns +4ng +5e =2(n+p+q—1) —x,

ny +4ng +9ng + 160y + 2515 = (p+ 12 +p+q+ (¢ +1)* +4(n — 2) — v,

ny + 8ng + 27nz +64d + 125n5 = (p+ 13 +p+q+ (¢ +1)* +8(n —2) — w — 6,

6ns + 24ns +60n5 = (p+ Dp(p — 1) + (¢ + 1)g(g — 1) — =.
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—48(2z — 3y +w — 2z + 6)
12

By a simple computation ny =
+w—2=0.

Subcase2.2. Let t(G) = 2. By Lemma 2.8, we have G = T'U Y7 U Y3, where Y] and Ys are
connected graphs consisting of a triangle and 7" is a tree with at least two vertices. By using the
previous notations, we have

< 0, a contradiction, since 2x — 3y +

ni+ne+ng+ngt+ns=n+p+qg-—2,
ni+2n2+3ng+4ng +5n5 =2(n+p+q—1) —z,

ny +4ng + 9ns + 1604 +25n5 = (p+ 12 +p+q+ (¢ + 12 +4(n—2) — vy,

ny + 8ng + 27z + 64ng +125n5 = (p+ 1> +p+q+ (¢+ 1) +8(n — 2) —w — 12,
6n3 +24n4 +60n5 = (p+ L)p(p — 1) + (¢ + 1)g(g — 1) — 2,

where

r=dy+dy, y=di+ds, w=di+dy, z=di(d} —3dy+2)+dy(d}—3dy+2).

—48(22 — 3y +w — 2+ 12)
12

By a simple computation n4 = < 0, a contradiction.

Lemma 3.2 is proved.

Proposition 3.4. There is no disconnected graph Q-spectral with H,(p,q), n > 2 and
p=q=2.

Proof. Suppose by the contrary that G is a disconnected graph @Q-spectral with H,,(p, q), n > 2
and p > ¢ > 2. By Lemma 3.2, ¢(G) = 0. Similar to Proposition 3.2 we have the following two
cases:

Casel. Let d,,(G) = 0. By Lemma 2.8 if s = 1, then G = Y UT, where Y is a connected
graph consisting of a unique cycle of order at least 5 and 7' = K. On the other hand, Lemma 2.8
implies that H,(p,q) is either K;3 or P4, a contradiction. So, let s = 2. In this case G =
=Y, UY; UK, where Y] and Y5 are connected graph consisting of an unique cycle of order at
least 5. It is clear that [V/(G)| = 16 and |E(G)| = 15. Since Specg(G) = Specq(Hn(p, q)), so
[V(G)| = |V(Hn(p,q))| = n+p+ q. Therefore, n+ p + g = 16, that is, p+ ¢ = 16 — n. Applying
the previous notations, we get

n1 4+ no +nsg +ng +ns = 13,

ny + 2n9 + 3ns + 4ny + 5e = 2(15) — x,

ny + 4ng + 9ng + 16n4 + 25m5 = (16 —n — ¢)> + (¢+ 1)? + 16 —n+4(n — 2) — 9,
ny 4 8ng + 27n3 4 64ng + 12515 = (16 —n — ¢)> + (¢ + 1)> + 16 —n + 8(n — 2) — w,
6n3 +24n4 +60n5 = q(¢—1)(¢+ 1)+ (16 —n—q)(17T—n—q)(15 —n —q) — 2.

(Note that the degree of one of vertices is d,,(G)) = 0 and the two others degrees are d;, da. We can
subtract these three vertices from 16. So, the number of vertices of degrees 1, 2, 3, 4 and 5 is 13.)
Then
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12(2x — 3y +w — 2 + 710 + 3n? + n(6qg — 89) + 3q(q — 31))
n5 = =
12

=710 + 3n% + n(6q — 89) + 3¢(q — 31). (3.2)

We know that n > 2, ¢ > p > 2 and n+ p + ¢ = 16. By substituting (n, q) € {(2,12),...,(11,3)}
in (3.2), we will have a contradiction.

If s > 3, then ¢1(G), q2(G), q3(G) > 4, a contradiction to (3.1).

Case2. Let d,(G) > 1. Applying the previous notations

ni+ngt+ns+nstns=n+p+q-—2,
ny+2ng +3n3 +4ng +5e =2(n+p+q—1) — x,
ny +4ng + 9ng + 16ng + 25105 = (p+ 1) +p+q+ (¢ +1)* +4(n —2) — v,
ny + 8ny + 27ng + 64ny +125m5 = (p+ 1)> +p+q+ (¢ + 1)* +8(n — 2) — w,
6n3 + 24n4 + 60n5 = (p+ )p(p — 1) + (¢ + 1)g(g — 1) — 2.
By solving this system of equations, we obtain that
ng =ng = ns = 0.

Since G is dis-connected, it follows from Lemma 2.8 that G consists of at least one odd unicyclic
graph that the order of its odd cycle is greater than or equal to 5. This means that GG has at least one
vertex of degree 3 or 4 or 5.

Proposition 3.4 is proved.

Combining Propositions 3.3 and 3.4, we have the following main result.

Theorem 3.1. Any double starlike tree H,(p,q), n > 2 and p > q > 2, is DOS.

Note that if uv is an edge of H = H,(p, q), then the degree of uv as a vertex of the line graph
H,(p,q)* is dp(u) + dp(v) — 2. Since

deg(H) = <p—|—1,q—|—1,2,...,2,1,...,1>,
N e et
n—2 p+q

it is easy to see that the degree sequence of H” is

deg(HL) = <p+]"q+1’p7"'?p’q7'"?q’2""’2)'
—_——— —— ——
p q n—3
Corollary3.1. Let G be a graph such that G* is A-cospectral with H,(p,q)". If |[V(G)| =
= |V(H,(p,q))|, then G = H,(p,q)".
Proof. Let G be a graph such that G is A-cospectral with H,(p,q)*. Therefore, by
Lemma 2.1(i), G and H,(p, q) have the same number of edges. Hence, by Lemma 2.5

Specq (G) = Specg(Hn(p, q)),

since |V(G)| = |V (Hy(p, q))|- In the other hand, Theorem 3.1 implies that G = H,,(p, ¢). Therefore,
G* = H,(p,q)".
Corollary 3.1 is proved.
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